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Preface 


Field theory is the framework with which one describes the theory of the standard 
model of elementary particles and their interactions. The electromagnetic sector 
(QED) of the standard model is understood extremely well using perturbation 
theory, but the color interaction (QCD) which is responsible for hadron physics 
can only be accounted for perturbatively for a limited set of observational data. 
Due to the fact that at long distances the color interaction is strongly coupled, 
one cannot reliably apply perturbative methods to extract, for instance, the 
spectrum of the hadrons. The arsenal of tools to handle strongly coupled systems 
is obviously much more limited than the one used for weakly coupled ones. 
Nevertheless, several methods to handle non-perturbative field theories have been 
developed. The main goal of this book is to expose the reader to those techniques 
and to describe their applications in two-dimensional and four-dimensional field 
theories and finally in QCD in four dimensions. 

The topic of non-perturbative field theory is by itself very rich and it is clear 
that one cannot cover it in a non superficial manner in one book. Thus we had 
to make certain decisions about the flow of the book and about the topics that 
should be addressed. As for the former issue we have decided to present the 
book in three parts. In the first part we describe, in detail, the most impor- 
tant non-perturbative techniques of two-dimensional field theory. The reason for 
this is obvious since physical systems with one space dimension and one time 
dimension are the simplest and hence it is easier to grasp the non-perturbative 
tools when applied to these systems. In the second part of the book we study 
two-dimensional gauge theories with the emphasis on employing the techniques 
developed in the first part. The third part is devoted to the non-perturbative 
aspects of gauge dynamics in four dimensions. In this part we elevate the tech- 
niques of the first part to four dimensions and we examine to what extent gauge 
theories in four dimensions behave like their two-dimensional simplified analogs. 

There are several books on the shelves discussing non-perturbative methods in 
general such as [66] and [182], there are books describing one particular method, 
like conformal field theory in two dimensions for instance [77], there are books 
that describe two-dimensional QCD, [2] and books that study various aspects of 
four-dimensional QCD, for example [151] and of course there are books on the 
basics of field theory, for example [37], [130], [173] and [215]. The aim of this 
book is three-fold, to review a package of non-perturbative methods, to present 
a picture which is close to the state-of-the-art in the topics described and to 
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demonstrate application of the methods in addressing several questions of gauge 
dynamics. 

The particular methods we explore in Part 1 of the book associate with con- 
formal field theory, with affine Lie algebras, with topological properties of fields, 
solitons and integrable models, with bosonization and with the large N approx- 
imation. 

In Part 2 we first present the basics of gauge field theories in two dimensions 
and in particular the bosonized version of them, we then describe the seminal 
large N solution of ’t Hooft of the mesonic spectrum of two-dimensional QCD; 
we address the mesonic spectrum using current algebra methods, we describe the 
discrete light-cone quantization of QCD with quarks in the fundamental repre- 
sentation and also adjoint quarks, we compute the spectrum of baryons and their 
properties in the strong coupling limit, we discuss the issue of confinement versus 
screening behavior, we analyze QC Də using coset model and BRST techniques, 
and finally we digress and devote a chapter to generalized Yang-Mills theory on 
Riemann surfaces and their stringy nature. 

In Part 3 we demonstrate the applications in four-dimensional gauge dynam- 
ics of conformal invariance, techniques of integrable models, of large N expan- 
sion and of topology. In particular we devote chapters to Skyrmions, magnetic 
monopoles and gauge theory instantons. 

As we have mentioned above we had to take decisions about what topics 
related to non-perturbative field theory we should not include. We decided not 
to address string theories, supersymmetric field theories and the holographic 
string (gravity) /gauge duality. The main reason for this decision was that to 
cover each of these topics requires a book in itself, or even more than one book. 
In fact certain subjects that we do cover in the book, like conformal field theory, 
magnetic monopoles or instantons would require a full book to cover properly. 
What we have tried to achieve is to describe the basic ideas of each topic and to 
demonstrate its application. We have also not treated subjects like anomalies, lat- 
tice formulations, sigma models, chiral Lagrangians and other non-perturbative 
topics. 

Some topics described in the book are “fully established topics”, in the sense 
that presumably the most important developments in those have been already 
achieved, for instance conformal field theory in two dimensions and bosonization 
in two dimensions. On the other hand some other topics of the book are under 
current intensive investigation and are certainly still not fully established. An 
example of the latter is integrability in four-dimensional gauge dynamics. The 
reason we have decided to include topics of the latter kind is that we wanted the 
book to be fairly up to date and useful to researchers investigating “modern” 
topics. 

In the more basic issues we have made an effort to present the material in a 
pedagogical manner and to be self contained. For instance our discussion started 
from a free massless scalar field theory in two dimensions and gradually evolved 
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into general conformal field theories. In dealing with more advanced topics, like 
for instance instantons in four dimensions, the reader will need to consult with 
specialized references to obtain a more complete and wider picture of the topic. 

Some of the content of the book, mainly in Part 2, is based on the research 
work of the authors, but most of the material is a review of the work of many 
researchers in the field. 

The book is aimed for advanced Ph.D. students, post-docs and other newcom- 
ers to the arena of non-perturbative methods in field theory. The reader should 
definitely be equipped with a basic knowledge of field theory, group theory and 
algebra, differential equations, geometry and topology. 

Throughout the book we refer to only a limited list of references. The number 
of scientific contributions to the topics discussed in this book is enormous and 
since we could not cover all of them we have referred to papers that initiated the 
various topics, and to review papers and books where a much more exhaustive 
list of references can be found. 

We have made an attempt to keep the same notations throughout the book. 
However in certain instances we have changed notations during the course of 
the book, mainly to be in accordance with relevant literature. In these cases we 
specified explicitly the change in notation made. 
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PART I 


Non-perturbative methods in two-dimensional 
field theory 


1 


From massless free scalar field to conformal 
field theories 


In this chapter we analyze the simplest field theory, which is the theory of a 
free massless scalar field in two space-time dimensions, one space and one time.! 
The rich symmetry and algebraic structure of this theory encapsulates the basic 
concepts of two-dimensional conformal field theory, which will be the topic of 
the next chapter. 


1.1 Complex geometry 
It is convenient for the discussion of two-dimensional free scalar theory and later 
conformal field theories to introduce complex coordinates as follows:? 

E= ir! E= ir. (1.1) 


We now take x° and z! to be in Euclidean space. Correspondingly we define the 
derivatives 


1 1 
g = z — #21) Oz = z (Oo + #01), (1.2) 
which is a special case of the decomposition to components of vectors, namely 


1 
Ac = 5(A°-iA!) Aga 5 (4 +iA°) 


A’ =(A9+iA1) Ab =(A°-iA?). (1.3) 
The metric of the flat Euclidean space-time ds? = dx” + dz!” translates into 
ds? = déd€, namely 


1 


Ea fe (<a 
HE = Gee = g? g 


g =0. (1.4) 


SE = gE Ds geg Gee = 9 
With this metric at hand the scalar product of two vectors takes the form 
sa 1 = en 
A" B, = AS Be + AŠ Bz = AB FAD): (1.5) 
Complex components of higher-order tensors relate in a similar manner to 
the real components, in particular for a symmetric two-tensor (like the 


1 The content of this chapter comprises the basics of massless scalar fields in two dimensions. 
This is covered in many textbooks. 

2 The use of complex coordinates in the context of the bosonic string theory is described by 
Polyakov in [177]. 


4 From massless free scalar field to conformal field theories 


> 


Ea 


Fig. 1.1. The map between € and z. 


energy-momentum tensor), 


1 ; 
T — Tee = q (Zoo 2iTio Ti1) 


1 f 
T= Teg = q (Zoo t 2iTio Ti1) 


1 
Tg =T;¢ = q (Zoo t Ti1). (1.6) 


Often, especially in the context of string theory, the space direction is no longer 
R, but rather is compactified on S! so that x! = æ! + 27. For such a geometry 
it is convenient to introduce the following conformal map: 


E> z= e -_ er tie! 
which maps the cylinder to the complex plane (see Fig. 1.1). 

In particular the past z? = —oo is mapped into the origin and the future 
x? = œ into a circle with an infinite radius. It is clear that the relations between 
(€,€) and (x°, 2!) derived above hold also between (z,Z) and (Real(z), Im(z)). 
The holomorphic and anti-holomorphic derivatives with respect to z will be 


denoted by 0 = ð, and 0 = 03. 


1.2 Free massless scalar field 
The action S of the free massless scalar field X(z, Z) is 
1 Aas: ox 
S= [vec = sy | ea, XOX 
871 
1 1 


a 2 To ENGA 2,905 
= ak EO XOX a zOXOX, (1.7) 
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where £ is the Lagrangian density. The factor = is used to match the normal- 
ization of the bosonic string theory (with a’ = 2). In the complex coordinate 
notation (€,€) and (z,Z) the measure of the integral is d?€ = (i/2)dé A dÊ and 
d?z = (i/2)dz A dz, respectively. Note that £ is a local expression and thus is 
the same for the Euclidean plane or for any compact two-surface. 

Varying the scalar field X(z, Z) > X(z,Z) + 6X(z,2Z) induces a variation in 
the action of the form 


1 a À 
ôS = -5 f @x(a0x)sx. (1.8) 
IE 
The action is thus extremized by configurations that solve the corresponding 
equation of motion 
daX = 0. (1.9) 


It is thus clear that 0X is a holomorphic function and AX is an anti-holomorphic 
function, and the most general solution takes the form 


X(z,2Z) = [X(2) + X (2). (1.10) 


1.3 Symmetries of the classical action 


By construction the action is invariant under translations and SO(2) rotations. 
Translations in x° and x! translate in complex coordinates to 


zo>z+a, 272+4+4, (1.11) 
where a is a constant complex number, and the SO(2) rotations, in infinitesimal 
form, to 

z = —iez; 62 = iez, (1.12) 


where € is an infinitesimal real parameter. 

When we go back to Minkowski space, the SO(2) rotations turn into SO(1, 1) 
transformations. In addition it is easy to realize that a shift of the field by a 
constant A, 


(2,7) > (2,7) $A, (1.13) 


leaves the Lagrangian invariant. It is a special feature of two dimensions that 
the symmetry group of the action is in fact much richer since one can replace 
the constant A with A(z) and the constant A with A(Z), which are arbitrary 
holomorphic and anti-holomorphic functions, respectively, 


X(z,2) > X(z,Z)+ A(z); X(z,2) > X(z,z) + A(z). (1.14) 


These are the affine current algebra transformations. 


3 Affine Lie algebras describing a physical system were first discussed in [27]. More references 
will be given in the next two chapters. 
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In a similar manner the space-time translations (1.11) can also be elevated to 
holomorphic and anti-holomorphic transformations, 


z> f(z); z> f@), (1.15) 


referred to as two-dimensional conformal transformations. Affine current alge- 
bra transformations and conformal transformations will be further discussed in 
Sections 1.10 and 1.11 


1.4 Mode expansion 
The mode expansion of the classical solution depends on the boundary condi- 
tions. For the case where the underlying two-dimensional manifold is the infinite 
plane, a standard Fourier transform is used: 


(2, x!) = ae 
Yn ko 
If the range of the space coordinate is bounded, one may impose two types of 


boundary conditions, associated with closed and open strings. In the case of 
closed strings the boundary conditions 


ak je Et + at (koi), (1.16) 


X(a°,2') = X(2°,a! +27) (1.17) 


are automatically obeyed by X (z,Z). For this case the mode expansion is 
expressed in terms of a Laurent series, 


‘ z An av f > An 
éx=-i ` aan Ot 5 eat! (1.18) 
Integrating this expansion we get 
X(z,zZ) = ¥ —iPIn(zz) +i S (“ee + on zm) (1.19) 
? m m ? 
m=—oo, m#0 
with ¥ a constant and 
P = Q0 = Qo. (1.20) 


For open strings the boundary conditions are of Neumann type, namely 


R(x, x! = 0) = 3 Å (2l, x! = 7) = 0 => OX(z,2 = z) = AX(z,Z= 2). 


1.21) 
The corresponding mode expansion takes the form 
(z, 3) =X -iPmn(zz +i YO Bese). (1.22) 


m=—oo, m#0 
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1.5 Noether currents and charges 


Associated with the symmetries (1.14) and (1.15) are conserved Noether currents 
and charges. In the Noether procedure one is instructed to elevate the global 
parameters of transformations into local ones and extract the associated currents 
from the variation of the action, namely ôS ~ f d?xJ,0"e. Let us apply this 
procedure first to the affine current algebra transformations so that we vary the 
action with respect to 6X(z,Z) = e(z, Z) yielding 


6S = = I d? z[Oe(z, Z)OX (z, Z) + ðe(z, Z)OX(z, Z)]. (1.23) 


Unlike the situation in more than two dimensions, and due to the fact that the 
symmetries (1.14) are in fact not only global ones but rather “half local”, the 
currents 


J=0X; J=O0X (1.24) 
are holomorphic and anti-holomorphic conserved, 
ðJ =00X=0; OJ =00X =0. (1.25) 


The classical currents are determined up to an overall constant. 

A similar situation occurs with respect to the conformal transformation. 
Replacing in the infinitesimal version of (1.15) 6z — e(z, Z) and ôZ — é(z, Z) one 
finds, 


6S = sq | Poele 2I (2, Xz, 2) + e(z, Z)OX(z,zZ)OX(z,zZ)]. (1.26) 


The associated holomorphic and anti-holomorphic conserved energy- 
momentum tensor components are 


T = ~50X0X: T = -+X ðX, (1.27) 


where the coefficients were chosen in a way that will turn out to be convenient 
when discussing the corresponding quantum generators. 


1.6 Canonical quantization 


Prior to imposing the canonical quantization condition one has to identify the 
time direction. There are several options. Using x° as the time direction, the 
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corresponding conjugate momentum of X(z, Z) is 
ôL lg 
MeN, 
bx X An 


and the standard quantization conditions are 
[R (2°, 2"), Hy", yh) = ila! — y!) 
[R (2, 1t), RO, yy = 
(M(x, 2"), G, yhe y0 = 0. (1.28) 


These conditions yield the standard algebra of the creation and annihilation 
operators for (1.16), 


la(k'), at (p')] = 8(k' -= p’); [a(k*), a(p")] = [at (k), at (p) =0. (1.29) 


Substituting the mode expansion (1.16) into the expressions of the Noether 
charges associated with the symmetries of the action (1.7) one finds that 
the energy-momentum operators are proportional to at (k)a(k) + a(k)at(k) and 
hence their vacuum expectation values are proportional to 6(0) ~ L, where L is 
the size of the space direction. It is thus clear that for the infinite Euclidean plane 
(or a Minkowski space-time with space R) these expectation values diverge. One 
then defines the normal ordered operators: 


:0:=0- <0|0|0>. (1.30) 


For free fields this is equivalent to ordering annihilation operators to the right 
of creation operators, and sufficient to make : O: finite. 

Using the algebra of the creation and annihilation operators and the normal 
ordered Hamiltonian, the construction of the Fock space is standard. One defines 
the vacuum state |0> such that 


a(k')|0>= 0. (1.31) 
The states in the Fock space are 


ee i) |0>, (1.32) 


and their energies, by applying the Hamiltonian, 


H| | [i(k 0> = XO (K )ni lki) [Tat (ei) [0> - (1.33) 

i 
The canonical quantization for the scalar field on a compact space direction, 
with the boundary conditions of open or closed string, (1.21) and (1.17), respec- 
tively, follows very similar steps. Imposing the quantization conditions (1.28) 
above implies the following algebra for the a, operators of the open string and 
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for the an and @, operators for the closed string: 


[am ’ an] mF mbm +n 
[Qin , An] = mbm +n 
[am, Qn] = 0. (1.34) 


It is thus clear that a, operators are related to the a(k) operators as 


am = Vma(m), m > 0; am = Vma'(m),m > 0. (1.35) 


1.7 Radial quantization 


For the case of a cylinder-like two-dimensional manifold, namely, where the space 
direction is compactified so that x! = x! + 2r, it is natural to use the z = e® tiz’ 


1 — z! +a take the form of multiplying by 
0 


coordinates. Space translations x 
— x° +a turn into dilata- 
tions z — e*z. Rotations (£? + iz!) — (c+ is)(x? +iz!), go into z— z(¢+*), 
with (c + is) = e’’, 0 the rotation angle. Correspondingly the generators of these 
transformations change their geometrical operation. For instance the Hamilto- 
nian obviously goes into the dilatation generator. Moreover, generators which 
are Noether charges transform into contour integrals. Recall that the Noether 
charge is Q = f dx'Jo(z') which in the new coordinates reads Q = f d0.J,(0) so 


that we can write, 


a phase factor z — e’“z, and time translations x 


g= = f [dzJ(z) + dzJ(2), (1.36) 


where the contour integral is performed at some radius and the sign convention 
we adopt is that both the dz and dz integral are taken to be positive for the 
counter-clockwise sense. 

The infinitesimal transformation of an operator generated by the Noether 
charge Q is given by: 


5.2.0 = = f iaon owa aD 


Define a product R of two operators A(z)B(w) as taken radially, namely* 
R(A(z)B(w)) = A(z) B(w), |z| > |wļ; B(w) A(z), |w] > |z. (1.38) 


In Fig. 1.2 we show the two contour integrals that lead to a contour integral 
around w, the location of the operator O, so that the infinitesimal transformation 
is given by, 


oe = f disaranani (1.39) 


4 The notion of radial quantization was introduced in [104]. This construction was used in the 
context of complex geometry in [93]. 
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Fig. 1.2. A contour around w from the commutator. 


We now apply this formulation to the symmetry generators (discussed in Sec- 
tion 2.1): 


(i) The infinitesimal affine current algebra transformation X(z,Z) > X(z,Z) — 
e(z) is generated by the holomorphic current J(z) = 0X via 


X (w, ū) = aq f ROXOR, 0) 


-Efa Z da=) (1.40) 
= oe Rr hae e(w), . 


where we have used for the product of operators, 
R(X(z)X(w)) = —log(z — w) + finite terms. (1.41) 


This is an example of the concept of operator product expansion, which is 
addressed in the next section. 


(ii) In a similar manner we can compute the transformation of X generated by 
the energy momentum tensor T 


OX (w) = zg f aR (-5 : OX(z)OX(z) : ox(w)) 
1 1 
E foe Xl: € 


which is indeed the infinitesimal transformation of the holomorphic current 
J = OX(z). The generator T is normal ordered using the following expression: 


Je(z) = Oe(w)OX(w) + e(w)ð’ X (w), (1.42) 


T(w) = -; :OX(z)OX(w) := = lim,» |OX(z)OX(w) + cou . (1.43) 


1.8 Operator product expansion 11 


1.8 Operator product expansion 


In computing the contour integrals associated with infinitesimal transformations 
we have made use of the operator product expansions of pairs of operators. The 
singularities that occur when the points are taken to approach one another are 
captured in the notion of operator product expansion (OPE), 


O;(2)O;(y) = doch (a — y)Ox(y), (1.44) 
k 


where c, (x— y) are the coefficient functions which are singular in the limit 
of x — y. Such expansions were proven to hold in renormalizable field theo- 
ries. The OPEs are an essential tool in exploring quantum field theories. Recall 
that all of the information on the QFT is encoded into the values of all possi- 
ble correlation functions of the complete set of local operators O;(x), namely, 
< O1(21)...On(%,) >. In particular, one is interested in the behavior of these 
correlation functions when two or more points approach each other, which is 
encapsulated in the OPEs. For all applications discussed here the OPEs are 
treated as asymptotic expansions and only their singular terms will be specified. 
For the present case of two-dimensional free massless scalar field theory the OPE 
converges and in fact, as will be discussed in Section 3.7.2, a similar situation 
occurs in all 2d CFTs. 

The OPEs of the free massless scalar can be deduced from its propagator, 


which can be evaluated from the solution. It takes the form: 
< X(zz)X(ww) >= —log|z — wļ?. (1.45) 


In terms of the separation of the solution into holomorphic and anti-holomorphic 
parts the two propagators read: 


< X(z)X(w) >= —log(z—w); < X(z)X(w) >= —log(z—w). (1.46) 
By differentiating the last relation with respect to z and to w one finds the short 
distance expansion of other operators like J(z), T(z) etc. In particular the OPE 
of the currents is 


1 
J(z)J(w) = OX (z)OX(w) = “ae + finite terms, (1.47) 
z— w 
with a similar result for the anti-holomorphic currents. 
A different, though equivalent, approach is to write the OPE as a Taylor 


expansion in (z — w) and (Z — Ù) in the following form: 


X(z,2)X(ww) = —log|z — w? + X` ale —w)* : (a*X(w, v))X(w, ©) : 
k=1 
+(z—w)* : (O* (w, w))X(w, ©) |]. (1.48) 


5 Wilson introduced for the first time the concept of an operator product expansion [219]. It 
was used for two-dimensional conformal field theories in [33]. 
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This form of expansion is based on the property that the normal ordered product 
of the scalar fields, 


: X (z, Z) X (w0) := X (z, Z) (w, ©) + log|z — wļ?, (1.49) 
obeys the equation of motion, namely, 
0d : X(z,2z)X(w,w) := 0, (1.50) 


and hence can be decomposed to holomorphic and anti-holomorphic functions 
and thus is non singular. 

In the previous subsection we used two OPEs to determine the symmetry 
transformation of X and 0X. We will work out now two additional examples 


of OPEs, involving the operator which will later be found to be very useful 
. pia X (w). 
:e Zi 


(i) The conformal properties of : e° (w) are being determined by its OPE with 
T(z) which takes the form 


T(z)  eleX(w) . = AX(z)OX(z) :)(: eit X (w) :) 
) 


ae . ; 1 f ' 
— G See e2 X (w) As G — T ði (w) | (1.51) 


In language that will be developed in Section 2.2 this result will mean that 
n 2 
: 0X (w) : has a conformal dimension of Ss: 
(ii) The OPE of two operators of the form : e¢*() is 
; eta X (w)e—ibX (w) ; 


(: ete X (2) \(; eB X (w) :) ae 2 3 (1.52) 
(z= w) 


1.9 Path integral quantization 


So far we have been using canonical quantization. Before proceeding to the gen- 
eral structure of affine current algebra and Virasoro algebra we introduce the 
quantization of a free massless scalar field using the Euclidean path integral 
approach. As usual the functional integration DÊ (z,Z) can be approximated 
by discretizing the two-dimensional space and representing the functional inte- 
gral by products of ordinary integrals. Expectation values of operators O(X) 
constructed from X are given by, 


< O(X) >= [ P%e.90He = J peaos! a’2dXO% (1.53) 
Correlation functions have to obey the equation 


00 < X(z,2Z)X(w, ©) >= -2r (z — w, Z — ©), (1.54) 
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as can be deduced by using the fact that the path integral of a total derivative 
vanishes: 


= K(z,z)e7% -—— 7 7 2(z—w,Z— Ū 
= [ DXt, Ve | Fay mt Ple- wea) 


II 


Z < 0OR (2,2) &(w,t0) > + <P (z— w, z- 0) >. (1.55) 


Alternatively one can use (1.45) and (1.46) directly. Note that in that case care 
must be exercised, as naively we would get zero rather than the delta function, 
since the expression is a sum of two terms, one depending on z only and the 
other on Z only. The point is that the expressions (1.46) cannot be taken over at 
the origin. A working rule is: 


5 C) =0 G) = (21)ô? (z, 2) 


This can be derived by going over from + to 


= to zz, to regulate the singularity 
at the origin. 


1.10 Affine current algebra 


As was shown in Section 1.3 the classical action is invariant under both affine 
current algebra transformations and conformal transformations. We would like 
to study the algebraic structure of the generators of these symmetries. We start 
with the invariance under affine current algebra transformations. Recall that the 
corresponding generators are the holomorphic and anti-holomorphic currents J 
and J, given in (1.24). Expanding the currents in Laurant series, 


LS N eer Oe Se SE a ol, (1.56) 


it is obvious from the mode expansion (1.18) that the algebra of the currents is 
related to that of the a, operators, namely 


led Jn] = —Mom+n3 [Ins da] =. —Mom+n- (1.57) 


This form of algebra will be shown in the next chapter to be associated with level 
k = 1 abelian affine current algebra (or Kac—Moody algebra as it is sometimes 
referred to). 

This algebra translates into the following algebra of the currents: 


[J(z), J(w)] = (z — w). (1.58) 
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Using the technique developed in Section 1.7 we can derive this result also from 
the operator product expansion of two currents, 


J(z)J(w) = = + finite terms. (1.59) 


1.11 Virasoro algebra 


Next we address the algebraic structure of the generators of conformal transfor- 
mations (1.27). Upon inserting (1.18) into the Laurent expansion of the energy 
momentum tensor, 


DSS bar OO RES Ne Laz eh, (1.60) 
one finds that for Ln with n 4 0, 
Ln =1/2 X` :On-man:. (1.61) 
For n 40 the operators @Qn-m and am commute, and so the product equals 
the normal ordered one. The situation is different for Lo. Here one encoun- 
ters an infinity in the product of chiral fields, which normal ordering removes, 
resulting in, 


Lo = 1/2P? + X a-man. (1.62) 
1 


We shall later see that it is sometimes necessary to shift Lọ by a constant. Using 
the commutation relation of a, one finds the following “naive” expression for 
the commutator of L operators: 


1 
[Lm Ln] = 4 D va 


le 1 
= 3 5 kAm-kQk+n ar z X (m = k) Om —kin Qk 
k k 
= (m= n)Lm+n, (1.63) 


where to get to the third line we have changed a variable in the first sum from 
k — k—n. This is the classical Virasoro algebra, and in fact in the quantum 
theory it is further corrected. The correction appears only for the case m + n = 0, 
so for m Æ —n the classical form (1.63) is exact. For generators with m+n = 0 
the two sums in the second line of (1.63) have to be brought to normal order. As 
re-ordering means using the commutator, one gets divergent series for which, in 
the case at hand, one cannot shift the variable of summation without changing 


6 The Virasoro algebra was presented in [212]. More references will be given in the next two 
chapters. 
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the result. Taking this into account, one gets a c-number shift in the commutation 
rule, 


(Lm, Ln] =(M—N)Lmin + A(M) bmn (1.64) 


To compute the anomaly term A(m) we introduce a cutoff function fa(k), 
which tends to 1 in the limit of infinite regulator A for any k, but for every finite 
A goes to zero sufficiently rapidly at infinite k. Thus we view the operators Ln 
as regularized sums, 


Co 


Ln = 1/2 Xo : An—mAm : falm), (1.65) 


m= — 00 


to replace (1.61). With this regularized expression, a direct computation gives 
for the anomaly, 


A(m) = 1/4) 7 {k(m — k) fa (m — k)[fa (k — m) + fa (—k)] 
Ml £ k(m-+ k) fal k)ifa (k) + falm- A} (1.66) 
If we now take fa (k) to 1, without being careful, we get the divergent sum, 


Alm) > a k. (1.67) 
k=1 


Using ¢-function regularization, namely replacing k by k~*, we get a convergent 
sum for any s > 1, and then we continue analytically to s = —1, to get —m/12 
for the right-hand side of the last equation. 

To compute A(m) with the regulators fa, we now look at, 


Alm) + © = 1/4 {b(n — k) fa (m — h)L fa — m) + fa (—k)] 
k=1 
+ k(m + k) fa(—R)Lfa (ke) + fa (=m — k)] = 4mk}. (1.68) 


Only large k is relevant now, as for any finite k we can take A to infinity first, 
obtaining zero on the right-hand side. We now take, 


fala) = la” lal > œ, (1.69) 


m. 


7, and recalling that ¢(s) has a 
pole only at s = 1, we get by summing first and then letting p — 0, the result, 


with p — 0 as A > oo. Expanding in powers of 


A(m) + 5 = 5: (1.70) 


The anomaly term A(m) can also be determined using the Jacobi identity 
(Le, (Lim; Ln]| + [Lm Ln, Le] + [Ln, [Lk, Lm] = 0. One finds that for k+ m + 
n = 0 the anomaly term obeys (m — n)A(k) + (n — k)A(m) + (k — n)A(m) = 0. 
Recall also that A(0) = 0 and A(m) = —A(—m) so it is enough to determine 
A(m) for positive m. The relation derived from the Jacobi identity can be used 
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to get a recursion relation which is determined by values of A(1) and A(2). 
In fact the general solution is of the form A(n) = bsn? + bın. The coefficient 
bı is correlated with the normal ordering ambiguity constant of Lo. One can 
determine the coefficients bı and ba by computing the vacuum expectation val- 
ues of <O|[Z1, L-1]|0> = 0 and <0|[L2, L-2]|0> = 4, so that altogether one finds 
A(n) = n(n? — 1) and the full Virasoro algebra associated with the massless 


free scalar field is, 
1 
[Lm, Ln] = (m — n)Lm+n + gamm = 1)ôm+n- (1.71) 


In the next chapter the Virasoro algebra will be discussed in a broader perspec- 
tive. In that context it will become clear that the algebra of (1.71) associated 
with the massless free scalar is characterized by a c = 1 Virasoro anomaly. 


2 
Conformal field theory 


Conformal invariance of two-dimensional massless scalar field theory was shown 
in the previous chapter to associate with the infinite algebra of conserved charges, 
the Virasoro algebra. In this chapter we describe the basic building blocks of 
any two-dimensional conformal field theory (CFT). The notions of primary and 
descendant operators will be introduced and the structure of the Hilbert space 
of states will be described. We will discuss and classify certain classes of unitary 
CFTs. Crossing symmetry, duality and bootstrap equations will be defined and 
applied to computing correlators of CFTs. We then discuss the Verlinde formula 
which relates the fusion rules and the S transformation. We will end up with two 
examples of CFTs that demonstrate all of the concepts that have been introduced 
before. The first one is the theory of a Majorana fermion and the second is the 
m = 3 unitary minimal model, which is shown to be the continuum limit of the 
two-dimensional Ising model. 

Conformal field theory in two dimensions is covered by many review articles 
and books. The former include [109] which we use intensively in this chapter, 
also [25], [13], [59], [233] and many others. 

Among the books that discuss 2d CFT is [140] and books on string theories 
[113], [154], [174], [138], [237], [142], [30]. 

The most complete book on the topic is [77]. 

The basics of conformal field theory were stated in the seminal paper by 
Belavin, Polyakov and Zamolodchikov [33]. This includes the introduction of 
primary fields, the behavior of the energy-momentum tensor and the central 
charge. Conformal Ward identity and the use of OPEs appears in [93], [95] 
and [94]. 


2.1 Conformal symmetry in two dimensions 


The theory of the free massless scalar field in two dimensions was shown to be 
invariant under the holomorphic and anti-holomorphic coordinate transforma- 


tions 
23 2 = fle) 23 27> fF). (2.1) 
Under such a transformation the metric transforms as 
ds? = dzdz > dz'dz’ = De OE iy (2.2) 
Oz OZ 
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At this point we can understand why we referred to these transformations as 
conformal transformations. In general in d space-time dimensions the confor- 
mal group is the subgroup of coordinate transformations that leaves the metric 
invariant up to a scale, namely, 


Gpv(®) > Ip (2°) = 22) Guy (2). (2.3) 


It is obvious from (2.2) that the 2d conformal transformations (2.1) indeed pro- 
duce such a variation of the metric. An important property of conformal trans- 


formations in any dimension is that they preserve the angle 44— between two 


7 a VA? B2 
vectors A and B. 
Starting from flat space, the general infinitesimal coordinate transforma- 
tions z“ — x” + e" (x) induces a change of the metric ds? > ds? + (Que 4 
Ov é, dx" dz”, so that the condition for conformal transformations reads, 


2 
OMA an Ov Ey = ql? ` €) Juv (2.4) 


where gav iS Nyy OF dz, for a Minkowskian signature, or Euclidean signature, 
respectively. 

It is thus obvious that for two-dimensional Euclidean space-time € = e(z) and 
€ = €(Z) are the unique solutions of (2.4), which reduces to the Cauchy—Riemann 
equation Ove] = Oo € and O1e2 = —On€]. 

We would like now to put aside scalar field theory and explore the general prop- 
erties of conformal field theories in two dimensions. Any theory with a vanishing 
trace of the energy-momentum tensor T = 0, or in complex coordinates T,; = 0, 
has necessarily an independent holomorphically (and anti-holomorphically) con- 
served energy-momentum tensor components, namely, 


OT =0T,, =0 OT = ðT;; =0. (2.5) 


This follows trivially from the usual conservation law ƏT., + ôT,- = 0, and its 
complex conjugation. It is also clear that in fact there are infinitely many con- 
served currents, since g(z)T(z) for any analytic function g(z) is also a holomor- 
phically conserved current (we sometimes call any conserved tensor “current” ). 

We show in the following section that indeed the energy-momentum tensor 
T(z) and T(zZ) generate the conformal transformations given in (2.1). 


2.2 Primary fields 


Conformal invariance constrains the OPEs of the theory. In particular, since T 
is holomorphic, the OPE of T(z) with a general operator can be expanded in 
terms of a Laurent expansion in integer powers of z. The singular part of the 
OPE takes the form, 

7) = > 1 A(n -= 


n=0 
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where the sum is usually finite, and the operators O'") (w, ©) have to be deter- 
mined. Using radial quantization as in Section 1.7 and the OPE above, we get 
for the transformation generated by T(z), 


6.O(w, 0) = >= [ar (w, «)] (2.7) 


n! 


We now consider operators that transform under conformal transformation in a 
way that generalizes the transformation of the metric, (2.2), 


O(2,2) > O'(22') = (=) ey Olz z). (2.8) 


An operator with such conformal transformations is a primary field or a ten- 
sor operator with conformal weights (h, h), which are sometimes referred to as 
the holomorphic and anti-holomorphic conformal dimensions.' The sum of the 
weights h +h is the total dimension that determines the behavior under scal- 
ing, whereas h — h is the spin that controls the behavior under rotations. The 
infinitesimal transformations that correspond to (2.8) are, 


5<,zO(z, 2) = [(hOe + cð) + (hOE + €0)] O(z2). (2.9) 


This form of transformation implies that the singular part of the OPE of T and 
O(w, w) reduces to, 


h 


T(z)O(w, w) = Cau? 


O(w, w) + OO(w, w). (2.10) 


1 
(z =w) 
Applying these notions to the free scalar field we find that X (z) has (1,0) 


weights, X (Z) has (0,1) and the weights of : e° ¥ (7) : are (Sy 2), 
In Chapter 1 the notion of OPE was discussed in the context of scalar field the- 
ory. The generalization to any CFT is straightforward. Normalize the operators 


with fixed conformal weights as, 


(O22); (08. 0) = Sug im = J , (2.11) 


then, for a complete set, the OPE of any pair of such operators is, to leading 
singularity, 


O;(z,2)O;(w, 0) ~ X Cige (z — w) (z — 0) O,(w, 0), (2.12) 
k 


where Ci; are the product coefficients of the theory. 


! The notion of conformal primary field and its descendants was introduced in [33] and further 
discussed in [236]. 
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2.3 Conformal properties of the energy-momentum tensor 


For the free massless scalar field we found that the OPE of T(z)T(w) is not 
of the form shown as (2.6), due to the anomaly term as in (1.71). The form of 
T(z)T(w) OPE for any CFT is rather, 

c/2 2T(w) | OwT(w) 
4 z" 


T(z)T(w) = , (2.13) 


(z=-w)} (z=w)? (z-w) 


where c is the central charge (or the Virasoro anomaly), a constant that charac- 
terizes the theory. The second term represents the dimensions and the third the 
property of translations under T. For theories with positive semi-definite Hilbert 
space c > 0, as follows from, 
EN =. 
(z - w) 


This type of OPE implies the following infinitesimal transformation of T: 


Sea T(z) = Sele) + 2(de(z))T(z) + €(z)OT (2). (2.14) 
The corresponding finite transformation T(z) — T’(z’) takes the form, 
T (2!) = (82'PT(2) + {72}, (2.15) 


where {z’, z} is the Schwarzian derivative, 
203 fOf — 30? fa’ f 
Of z} az f 
20fof 
To derive (2.16), we first note that by applying a second transformation f > w 
we get, 


(2.16) 


{w, 2} = (8 fV {w, f} + {fz} (2.17) 
Then, we take w = f + ôf, thus obtaining a functional equation, 
ô O 2f 
OP Spt z} = (8: f) EF (2.18) 


Expressing the right-hand side as derivatives with respect to z, 


1 Bf Cn ae 
f (F) EI EFS 
we can integrate the equation to get (2.16). The first term suggests integrating to 
f/f", the variation of which gives 1/ f (8 f)” — f” (FP (6f)’, while the second 
term suggests —3(f’)?/2(f')?, the variation of which gives —3f” /(f')2(6f)" + 
BF P/F PF) - 

For the massless scalar case T can be written as T(z) = —}: J(z)J(z) :, as 
we saw in (1.5). In fact, as will be discussed in Chapter 3, there is a large class 
of theories that share this so-called Sugawara form. For this type of theory the 


proof that the finite transformation is of the form of (2.15) is as follows. Recall 


wy 


(of) (of) 4 Jen 
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that as a primary field of weights (1,0), J(z) - 82° (a). If we write T(z) = 
— slim,» (J(z)J(w) + qzy) and substitute the transformation of the currents 
we end up after some lengthy but straightforward calculation with (2.15). 


2.4 Virasoro algebra for CFT 
Let us use the Laurent expansion of T for CFT, following (1.60), 


co 2 co L 
= —(n+2) a n 
so that, 
1 
Lp ae paar T(), (2.20) 


The expansion is chosen such that L» has scale dimension n under z —> z/a, 
namely, Ln > a" Ln. 

The Virasoro algebra 
in (2.13), 


[Ln, Lm] = (4) ae f awlar ttar = tlun tI]T(z)T(w). (2.21) 


The double integral is performed by fixing w and transforming the difference of 
the two $ dz integrals into one integral around w, 


1 2 
[Ln, Lm] = (=) fa faw Piani = ean 
TT 


| c/2 i 2T(w) l OwT (w) 
(z-w)t  (z=w)? =v) 


= (=) faw [e/12(n® — njw” th"! 


+[2(n +1) — (n+ m + 2)] w” ++i T(w)] 


? can now be derived using the OPE of T(z)T(w) given 


= T n)d(n+m) + (n — m)Ln+m. (2.22) 


Performing identical steps for L,, we get that L, obeys the same infinite algebra, 
with some central charge Z, and that [L,, Lm] = 0. 
Any CFT is a representation of the Virasoro algebra characterized by c and z. 


It is straightforward to identify the following properties of the algebra: 


e The generators (L41, Lo) span an SL(2,R) algebra, 


[L+1, L-1] = 220 [Lo, Lai) = FL (2.23) 


2 The first use of the Virasoro algebra was by M. Virasoro in the context of the dual resonance 
model [212]. Its application to two-dimensional CFT was presented in [33]. 


22 Conformal field theory 


Table 2.1. The conformal family 


Level Weight Fields 
0 h 
1 h+1 Lio 
2 h+2 L_2¢,L7,¢ 
3 h+3 L-sġ, L-2L-1ġ, L>1¢ 
N h+N P(N) fields 


e For n > 0, L_, is a raising operator and Lẹ is a lowering one, since [Lo, Ln] = 
—nL,, so that if |y> is an eigenstate of Lo, Lo|w>= h|y> then LolLnry> = 
(h — n)|Ln y>. 


2.5 Descendant operators 


From every primary operator $(z, 7) one can construct an infinite tower of Vira- 
soro descendant operators, 


(L_n(w, ©)) fa +1 (2)6(w,0). (2.24) 


27 gn 


A distinguished descendant operator is the energy momentum tensor T(z) since, 
1 d 

Lol =— f TZ T(2)1 = T(0). (2.25) 
2mi 4 


The set containing the primary field ¢(z,Z) and all its descendant operators 
is called a conformal family and it is denoted by [¢]. A conformal family is a 
tower of operators where each layer is characterized by its level as shown in 
Table 2.1, where P(N) is the number of partitions of N into positive integer 
parts, which can be written in terms of the generating function [],,_, ca E 
Save P(N)q’. 

We can now use the conformal family to rewrite the expression of the OPE 
(2.12) of two primary fields, 


bi(Z, 2); (w, w) 
= J CLP — whit a le (3 — p) e tE T ll (wy, a), 
k{11} 
(2.26) 


where we denote by ol (w, w) the descendants L_), ...L—1, L_j, .-. L_i, ox (w, w) 


with the normalization given in (2.11). The product coefficients ene are given 


in terms of those of (2.12) Cijk as, 


Che = Cun Bg Ba > (2.27) 


l 
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where o are determined by conformal invariance and are functions of c and 
hi, hj, hy, and similarly for BN 
do not show here. 

The OPEs of any pair of descendant fields can also be deduced from (2.12) 
which implies in fact that all the information about the OPE is encoded in the 
product coefficients C;;;,. Moreover since the structure of (2.26) holds for all the 
primaries and their descendants, one can write the so-called fusion algebra for 
conformal, families, which takes the form, 


lollo] = XO NE Ide]. (2.28) 
k 


. This follows from a detailed analysis that we 


2.6 Hilbert space of states 
Our next task is to construct the Hilbert space of states. First we define the 
ground state |0> by, 
L,|0>=0 n>0. (2.29) 


The next step in this program is to build the highest weight states (hws). 
Consider the state generated from the vacuum by a primary field ¢(z) of 
dimension h, 


|h> = $(0)|0> . (2.30) 
It is easy to check that for n > 0, [Z,,¢(0)] = 0 since, 


(Ln, o(w)] = = f daz" T(2)0(w) = h(n+1)w"¢(w) + w"t!0b(w). (2.31) 


Hence the highest weight state |h> obeys 
Lo|h>=hlh> L,|h>=0 n> 0. (2.32) 
Expanding the primary field ¢(z) in a Laurent series 7, dn zr") 
the highest weight state symbolically as ¢;,|0>. 
Descendant states are generated by applying the descendant operators L_,,@ 
on the vacuum or alternatively by applying L_, on highest weight states, namely, 


L_p|h> = L_n(0)|0>= (L-n@)|0> . (2.33) 


, one can write 


It is thus clear that the highest weight states, or equivalently the primary oper- 
ators, play a major role in constructing representations of the Virasoro algebra. 
In fact one can show that every representation is characterized by a primary 
operator. Consider an eigenstate of Lo, Lojy> = hy|w>. Now act on it with the 
lowering operator L, with n > 0. The Lo eigenvalue of the new state L,,|u> is 
hy — n. Since we require that the Hamiltonian is bounded from below, Lo has 
to be also bounded. This implies that after repeating the lowering process one 
finally hits a state that is annihilated by Ln for every n > 0 and hence an hws. 
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It is thus clear that any state in a positive Hilbert space is a linear combination 
of hws, and their descendants. The representation given in Table 2.1 is referred 
to as the Verma module. Denoting it by V(c, h) and its analogous representation 
for the anti-holomorphic Virasoro algebra by V(Z, h), the Hilbert space of the 
theory is a direct sum of the products V(c, h) & V(é, h), namely, 


H =X V(c,h) 8 VE, h). (2.34) 


h,h 


The Verma module may be reducible in the sense that there is a submodule that 
is by itself a Verma module. Such a submodule whose states transform amongst 
themselves under any conformal transformation, is built from a |Anun>. The 
latter is both an hws., namely Ln |Anun> = 0 for n > 0, as well as a descendant. 
Such a state is called null state or null vector, motivated by what follows. It 
generates its own Verma module which is included in the parent module. It is 
orthogonal to the whole Verma module as well as to itself <hnun|Rnun> = 0, 
since <hmil|L-k L-g, [A> = <h| Lp, ... Le, |Roun>*= 0, and in particular it 
has a zero norm <Ayun|hnui> = 0 and similarly also its descendants. The null 


state corresponds to a null operator which is simultaneously a primary and a 
secondary field. 

Let us now demonstrate the construction of a null vector. Consider a general 
linear combination of the states of level 2, 


L_2|h> + aL”, |h>, (2.35) 


we would like to check whether for certain values of the mixing coefficient a, this 
state is a null state. If indeed it is |null>, then so is the state [L,,|null>]. In fact 
it is easy to verify that at level 2, one has to check these consistency conditions 
only for Lı and Lə. Now using the Virasoro algebra we find that, 


[Ly, L-2] |h> +a [Ly, L21] [k> = (3 + 2a(2h + 1))L_i|h>, 
[Lo, taista laLa (an+ 5 es 6ah) h>. (2.36) 


It is thus clear that for the following values of a and c, 


3 2h 
C= 


(2h a) 2h+1 


a= (5 — 8h), (2.37) 
the linear combination state (2.35) is a null state. In the unitary case we have 
h and c positive (see next section). Hence in this example h < 3. 

An irreducible representation of the Virasoro algebra can be constructed from 
a Verma module that contains a null vector by a quotient procedure, taking 
out of the Verma module the null module. In the next section we discuss this 
construction. 
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2.7 Unitary CFT and Kac determinant 


Unitarity is obviously lost if there are negative norm states in the Verma module. 
Hence, our task is to derive the conditions for having a negative norm state. In 
the basis of the Verma module, 


hcg ale. (<k <... < ki), (2.38) 


the matrix of inner products Iss = <s|s’> is block diagonal with blocks I) for 
states at level N()°, ki = N). For a given Verma module the elements of I are 
functions of (h,c). It is easy to realize that unitarity dictates c > 0 and h > 0. 
This follows from <h|L,L_,|h>= [2nh + 1/12en(n? — 1)| <h|h>, which is pos- 
itive for n = 1 only if h > 0 and for large enough n only for c > 0. To determine 
the full set of constraints for unitarity let us analyze further the properties of I. 
A general state |§>= >, ck|s> has a norm <8|s>= ĉ'Iê, with ĉ the vector of 
the ck. Now since I is hermitian it can be diagonalized by a unitary matrix U 
so that the norm can be written as <8|8>= >, lx|t |? where t = Ué and ly are 
the eigenvalues of I, which are real. It is thus clear that there are negative norm 
states if and only if I has negative eigenvalues. A vanishing eigenvalue indicates 
a null vector which means a reducible Verma module. 
For the low lying levels these matrices take the following form: 


» (ron (2h+1) 6h ) 


4h + ¢/2 (a 


The derivation of the various elements is straightforwad, for instance, 


2 
Thy 


II 


<h| Lı I, L_\L_, |h> = <h|Lı L- Lı Lı |h> +2 <h| Ly, Lo L_1 |h> 
= 4 <h|L,L_,Lo|h> +2 <h|L,L_y|h>= 8h? + 4h. (2.40) 


The determinant of I) is given by 
det [I'?)] = 32(h — hı 1)(h — hi 2)(h — h21), (2.41) 


where hy, =0 and hi 2,h21 are (1/16)[(5 — c) + \/(1 — c)(25 — c)]. The trace 
of I) is Tr (I 2)] = 8h(h + 1) + c/2. Since the trace and the determinant are the 
sum and product of the two eigenvalues, unitarity is lost if either the trace or 
the determinant is negative. 

The determinant for I) at general level N, which is referred to as the Kac 
determinant,® has the form 


det] = ay [| h- hp? , (2.42) 
PaSNn 


3 The proof of the Kac determinant is detailed in [89], [206] and [95]. 
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where ay are constants independent of (c,h) and hp (c) can be expressed in 
ae dh et S 25—c 
terms of m = —5 + 54/ T= as, 


hyq(e) = eee L; (2.43) 


Note that we can choose either the plus or the minus sign in the expression for 
m, as their interchange is like interchanging p with q, which does not change the 
determinant. Note also that hp q is invariant under p > m — pq > Mm+1-—q. 
Let us also mention that for N = 2 the result is identical to (2.41). 

In the (h, c) plane the determinant vanishes along the curves h = hp (c) which 
are therefore called the vanishing curves. If the determinant (2.42) is negative it 
means that there is an odd number of negative eigenvalues and hence the corre- 
sponding Virasoro representation is not unitary. If the determinant is vanishing 


or positive one needs to further analyze the determinant as follows: 


e For c> 1 and h > 0 it is straightforward to show that the determinant does 
not vanish. 


In the domain 1 < c < 25 the value for m has an imaginary part. Thus h, , are 
complex for p Æ q, and as they come in complex conjugate pairs the product of 
the appropriate two factors in the determinant is positive. For p = q the value 
of hp q is negative. Thus the determinant is positive in that domain. 


For c > 25 the hp, are negative. 
For large h the matrix is dominated by its diagonal elements. 


Since these elements are positive, the eigenvalues for large h are all pos- 
itive. Now since the determinant never vanishes in the region considered 
(h > 0, c> 1) all the eigenvalues have to be positive on the entire region. 


Note that in I?) the off-diagonal element is larger at large h than the 22 
element, but still the determinant is dominated at large h by the diagonal 
elements, and thus also the eigenvalues, as a 2 x 2 matrix. 

e For c= 1 we have hp, = (p — q)”/4, and so the determinant is never negative. 
However, it vanishes when h = n? /4 for some integer n. 

e For 0<c<1, h >Q a closer look at the determinant is required. We draw 
hp (c) in Fig. 2.1. 
By expanding the curves around c= 1 one can show that any point in the 
region can be connected to the right of c = 1 by crossing a single vanishing 
curve. The vanishing of the determinant is due to one eigenvalue that reverses 
its sign which implies that there are negative norm states at any point in the 
region that are not on the vanishing curve. In fact it turns out that there are 
additional negative norm states at points along the vanishing curve except at 
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Fig. 2.1. hp (c) as a function of c for various values of (p, q). 


certain points where they intersect. On these points the central charge c is a 


solution of m = —} + 44/7 for the cases of m an integer from 3 up, 
6 
=1 an oe 2.44 
c m(m + 1) + m 7 ? ( ) 


For each such unitary minimal model* there are m(m — 1)/2 primary fields 
with h given by (2.43) where p,q are integers satisfying 1 < p< m— 1, 1 < 
q <p. The simplest of those models is the Ising model, given in the section 
m= 3, c= 1/2 with hy, =0, h21 =1/2, hə = 1/16. It will be described in 
Section 2.13. 


4 The minimal models were presented in [33] and discussed in [95]. 
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2.8 Characters 
The structure of the Verma module, and in particular the degeneracy of states 
at each level, is captured in the generating function x(¢,,)(7), the character of 
the Verma module, defined by, 


Xen (7) = Tela" #] = So dim(h + n)ght*-®, (2.45) 
n=0 
where q = e?™" , 7 is a complex number, and dim(n + h) is the number of linearly 


independent states of the module at level n. The latter is equal to P(n) the 
partitions of n in the generic case, but may be smaller when there are null 
states. For |q| <1, namely, + in the upper half plane, the series is uniformly 
convergent, since |q| < 1 is the domain of convergence of the inverse of the Euler 
function y(q) defined by, 


= J] = Pla (2.46) 


1— gq" 


n=l n=0 


In terms of this function the character of a generic Verma module is given by, 


oo (247) 
Xfe.hy (T) = ; 
oe plq) 
The character can be expressed also in terms of the Dedekind ņ(r) function, 
1 a s n 
nt) = g7 pla) =a | |0- 2), (2.48) 
n=1 
in the form 
qe (2.4) 
X(c,h) T) = ‘ 
ae n(7) 


To get the character of a minimal model one has to determine the irreducible 
Verma module using the quotient procedure discussed in the previous section. 
We do not give the derivation here, just the final result, which is, 


h- & c 1 fat 4 torz 

q 24 (2pp tpr s) (2pp'n+pr+p's) 
x(c(p, p"), hrs (p, p')) = =y i 1p? =q , (2.50) 

pla) E 
where 

ES A Y. 
ep.r) = 1- 62, (2.51) 

and 


peas) = (p - p’) 
4pp' 

Note that these are the non-unitary minimal models, except for the cases p — p' = 

+1, which coincide with the cases of the previous section with the identification 


hys(p,p') = i ‘ (2.52) 


of p=mor p’ =m. 
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2.9 Correlators and the conformal Ward identity 


Now that the Hilbert space of states has been analyzed we would like to determine 
the correlation functions of all possible operators of a given CFT. Naturally, 
we first investigate correlators of primary fields and then those also involving 
descendents. 

A very useful tool for determining correlators are the symmetries of the system. 
In the present case we obviously implement conformal invariance. In particular 
we first determine the consequences of the SL(2,C) Ward identities. Recall that 
the vacuum is annihilated by Lo ,+ı and Ly sai and hence is invariant under 
SL(2,C), namely, U|0> = |0> for U € SL(2,C). It thus follows that, 


<0|U~' b1 (a1, A)U ...U" bn (Zn, Zn JU |O> = <0|b1 (21, 1)... 6 — N(Zn; Zn) |O> - 

(2.53) 
Recall that by definition a primary field of dimension h transforms under an 
SL(2,C) transformation z > f(z) = “+5 (with ad — be = 1), as, 


U~ e(z, Z)U = (Af (2) O(F (2), 2). (2.54) 
Let us mention that SZ(2,C) invariance holds for CFT in any dimension. 


The invariance of the vacuum implies, in infinitesimal form, 


<OJ [Lk , $1 (21, 21)] --- Pn (2n, 2Zn)|O> +... <OlGi (21, 21) --- [Ls On (Zn; Zn )||O> = 0, 

(2.55) 
for k = 0, +1. Using [Lx, 6(z, Z)] = h(k + 1)2* (z, Z) + z**+!06(z, Z) we get Ward 
identities in terms of differential equations: 


k=-1: S08, <Oldi(21,%1).--bn(2ns%m)|0> = 0 


k= 0: X (xd: + hi) <O|b1 (21, 21)... Gn (2n, Zn) |O> = 0 
k=+1: So (278; + 221i) <Oldi(a1,%)-.-¢n(2ns%nr)|O>= 0. (2.56) 
These Ward identities are associated with the invariance under translations, 
dilations and special conformal transformations. Applying these equations to the 
two point function one finds that, 
C2 
(z1 — 22)? (Z1 — Z2) 
(2.57) 
where c> is a constant, to be put to 1 in the normalization (2.11). Note also 
that when taking two different fields ¢; and ¢2, SL(2,C) implies that hı = hə 
is necessary for a non-zero two-point function. 


Go(21, Z1, 22, Z2) = <O|¢1 (21, 21) b1 (22, Z2)|0> = 


In a similar manner the three-point function is given by, 


1 g z 
Fh2—h3 2h rhs ha pha Fh; z) (z Z,h h) , (2.58) 


G3 (Zi, Zi) = €123 ( 


hy 
219 
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Fig. 2.2. Integration along C that bounds all the operators. 


where zij = zi — zj and c123 is the correpsonding product coefficient defined in 
(2.12). Using the S'L(2C) invariance one can set the points 21, 22, z3 at oo, 1,0, 
respectively so that the constant c123 is determined from the corresponding corre- 
lator via lim,, =, >o lea Gs] = C193. For G, with n > 3 the global conformal 
transformations do not fully determine the correlator. For instance the four-point 


function G4 can be written using these transformations as, 


Galaz) = f(Z,Z) | | [g | (z za shy], (259 
i<j 


where h = Sa hi and the cross ratio Z is defined as Z = ok which is an 
SL(2,C) invariant. 
For a general n-point function, denoting the power of zi; by —hi;, we get, 


hij = | poy (hi + hj) aS h for n > 3. 

So far we have implemented the global Ward identities. To get the local Ward 
identity one performs a conformal transformation of an n-point function of pri- 
mary fields G,,. This is achieved by integrating e(z)T (z) along a contour C which 
bounds a region that includes all the operators (see Fig. 2.2) 


Now using analyticity one can deform the contour into a sum of countours 


each of which encircles one operator. The result of the integral is therefore, 


= (b(wi, w1) a . 0 b(w;, Wi) ew d(Wn, Wn )) 7 (2.60) 
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Using (2.9) we substitute now for 6.¢(w;, Wi) = e(wi)ð + hde(w;)d(w;, wi). 
Since this holds for arbitrary € we can get a local form of the Ward identity, 


(P12) (04,11) nm) = SO ( hi 1 z) 


i=l (z g wi)? i (z N wi) Ow; 
(p(w, 01)... lwn, Wn), (2.61) 


similar to the transition from (2.9) to (2.10). It is thus clear that the correlation 
function above is a meromorphic function of z with singularities at the positions 
of the operators. 

A useful tool for computing correlators is the use of null vectors. Rather than 


discussing this for a general null vector we demonstrate this procedure on a level 
two null vector. Recall that in models with a primary of weight h such that c = 


= (5 — 8h) there is a null vector at level two of the form (L + aL? ,)6\") =0 


where a= Soran As L_1¢"")(z) = 0¢)(z) one can trade L_2\")(z) with 


—ad? ph) (z). Now L_26) (w) is given by, 


ho (w) wd (w) 


(z=w)  (z—w) 


L> (w) = lim, >w rae (w) (2.62) 


Substituting this into (2.61) one finds the following differential equation, 
—a0?,, (P(w1 ’ w) ee (Wn Wn )) 


_y ( Ue oop A ) on): (2.63) 


(wi = wi)? l (wi = wi) v, 


This exact differential equation will enable us to compute the four-point function 
for the Ising model as we discuss in Section (2.13). 

Next we would like to deduce the implications of the associativity on correla- 
tion functions of primaries and descendant operators. 


2.10 Crossing symmetry, duality and bootstrap 


The complete package of information that specifies a CFT is its Virasoro anomaly 
c, the set of primary fields ¢;(z, Z), with their weights (h;,h;) and the operator 
product coefficients C;;;. Hence, to determine all consistent CFTs one has to find 
all the allowed sets of such data. The latter have to comply with the constraints 
that follow from confomal symmetry as well as with the associativity of the 
operator algebra. To study the implications of associativity it is useful to consider 
the four-point function, 


(0; (w1, Wr); (We, We) hx (w3, W3) bi (Wa, Wa) - (2.64) 


The idea is to compare the computation of this correlator using the OPE of ¢; 
and j and of x and ¢, with those of ¢; and ọọ and of ¢; and ¢, namely 
calculation where (z1 — 22), (z3 — 24) versus one in which (z1 > 23), (z2 > 24). 
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XY Clmp Ciip = XY Cila Cimq q 
p PpP q 


j m 


Fig. 2.3. Crossing symmetry. 


Fi" PO Fi" (Pe) 


Fig. 2.4. Single channel amplitude. 


The requirement that the two ways of computing coincide, referred to as crossing 
symmetry, is expressed in Fig. 2.3.° 

Using conformal transformations, we can relate the diagram on the left-hand 
side of Fig. 2.3 to the diagram drawn in Fig. 2.4, which corresponds to the 
sum of the contributions of intermediate states belonging to the conformal fam- 
ily [¢,] with the four-point function of operators located at (w1, w2, w3, w4) = 
(0, z, 1,00). Note that in such a situation, z is actually also the cross ratio Z. We 
denote this amplitude by the conformal block FE (m|z) FE (mlz) which depends 
on the Virasoro anomaly of the theory and the dimensions of all the operators 
involved. In terms of conformal blocks the crossing symmetry condition takes 
the form, 


5 Cijm Ckim FE (mlz) FE (mlz) 


m 


For a given set of conformal blocks (2.65) is a set of equations that determine the 
Cj, and the weights. The general set of solutions of these equations is not known, 
but for a particular class of theories like the minimal models these equations can 
be solved. 


5 Crossing symmetry, duality and bootstrap was discussed in [33]. 
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2.11 Verlinde’s formula 


The fusion rules (2.28), namely, 
[4i][;] = UNS 


constitute a commutative associative algebra. The commutativity implies that 
Nt, = N}, and the associativity means that, 


Ns Ng = >) NNA. (2.66) 
k 


Using matrix notation in which NE = (N;)} the D translates into 
the commutativity of the matrices, namely N;Nı = N,N;. Thus, the matrices 
N; are also members of an associative commutative a Hence they can 
be diagonalized simultaneously to form a one-dimensional representation. This 
implies that there is a common matrix S, 


po ( = Doe (2.67) 


where we denote the eigenvalues of N; by nN, If 7 is the vacuum state 7 = 0 then 
NÄ = ô, if all the representations labeled by i are irreducible. We now multiply 
from the right by S% to get, 


Nise. GES ese 
l 


SSS Se eS se, (2.68) 
l 
which means that A™) = si ; 
0 

SL SL(S-1)} 

Ro Ua a l 
NE =X. O ae (2.69) 

l 0 


Now, for the reader who knows about the 7 parameter and the characters 


(discussed in Section 2.8), we recall that under the S-transformation T > —+ 


the characters of a given CFT transform as, 


= S > Sial). (2.70) 
k 


Verlinde’s formula? states that the matrix § above is identical to the S- 
transformation matrix, 


S=8. (2.71) 


This is a remarkable relation. 


6 The Verlinde formula was introduced in the seminal paper [210]. 
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2.12 Free Majorana fermions — an example of a CFT 


The theory of free massless fermions in two dimensions is an example of a 2d 
conformal theory of the utmost importance. In this section we describe this 
theory in detail following the steps taken in the general analysis of conformal 
field theories. The well-known Dirac action of a massless free fermion in two 
Euclidean dimensions is, 


_ 1 2 ay 
S= i | er av. (2.72) 


Expressing the Dirac fermion in terms of chiral (or Weyl) fermions, a left Yy and 
aright wv, with Y = (w,2), and using the fact that in two dimensions one can 


take y° = o? and q! =a!, we rewrite the action as, 


1 _ Siete 
s=- / Pa(ptdy + pag). (2.73) 
We remind the reader that 0 = ð, and 0 = 0:. The equations of motion are, 


ðp=0 db=0 > P= ¥(z) P=). (2.74) 


In analogy to the symmetries of the scalar field it is straighforward to real- 
ize that the action is invariant under left holomorphic chiral and right anti- 
holomorphic transformations, 


y> yp = iy Poy = ey, (2.75) 
The corresponding “affine current algebra” currents, given by, 
J=ipty Ja=idtd, (2.76) 


are holomorphically and anti-holomorphically conserved. 

In addition the theory is obviously invariant under conformal transformations 
z> f(z), 2 Fl2). 

Dirac (or Weyl) fermions can be further decomposed into Majorana (or Weyl- 
Majorana) fermions as Y = AAS +iẸŅ2) (or p= alt + it2)). Substituting 
these, the action reads, 


1 2 
= 2 A fe jy. Ts 
jec fe z (>: WOW; + ʻai) , (2.77) 


From this point on we discuss the theory of single Majorana fermions, namely x 
and x are a left and a right Weyl-Majorana fermion with the action, 


I T A 
= zo 2(xOx + XOX). (2.78) 
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The equations of motion are still as in (2.74) so that x is a holomorphic 
function and ¥ is an anti-holomorphic one (their extensions, as they are real on 
the real line). 

Before spelling out the conformal structure of the theory we pause for a 
moment with the complex coordinate formulation and discuss canonical quanti- 
zation in two dimensions with a Minkowski signature. The conjugate momentum 


to xis m, = 2£ = Ly, and as we are dealing with a real field {7, , x} has a factor 
x x = By 2X 8 xX 
5 multiplying a delta function,which gives, 


{x(z1, £0), x(yo, Y1) Fleo=yo = O(x1 T yı). (2.79) 


Combining a pair of two Majorana fermions (each consisting of two Weyl- 
Majorana) into a Dirac fermion, one finds for the latter the usual anti- 
commutation relations, namely, 


{V (21,20), Yn, yo)}leo=y = ôl — y1) {¥(w1, 20), V1, Yo) }leo=yo = 0. 
(2.80) 
The Noether currents associated with conformal transformations, namely the 
components of the energy-momentum tensor, are given by, 


T(z)=—-=:x0v: T(Z= r ON :, (2.81) 


where : xx : the normal ordered product, stands for the product with the sub- 
traction of its OPE. The latter is given by, 


x(z)x(w) = X(z)X(w) = - (2.82) 


Using this basic OPE in T(z)x(w) one finds, 


T(z)x(w) = ! ae + n (2.83) 


which implies that x is a primary field of conformal dimensions of (4, 0), and sim- 
ilarly ¥ with (0, $). The Virasoro anomaly, which comes as usual from T(z)T(w), 
isc =}, and ¢= $ from T(z)T(w). 

Recall that the energy-momentum tensor of the scalar field (1.27) takes the 
form of a bilinear of the “current algebra” currents (1.24). We want to examine 
now if such a construction can be applied also for the fermionic fields. Since for 
Weyl—Majorana fermions there are no such currents it is left only to check for 
the T(z) of Weyl fermions. Let us note first the OPE of the currents and the 
Weyl fermions that read, 


2 t Zz 
eww) =H Pew) =i EE, (2.84) 


where J =i: yt) : with our conventions. 
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Using this OPE one finds, 


T(z) = -5 : J(z)J(z) = -ilimu o) + r 


= — Flim. ulim izo (vw Glutei z) "G =a | 


= Hn, ino | dowe , w=) 1 
pew | Ew) ewe] | Gu 


1 
a [yty — aunty]. (2.85) 

This construction of the energy-momentum tensor in terms of a normal ordered 
product of two currents, which is known as the Sugawara construction, will play 
a key role in the discussion in Chapter 4. 

The mode expansion of the Weyl—Majorana fermion takes the form, 

r 1 

p= D E bag fae tye, (2.86) 


rth 
rEZ+v anes 


—iw 


with z =e" ,v is related to the boundary conditions as 


ylw +27) = ew), (2.87) 
so that there are two types of fermions: 


Ramond fermions v = «> periodic boundary condition 


1 
2 
Neveu-Schwarz fermions v = 0 + anti-periodic boundary condition. 


The anti-commutation relations of the fermionic modes follow straightforwardly 
upon using (2.86) and the OPEs (2.82), namely, 


{Wr Vs} aa Òrts- (2.88) 


The form (2.82) holds for the periodic case. For the anti-periodic case there is 
an extra factor of 5(,/= + /Z), which tends to 1 as z > w. 

The canonical quantization conditions in terms of real space-time coordinates 
take the following form, 


Elat), OY) Her—ye = 26a! — yt), (2.89) 


2 


since w is the conjugate momentum of itself. Combining two Majorana fermions 
into a Dirac one yields the following anti-commutation relations for the Dirac 
fermions, 


{Ui (xt), Vy") Foy = 8l — y’) {U(a"), Vy) Yey =0, (2.90) 


so that now WV" is the conjugate momentum of Y. 
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2.13 The Ising model — the m =3 unitary minimal model 


The first unitary minimal model with m = 3 has c = 1/2, just like the Majorana 
fermion discussed above. We now analyze the primaries of this model, their fusion 
rules and their correlators. Comparing the latter with correlation functions of 
the Ising model,’ we show that in fact the m = 3 unitary minimal model is the 
continuum limit of the Ising model. Recall that the set of primaries of the m = 3 
model are characterized by the following conformal weights: 

1 


1 
hii =0 hei = 3 h22 = 16’ (2.91) 
which determine the two-point functions, 
(00/2 ZOO) (y 5) TEA 
= M 1 
(30/0 (z, 380/10 (w, 0) = ow (2.92) 


where ®() (z, z) = o\")(z) 6") (Z). It turns out that at the critical point of the 
Ising model, the two-point function of the spin operator o at a lattice point n and 
at the origin behaves like < onoo >~ EIT: Thus in the continuum, it has the 
same “critical exponent” as that of 0/16), and similarly the Greens function of 
the energy density falls like < €n €o >~ ral 
of 6/2), 

There are additional properties of the m = 3 unitary model that can be shown 
to match those of the Ising model. Here we demonstrate this with the determi- 
nation of the four-point function of 0/16), namely, 


(D18) (x, 21)... BO) (24, 24). (2.93) 


z, namely like the two-point function 


From equation (2.63) we have that 


se — (a + ag) | (oles) oo) =O, 


i#1l (wi Z wi)? (wi E wi) Ow; 


(2.94) 
where ¢ denotes 0/16), 
Using the global Ward identities we express G4 as in (2.59), 


Gala, % +++ Z4; 24) = f(Z,2) [(zr2z13 214223224281) 4 (c.c.)| 5 (2.95) 


where Z = 4221, Using also 4422 = 1 — Z, we can rewrite as, 
213724 213724 


Gala, 31- z4, 24) = FZ) [ersz iza- zj (c.c.)] . (2.96) 


T The two-dimensional Ising model has a long history. It was discussed in [137]. The relation 
to Majorana fermions was discussed in [187]. 
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Anticipating the result of the Ising model, we actually write, 
Ga(z1, 1... 24, %4) = f(Z,2). [[z1s2042 (1 - Zy" (c.c.)] . (2.97) 


If we now substitute this ansatz into (2.94) we find the following differential 
equation for f, 


[Z(1 — Z)6? + (1/2 — Z)ð + 1/16] f(Z, Z) = 0. (2.98) 


A similar equation holds for Z. The solutions of this differential equation are 
fi(Z)= (1v1 - a and so finally the four-point function takes the form, 


FARS 1/4 
oe = 13°24 
Gil As Z1 a2 24) = (=) 


(IAP +|fo(Z)P), — (2.99) 
212223 234 234 


where the unique combination is dictated by the requirement for a single value. 
This is identical to the result found in the Ising model for G4. 

Note also that f(1 — Z,1 — Z) is a solution, a result of the symmetry under 
the interchange of zı with 23. 

Note also that although ®(/?) is a free fermion, ®/!®) cannot be constructed 


in a local way from the fermion. 


3 


Theories invariant under affine current algebras 


In addition to being conformal invariant, it was shown in Chapter 1 that the 
theory of a free massless scalar field admits also affine algebra currents J(z) 
and J(Z) which are holomorphically and anti-holomorphically conserved, namely 
OJ(z,2) = OJ(z, Z) = 0. The existence of these currents, as was the case with the 
energy-momentum tensor, implies that the theory is invariant under an infinite- 
dimensional group of transformations. Inspired by this invariance of the free 
scalar theory we would like to identify and investigate field theories equipped with 
an affine current algebra (ACA), which is often refered to as Kac—-Moody algebra 
or affine Lie algebra (ALA). Conformal field theories (CFT) are characterized by 
the Virasoro anomaly, the set of primary fields and the corresponding structure 
constants. It will be shown in this chapter that theories with ACA admit a 
similar algebraic structure and moreover that they are necessarily also CFTs. 
Thus every ACA theory will be characterized by the Virasoro anomaly as well 
as its ACA analog, the ACA level. Primary fields that have been defined so far 
via their operator product expansion (OPE) with the T(z) and T(z) will have 
to obey certain OPE also with currents J(z) and J(Z). The zero modes of the 
free scalar affine currents Jo and Jo (1.57) commute, namely, they generate an 
abelian group. For theories with “ordinary” non-affine currents the generalization 
of the abelian group to non-abelian ones led (in four dimensions) to the standard 
model of the basic interactions and in fact to an enormously rich spectrum of 
interesting theories. It is thus very natural to explore the generalization of the 
abelian ACA to non-abelian affine current algebras. The investigation of two- 
dimensional theories which are invariant under transformations generated by 
such affine currents is the subject of this chapter. We start with a brief reminder 
of the properties of finite dimensional Lie algebras. 

The topics included in this chapter are covered in several books and review 
papers. In particular we have made use of the famous review by Goddard and 
Olive [111], and the book by Di Francesco, Mathieu and Senechal [77]. 


3.1 Simple finite-dimensional Lie algebras 


Consider the Lie algebra G, 


[PP ar, (3.1) 
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associated with a group G, namely, the set T° are the generators of the group 
G.! We will consider simple groups, namely those that do not contain invari- 
ant subgroups. Denote the maximal set of commuting Hermitian generators by 
H',i=1,...,r so that 


[H',H’])=0 i,j=1,...,r. (3.2) 


This abelian subalgebra of G is referred to as the Cartan subalgebra. It can 
be shown that any two such abelian subalgebras with generators H’ and Ñ’ 
are conjugate under the action of the group, namely, Ñ’ = gH'g~! for some 
g € G. The dimension of the Cartan subalgebra, which is the maximal number 
of commuting generators is defined as the rank of the algebra G, rank (G) =r. 

A basis of the full algebra G constitutes H’ and the step operators or ladder 
operators E defined by, 


Fs Ae Oat ee at Diam eit rem (3.3) 


The r-dimensional vector a is called a root associated with the step operator E”. 
The roots are real and up to multiplication with a scalar there is a single E° 
associated with a via (3.3). No multiple of a given root a is a root apart from 
—a which is the root paired with E~* = E*'. The number of roots is obviously 
(dimG — rankG). 

The rest of the algebra are the commutation relations [E°, E 
from the Jacobi identity, 


f] which follow 


[H', [E*, E*]] = (a’ + BE, E°], (3.4) 


so that if (a + 6) Æ 0 and is not a root, then [E*, E°] = 0. If on the other hand 
(at + 6’) is a root then [E*, E’] must be a multiple of E**%. If (at + 6’) = 0 it 
follows that [E°, E~°|] ~a. H. 

To summarize the full algebra reads, 


[H', Hi] =0 i,j =1,...,rank(G) 
[Hi E°] = aE” a=1,...,(dim G — rank(G)) 
[E°, Ef] = €(aB)E°t® if a+ £ is a root 
= a ifa+6=0 
=0_ otherwise. (3.5) 


This basis of the algebra is a modified version of the Cartan—Weyl basis. The 
constants €(a@3) can be chosen to be +1 if all the root vectors have the same 
length. 


1 Finite-dimensional Lie algebra is covered in many books, for instance Cahn [54]. 
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It is straightforward to realize that the triplet of generators E°, E~°, and anf 
is isomorphic to J+, J_, J3 of an SU(2) algebra, namely, 


a-H 
z` 


(3.6) 


’ ’ 
a2 


-H 
E B*| =+5+*, [Ete E°] =2 
Q 


Consequently the eigenvalues of 2%, just like those of 2J3, are integers in any 
unitary representation. The eigenvalues associated with each root 8 is given by 


20,8 € Z. It is natural to define the notion of coroot a” = 26 


3.1.1 The Weyl group 


Consider a root 6 such that 2a - 3/a? ¥ 0 is its eigenvalue under the operation 
of 221. There must be another step operator E8+™e which is a member of the 


a 


SU(2) multiplet with the opposite eigenvalue, namely, 


2a-B/a* + 2m = —2a - b/a. (3.7) 
Then m = —2a- 3/a’, and 
B+ ma = p- L B- (a^, pja = 00(8) (3.8) 


is a root for each pair of roots a and 8; o,(() is a reflection in the hyperplane 
perpendicular to a. The set of these reflections that permute the roots, generate 
a finite group W (G), the Weyl group of G. 


3.1.2 Cartan matrix and Dynkin diagrams 


It is convenient to define the notion of simple roots as follows. Select a rank(G) 
dimensional basis of the roots that consists of aq), i = 1,...,rank(G) in such a 
way that any root a can be written as, 


rank G 


a= 5 Ni Qi), (3.9) 


where the n; are integers which are either all n; > 0 or all n; < 0. In the former 

case a is positive, while in the latter it is negative. This base is called the basis 

of simple roots. Associated with the simple roots one defines the simple Weyl 

reflections Ca, that generate the entire Weyl group. 

The scalar products of simple roots define the Cartan matrix as follows: 
ipa OES (3.10) 
(3) 

The Cartan matrix is a rank(G) x rank(G) matrix with integer components and 

with diagonal elements which take the value of 2. The off diagonal elements are 

either negative or vanishing. 
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Fig. 3.1. Dynkin diagrams for all the simple Lie algebras. 


It can be shown that the roots of a simple Lie algebra can have at most two 
different lengths, a long root and a short one. The ratio between their lengths 
are either 2 or 3. When all the roots have the same length the algebra is a simply 
laced algebra. From the Cartan matrix A;; one can reconstruct a basis of simple 
roots up to a scale and overall orientation. In fact constructing all the roots from 
the simple roots, one finds that full information on G is encoded in A;j. 

The information contained in the Cartan matrix A;; may be encoded in a 
planar diagram, the Dynkin diagram. The construction of such a diagram is as 
follows: 


e To each simple root a(;) assign a node in the diagram. 

e If a node represents a short root mark it by a black dot, and if a long one by 
a white dot. 

e Join the points a,j) and aij) by Aj; Aj; lines. For i # j, Ajj Aji can take the val- 
ues of 0,1, 2,3. In fact since Aij Aji = 4cos”6;;, where 6;; is the angle between 
the two roots, then orthogonal simple roots are not connected, and those with 
an angle of 120, 135,150 degrees are connected with one, two, or three lines. 

e In some conventions one does not separate between black and white dots, but 
rather one draws an arrow pointing from aç) to aj) when a7, > a7,). 


The Dynkin diagrams for all simple Lie algebras are given in Fig. [3.1]. 
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3.1.3 Highest weight states 


We now consider finite-dimensional representations of G other than the adjoint 
representation that has been analyzed so far, the latter being the same as the 
generators. We can always choose a basis {|u)} for which, 


A’ |p) = p' |p). (3.11) 


The rank(G) dimensional vector u of eigenvalues of the Cartan subalgebra gener- 
ators is called the weight vector. A root is a weight of the adjoint representation. 
In a similar manner to their action as roots, the triplet E°, E~° and 2a- H/a? 
form an SU(2) algebra and hence {|j)} must be an SU(2) multiplet, and in 
particular, 


2a: uJ €Z, (3.12) 


for any root a. 

This property of any given weight defines a lattice Aw (G), the weight lattice 
of the algebra G. The weights associated with a representation must be mapped 
into one another under the operation of og and in fact the whole Weyl group. 
One can choose a basis for the weight lattice Aw (G) consisting of fundamental 
weights Aq) such that, 


2A(i) s a/a) F: Õij. (3.13) 


Any weight \ can then be expanded as A = 5) n;A(;) with integer coefficients n. If 
all n; > 0, the weight A is called a dominant weight. Every weight can be mapped 
into a unique dominant weight by action of the Weyl group. The dominant weight 
p = do, AQ), Where i = 1,...,rankG, is characterized by p- a > 0 for any positive 
a and p-a <0 for any negative a. In fact p = 1/2 a where the sum is over 
all the positive roots. 

For any given finite-dimensional representation of G one defines the highest 
weight state |uo) for which p- uo is the largest. Such a state is annihilated by all 
the raising operators, 


E” mo) = 0, (3.14) 


for every a > 0. All the states of a given irreducible representation can be built 
by acting on the highest weight state with lowering operators, namely, each state 
takes the form, 


EP: ....ET® i) (3.15) 


In fact every irreducible representation has a unique highest weight state |) and 
the other weights u have the property that uo — u is a sum of positive roots. The 
highest weight state is a dominant weight. In the opposite direction for each dom- 
inant weight there is a unique irreducible representation for which it is the highest 
weight state. As was mentioned for the adjoint representation the weights are 
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Fig. 3.2. Root system and Weyl chambers of SU (3). 


the roots so that the corresponding highest weight state is the highest root. The 
difference between the highest root and any other root is a sum of positive roots. 

We end this subsection with an example. Consider the SU (3) algebra. The 
Cartan matrix for this algebra takes the form, 


& a) . (3.16) 


The simple roots are related to the fundamental weights as a(1) = 2A(1) — 
A(z) and &o) = —Aqa) + 2A(2). The scalar products between the fundamental 
weights are (A(1), A(1)) = (A(z), A@)) = 2/3 and (Aq), A(2)) = 1/3, using the stan- 
dard normalization of (a(;),a(;)) = 2. The full Weyl group is given by W = 
{1, 01, 02, 0102, 0201, 010201}. The action of the different elements of the Weyl 
group on the two simple roots gives all roots. 

The root system and the Weyl chambers are given in Fig. 3.2. The Weyl cham- 
bers are separated by the dashed lines, and are specified here by the elements of 
the Weyl group, with the latter denoted in the figure by s;. The Weyl chambers 
are defined by, 


Cy = {A|(wA, ai) > 0,i = 1... 7}. 


3.2 Affine current algebra 


In the previous subsection we acquired a certain familiarity with the notions of 
roots, highest weights, Cartan matrices, Dynkin diagrams etc., in the context of 
a simple Lie algebra. As was explained in the introduction to this chapter, two- 
dimensional CFTs are characterized by an extended algebraic structure, that of 
affine Lie algebra.” We now describe the basic properties of the affine Lie algebra 
using the notions of the previous subsection. 


2 Affine Lie algebras were introduced into the physics literature by Bardacki and Halpern in 
[27]. Independently V. Kac [136] and R.V. Moody [164] introduced them in the mathematical 
literature. 
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The basic ALA is given by, 
[Jin 


b : fab Te 
mada] =ift Jn+n 


+ kmôabôm+n.0, (3.17) 


where the central element & commutes with all the generators J4, namely, 
[Jin k] = 0. 
We now use a generalization of the Cartan—Weyl] basis to the affine algebra as 


follows: 
[Hi , HÍ] = km5 mano 
[Hh Be] = af Ee 


m+n? 


[ES , Ef] = e(ap)ES$?, if a+ Bis a root 
2 ‘x 
= ga (©: Hmn +kMôm+n) if a+8=0 
= 0 otherwise. 
[Hik] = [Eg f] = 0. (3.18) 


We have used the normalization (H*, HI) = 6, (E°, EP) = 46,43, where 
(X,Y) denotes the Killing form, defined as the trace of the product in the adjoint 
representation, Tr(adX,adY). The hermiticity properties are, 

Hit. 


m 


Hi,, ESt= ES, kt=k (3.19) 


Unlike the simple Lie algebra, here we have an r +1 dimensional abelian sub- 


algebra consisting of [Hċ,..., HE, k]. With respect to these generators, E® are 
step operators, 


|H}, E9] =E% |k, E9] =0. (3.20) 


Each of the eigenvectors (a!,...,a”,0) is infinitely degenerate since it is indepen- 
dent of m. Moreover this abelian subalgebra is not maximal since [H}, Hj] = 0. 
Thus one has to extend the algebra by adding a grading operator which can be 
taken to be Lo such that, 


[Lo, JE] =—nJ* [Lo, k] =0. (3.21) 


Using the generators (Hi, k, —Lo) as in the Cartan subalgebra we have as the 
step operators E® corresponding to a root (a,0,n) and Hf corresponding to 
(0,0, 7). 

The root system of ALA is thus infinite but spans an (r + 1) dimensional space. 
We can divide the roots into positive and negative according to the following rule: 


(a,0,n)>0 ifn>0, orifn=Oanda>0 (3.22) 
The basis of the simple roots can therefore be taken as, 


ai) = (ai, 0,0), l<i<r 
(0) = (—9, 0, 1), (3.23) 
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where qa; is the basis of simple roots of the Lie algebra, and @ is the highest root. 
Thus an arbitrary root of the ALA can be expressed as, 


a= ` MQ): (3.24) 
i=0 


It is positive if n; > 0 and negative when n; < 0, and these are the only two 
posibilities. 


3.2.1 Cartan matriz and Dynkin diagrams 


The first step is to define the scalar product (X,Y) which has to be symmetric 
and obey the relation, 


(X, [Y, Z]) + (Y, [X, Z]) =0 


for X,Y,Z € g, the ALA. Upon using a convenient normalization one can bring 
the basic scalar products to the following form, 


(T. T?) = Oihan 


m? n 


(3.25) 


The last relation is actually a choice, following on from the invariance of the 
algebra under a shift of Zo by a multiple of k. Here we use T instead of ô used 
previously. 

In the following Hermitian basis, 
(Ti +Tim) (Ê-Lo) (Ê+ Lo) 
the scalar product is Lorentzian since the norm of all the first three basis vectors 
is +1 while that of Hii is —1. 

The Lorentzian signature holds also for the Cartan sub-algebra (CSA) genera- 
tors. One can define the scalar product of two vectors of simultaneous eigenvalues 
of the CSA, 


(3.26) 


m = (ui uk hr) m = (wi, uh, 1) 
to be, 

mem!) = php!) + pk wy, tol, oe (3.27) 
In particular the scalar product of two roots, 
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a -a =a! -oñ. (3.28) 


The root that corresponds to E? , a = (a, 0, n) has a norm a? = a? > 0 and hence 


is referred to as a space-like root, whereas the root that is associated with H$, 
nô = (0,0,n) has zero norm (light-like) and is orthogonal to all other roots. We 
have used the “unit” of 6 = (0,0, 1). 

The Cartan matrix of g, which is an (r +1) x (r +1) matrix, is defined in a 
similar way to one of the Lie algebra, namely, 


Daa 
Age! ox a7 <r. (3.29) 


We add to the Cartan matrix of the Lie algebra, the extra row and column Ajo 
and Ao; which can be found using (3.10) with ao = —0. Now from the definition 
of the fundamental weight it follows that 0 = — Eaj AopiA;i. Since 0 is a long 
root of g, namely, 6? > afi one gets that, 


— Aio =0 if Ap; = 0, (3.30) 


provided that @ is not itself a simple root, as happens for SU(2). The Dynkin 
diagram of g is obtained using that of g appended with an extra point that 
corresponds to a» connected by —Ao; lines to the points aq). If —Ao; > 1 an 
arrow is drawn which points toward aj). We demonstrate the construction in 
the following example: 

SU (2) - There are only two simple roots a(o) = (—a, 0,1) and aq) = (a, 0,0) 
so that Ap; = Ajo = —2 and the Cartan matrix is 


2 -2 
Ce fm) 
Thus, there are two roots of equal length connected by four lines with arrows 
pointing in both directions to indicate that Aq) is equal to ai). 

The Dynkin diagrams of the affine simple algebra are shown in Fig. 3.3. The 
point that corresponds to aio) is marked by a zero. The black dots relate to the 
notion of twisted affine Lie algebra which we do not discuss here (see for example 
[111]). 


3.2.2 The Weyl group 
The Weyl group of ĝ is defined in a similar way to that of g, namely it is generated 
by reflections in the hyperplanes normal to a, 


Hoer (=) EE E (7) na), (3.32) 
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Fig. 3.3. Dynkin diagrams for all the affine simple Lie algebras. 


js 


for a = (a, 0, na) and b = (8,0, ng) a space-like root. Light-like roots are invari- 
ant under such reflections o,(nd) = nô. In fact the Weyl group of g is a semi- 
direct product of the Weyl group of g and the coroot lattice of g which is the 
lattice generated by the coroots a” = <. The coroots form the root system of 
the Lie algebra dual to g obtained by interchanging the root lengths. The simply 
laced algebras An, Dn, En are obviously self-dual, as are F4 and G2, whereas 
BY = Cn and C¥ = Br. 


3.2.3 Highest weight representations 


A highest weight state |ji9) is a state that is annihilated by all the raising oper- 
ators for positive roots, namely, 


EŞ |ĝo) = Er ® |Âo) = Hn lĝo) = 0, (3.33) 


for n > 0,a > 0. The eigenvalue of this state is the highest weight vector fig = 
(ub, k, h) given by, 


Hifo) = ui |), Êlâo) = k|fto), Lolâo) = hl fo). (3.34) 


We can set h to zero as a matter of convention. A highest weight representation 
is characterized by a unique highest weight state. To have a unitary highest 
weight representation the following necessary and sufficient conditions have to 
be obeyed: 

2k 


EZ KO wy 20. (3.35) 
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2k 
Q2 
the representation is aiad by a weight vector fi = (u’, k, h) such that 
Ho — u is a sum of positive roots. Introduce now a set of fundamental weights 
la) for ĝ, i = 0,...r, such that 2l) - a5) / a) = 6;;. The general solution of the 
condition 2a - ji/0? € Z, which is equivalent to the condition Eq. (3.35) for a = 
aço) = (—0,0, 1), now takes the form ĝo = S7}_9 Milqi), where n; are non-negative 
integers, apart from the indeterminate component in the Lo direction. For lq) 
one finds, 


The non-negative integer is the level of the representation. Any state in 


1 1 
li) = (o T) lo) = (o 506 0) ; (3.36) 


where moọ=1 and where the integers m; are defined via 6/ = 
=a mia) / ay The corresponding level is given by, 


level = X` n;m;. (3.37) 
1=0 


Level 1 representations are thus associated with highest weights lu) with all 
mi = 1. Those are indicated by open points in Fig. 3.3. 
From the definition of m; it follows that, 


X Aym = 0. (3.38) 
i=0 


Since the Cartan matrix has the basic symmetry of the extended Dynkin dia- 
gram, also the positions of the open dots have to preserve this symmetry. For 
the classical groups A,, Br, Cr, Dp the values of m; for the closed dots is 2. For 
the exceptional groups the vector (mo,...,m,) is as follows 


Ê’ (1,1,2,2,3,2,1) 

Ê”  (1,2,2,3,4,3,2,1) 

ÉS (1,2,4,6,5,4,3,2,1) 

Êf’ (1,2,3,2,1) 

C (1, 2,1) (3.39) 


3.3 Current OPEs and the Sugawara construction 


In Section 1.8 for the free scalar theory it was shown that the OPE of two currents 
J(z)J(w) takes the form of J(z)J(w) = Ty t finite terms. This type of OPE, 
which corresponds to the abelian ALA, is generalized following the discussion in 
Section 3.2 to, 


kö? f2) 


J*(z) J°(w) = CN: i Can 


+ finite terms. (3.40) 
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We can now use the OPE to evaluate the infinitesimal transformation of the 
current under ALA transformations, 


sgt 3 $ de (AIAI lw) 


pe 1 b kô?’ \ few) — ; fa byre a 
= mp (z) i, Hi C= = ifp J — kô. (3.41) 


The same structure also holds for J*(z). 
The OPE form of the ALA can be transformed into a commutator form of the 
algebra. We introduce a Laurent expansion of the currents, 


1 
a = a,—(n+1) Oey n Ja 
J*(z) > Jez In = 55 f dzz” J? (z). (3.42) 
Substituting the OPE into the expression of the commuation relation we indeed 
find the ALA of (3.17), namely 


[IE , JE] = if Jean Rion: (3.43) 


In free scalar theory there are two “currents” which are holomorphically con- 
served, J and T, and moreover the energy-momentum tensor is bilinear in J, 
as was shown in Section 1.5. We now elevate this special case into a general 
construction of T for theories which admit ALA structure. The construction is 
known as the Sugawara construction. One writes T as a normal ordered product 
of the currents, 

1 


T(z) J" (z)Ja(z) : (3.44) 
with a coefficient « that has to be determined quantum mechanically. In fact, 
one way to determine « is by requiring that J“ is a primary field of weight 1, 
namely, 

J” OJ* (w) 
2 


T(z) J" (w) = (3.45) 


(z= w)? (z- w) 


Using the OPE (3.40) and the relation — f2? ff, = 208%, where C is the dual 
Coxeter number, we find that Œ+) — 1 so that the form of the Sugawara con- 


K 
structed T is, 


T(z) = E : J" (z)Ja(2) : (3.46) 

Note that the Casimir of the adjoint is 2C. Note also that in Section 1.5, for the 

free scalar case, we had a relative minus sign, due to a difference of factor i in 
defining the currents there. 

In the WZW models discussed in the next section, classically one has T with a 

coefficient of ore It is thus clear that for those models quantum mechanically, due 

to the double contraction, we get a finite renormalization of the level k —> k + C. 
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Here we have used currents which are in an orthonormal basis. If instead 
we express the current in the Cartan-Weyl basis used in the previous sections, 
the form of T in terms of the Cartan sub-algebra generators H’ and the step 
operators E“ is, 

T(z) - mw (2) H(z): +E (ge E- + Eeee) (3.47) 
z) = ——— |: z z): +——(E*° ; : 
2(k +C) 2 

The OPEs (3.45) and (3.40) also enable us to determine c, the Virasoro 

anomaly of the model, via the computation, 


1 


T(z)T(w) = TOTELG) :J7S* : (w) 
ee! ee | “ree 
(k+C) (z — w)? (z — w) 
ee! i G)  :J*I*:(w) 10: J¢ I" aa 
(k+C) | (g-w)4 (z — w)? 2 (z-w) 


1 k(dim@) |, Tw) 


= : A 
+0) uy! t eu t Ew) one 
We thus read off the Virasoro anomaly 
kdim G 
= . 3.49 
C= kC ee! 


The construction of T in terms of a normal ordered product of two currents 
calls for combining together the ALA and the Virasoro algebra. Substituting into 
(3.46) the mode expansions, of T(z) in terms of La and of J(z) in terms of Jn, 
one finds that, 


1 
Ln = Yd ig SS: 3.50 
mo 2.50 


where here the normal ordering implies putting the currents with positive m to 
the right. In fact normal ordering is required only for Lo. 
Using this relation, we write down the full Virasoro algebra and ALA, 


Sena eee ear ener s(n L)n(n + 1)d(n +m) 
[Ln, JE] = -mi pn 
[Jy 


ee = has ae a km5arbm+n,0- (3.51) 


In mathematical terminology the Virasoro algebra belongs to the enveloping 
algebra of the ALA. 


3.4 Primary fields 


Recall that the operators of any CFT were shown to be either Virasoro primaries 
or descendants. The former were defined by their OPE with T. In a similar 
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manner ALA primaries ®, p(z, Z) are defined via their OPE with J, 


J*(z)®, (w, ©) = eee 


where T;", 7" are the matrix T° in the J, l representations, for the holomorphic 
and antiholomorphic sectors, respectively. From here on we discuss only holo- 
morphic properties. In terms of the Laurent components J$ the condition for a 
primary field reads, 


Jn ®, (0,2) =0 forn>0; Jj, 7(z,z) = TF ® 7(z, Z). (3.53) 


In theories where the energy-momentum tensor can be constructed in a Sug- 
awara construction it is easy to see that the ALA primaries are also Virasoro 
primaries. Indeed, using (3.50) we see that L, for n > 0 annihilates the ALA 
primary. For Lp acting on the primaries we get, 


1 
L[o®, = ——— Jo Jo ®; = ———— 9). 3.54 
ae Ce A i 29) 
Thus the primaries in theories equipped with the Sugawara construction, for 
instance the WZW models that will be discussed in the next section, obey (3.53) 
and also, 
i ’ ’ l, ’ 2(k + C) A ’ 
Recall that T is not a Virasoro primary but rather is a descendant of the identity 
T(0) = L-I. The same applies to J(z). From the mode expansion (3.42) it is 
clear that, 


Je (0) = J&I. (3.56) 


Note however that J“ (z) is a Virasoro primary. Apart from the distinguished 
descendant J there are descendant operators of all the primaries. In fact all the 
local operators can be written as, 


DEE EEES a E MEE E EET (3.57) 


and in the case of a Sugawara construction all the operators are of the form, 


Dt EAE E E E E E RON E a Oia A E) 


an 
ny 
3.5 ALA characters 


In Section 2.8 we introduced the notion of the Virasoro character (2.45) which 
characterizes the structure of the Virasoro Verma module. In a complete analogy 
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let us now define a character of the CFT and ALA module į as follows: 
Xi (z , T) = eima Tr; enh enn Yj Zi hi i (3.59) 


where m;, ô and hî are the generators of the Cartan subalgebra associated with 
the group, and z; are complex numbers. The character can also be expressed in 
terms of the generalized theta function ©, in the following form: 


Xo EW e(w) O, (A+/) 
DVwew (wv) Ow, 


where the sums are over the elements of the finite Weyl group, e(w) = (—1)!(? 
with I(w) the length of w. 

Rather than defining the generalized theta function for any ALA at any level, 
we define here only the function for SU(2) level k. For this case we have, 


i der 
(2,75) z e727kt 5e è Qrilknz4 xA1z kn? +: b. (3.61) 
nEZ 
with OÈ (z; T; 0) = O(k — A1, à1) (see [77] for details). 
In terms of this function the character of SU (2), takes the form, 


(k+2) (k+2) 
X; = Oi oi a O ya (3 62) 
A 2 2 ? : 
oP — o” 


where Â= [k — à1,àı]. For the special point (z=0,t=0) the character 


expressed in terms of q = e?™7 reads, 


CESID DA [Ai +1 +2n(k + 2)]grPa tht (+2)n] 
xa (q) = q Er S EEE Lau (3.63) 


For level one and for k = A; = 1 we get, 
(2 — 4q + 8q° — 10 +...) 
(1 — 3q + 5q? — 7q® + 9q!9 +...) 
= q7 (2+ 2q +6 +8P +...). (3.64) 


x3(@) = 9?" 


The content of the four first grades of the module [k— A, = 0, à = 1] is 
(1), (1), (3) @ (1), (3) @ 2(1), so that the number of the states in these different 
grades is indeed 2,2,6 and 8 as in the expression of the character. 


3.6 Correlators, null vectors and the 
Knizhnik—Zamolodchikov equation 
Correlators of Virasoro primaries were subjected to local and global Ward identi- 
ties, (2.61) and (2.56), respectively. We now derive their ALA duals. Performing 
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a group transformation of a given correlator, 


2i 
= -5 "(ut w1,W1) sd = € (ays (z) di, (wi, wi) Da Ql, (wns) 
=> (hi, (w1, Wi)... dedi; (Wi, Wi)... Pi, (Wn, Gn) - (3.65) 


Now from the OPE (3.52) we know that ôe, (wi, Wi) = e° (wi) TE Qu (wi, Wi). 
Since this holds for arbitrary € we can get a local form of the Ward identity in 
the form, 

i = > ‘LO 

(J (z)on, (wi, W1) + Ply (Wn, Wn)) = 5 ( 


ici (z= wi) (bn (wi, W1) see Pt, (Wn, Wn )) F 
(3.66) 
As for the global Ward identity, we use the fact that the correlator has to be 


invariant under global g transformations (constant €"), namely, 


oe (n (w, w1) iaie Ply (Wn, Wn )) = 0, 


leading to 


NOTE (bu (w1, 01) -- Qi, (Wn, Dn )) = 0. (3.67) 


i=1 


Null vectors of CFTs were found to be useful in Section 2.9, since they lead to 
differential equations for certain correlators. In a similar manner one can write 
down null vectors of ALA. In the context of the Sugawara construction, due 
to the link between the Virasoro algebra generator T and the ALA generators 
J“, there are null vectors that combine generators from both infinite algebras. 
We discuss now an important example of this class that leads to the Knizhnik- 
Zamolodchikov equations. Consider, at Virasoro level one, the following null 
vector, 


essa: 
ue { i eae 


ee ae a ie, (3.68) 
It is easy to see that this is indeed a null state, following (3.52). If we insert 
the corresponding null operator into a correlation function of primary fields, like 
<®,(z,)...null(z;)...®,(z,)>, the latter must vanish and hence we get, 


: A <i (21)... Bn (2n)> =0. (3.69) 
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In the derivation, we use, 


<®, (21) see J” ®;(z;) oe Èn (Zn )> 


1 dz 
E Ini a ee <®1 (21)... J (2): (zi)... ®n (Zn) > 
1 dz T? 
= 2i fi O D Ca] <0) (21) © ;(z;) Pan (Zn )> 
zi JAI G jži j 
T; 
jx ` 9 


For the case of four-point functions, as the correlator depends only on the cross- 
ratio coordinate Z = AE the partial differential equations reduce to an ordi- 
nary differential equation. In Section 4.4 we will demonstrate a solution of the 


Knizhnik-Zamolochikov equation for a four-point function. 


3.7 Free fermion realization 


In the previous chapter the theories of massless free Dirac and Majorana fermions 
were analyzed as examples of CFTs. In particular it was shown that the Dirac 
fermion admits an abelian ALA structure. It is thus natural to expect that the 
theory of N fermions should be invariant under the transformations associated 
with non-abelian ALAs.3 Indeed, it will be shown in this section that an SO(N) 
ALA, and a Û(N) are the underlying algebraic structures of N free massless 
Majorana fermions and N Dirac fermions, respectively. We start with the former 
case. 


3.7.1 Free Majorana fermions and SO(N) 


Consider a generalization of the action given in Section 2.11 for N Majorana 
fermions, 


1 N 
= 2 Aa). T. Oa). 
S= = fa D a + bdui}, (3.71) 


where w and w are left and right Weyl—Majorana fermions, respectively. Note 
that this is possible in 2d, and in any other dimension that is 2 modulu 8. In 4d, 
for example, we do not have a Weyl—Majorana fermion, as in the case of a single 
Majorana fermion, due to the equations of motion, 


Y= pil) b= di(2). (3.72) 


3 The free fermion realization of ALA was presented for the first time in [27]. 
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However, unlike the case of a single fermion, here the action is invariant under 
transformations associated with SO(N) affine algebra generated by the following 
holomorphically (anti-holomorphically) conserved currents, 


a 1 ima ,nj Tals 1 Tima j 
J (z) = 3 Ti A 5% Tv (3.73) 
where T° are SO(N) matrices which can be expressed as, 
a — (kl) ne ck x) k sl 
Ty =t; = 1676; — 57 ði). (3.74) 


The coefficients (halfs) are not determined by the Noether procedure, but are 
chosen in a manner that will be explained below. 


The Ti, matrices obey the relations, 


Ter T= 28° 


5 Ti Ti = —Sin dj + 4i10jx 
5 Jabe faba = 2(.N a 2)bca- (3.75) 
ab 


The anticommutation relation and the OPE generalize in an obvious way those 
of the single Majorana fermion, namely, 


{v (o,s) (Yorn )Hlevamn = 567 6(01 — 1) (3.76) 


and 


pp (w) = —. (3.77) 


z — W Zz — W 


vyu) = 


Now using this OPE one can derive the OPE of two currents and verify that 
they take the form of (3.40), 


J (w) = FV (2)T I (2) 2 Bw) Th! (w): 


= lrer? |- í yi (zp (w) : + ) Pew) 


4 z— w 


ik 


+ (sul): 22) ow] = pth 


[5 : pi (z)yt(w) : +8" : pl Ce)" (w) : +078: d (w) : 
— ô : p (ey (w) :] 4 a G “> [—o** 67 + 0E]. (3.78) 


By expanding the fields that are functions of z around w and using the relations 
above one finds that indeed the OPE of the two currents take the form of (3.40), 
namely, 

160 feJ (w) 
2 T 


J*(z)J?(w) = + finite terms (3.79) 


(z—-w)?  (z2—w) 


It is thus clear that this is a realization of an SO(N ) ALA of level k = 1. 
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The Noether currents associated with the conformal transformations, the 
energy-momentum tensor T (T) is just the sum of T (T) associated with each 
one of the N Majorana fermions, hence, 


T(z) = -5 : yəy: T(z) = => way :. (3.80) 


Since the Virasoro anomaly of a single Majorana fermion is c = t it is clear that 
the theory of N fermions has c = Ẹ. 


In Section 2.12 it was shown that T of a Dirac fermion could be transformed 
into a Sugawara form, T(z) = —4 : J(z)J(z) :, where J(z) was the U (1) current. 
Since we will show below that the Sugawara form is the underlying structure of 
the important class of WZW models, it is a natural question to ask whether also 
in the present case for the N fermions T can be put into a Sugawara construction. 

Now, using the expression for the Virasoro anomaly for a theory with SO(N Ji; 


we find, as we saw before, that, 


i sN(N-1) N 
k+C 1+(N-2) 2 
3.7.2 Primary fields 
Similarly to the case of a single Majorana field, the OPE of T(z)w'(w) is, 
i 1 y’ Oy 
T(t (w) = pa (3.82) 


2(z-w}? z-w 


which implies that yf are N primary fields of conformal dimensions (4,0), and 
similarly y’ has dimension (0, 4). i 

Is the primary field @/?-1/2)(zz) = p(z) (Z) the only primary operator (in 
addition to the identity operator that corresponds to the vacuum state)? For the 
primaries of the ALA SO(N )ı we find (see (2.13)) that there is also one primary 
operator with dimension x for odd N, and two primary operators for even N. 
These additional primaries transform in the spinor representation of SO(N Ji- 

Can one construct these primaries in terms of the fermionic fields y and w it 
The situation here is similar to the one in the Ising model. In fact, using the spin 
operator o(z,Z) or its dual, one indeed gets from the N independent Majorana 
fermion theories, the dimension a and the number of degrees of freedom 2”, 
which are identical to the dimension of the spinor representation. 

So far we have shown the free fermion construction of SO(N )ı, namely, of 
the ALA at level 1. We would now like to investigate the possibility of having 
free fermion realization also to the affine Lie algebra at higher levels. Going 
through our previous derivation it is clear that the ALA structure of the OPE 
of two currents (3.40), applies to fermions at any representation. For a given 
representaion p the corresponding level k is determined from the first term on 


the right-hand side, namely Tr(T“T”) = 2k6?°. Now since for a representation p, 
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Tr(T$T? ) = 2D2(p)ô°? where D2(p) is the Dynkin index of the representation, 
it is clear that free fermions constitute a realization of SO(N ) at level Do(p). 


3.8 Free Dirac fermions and the U(N) 
Consider the theory of N Dirac fermions described by the following action, 


ga = J Pelwitdy, + ptah. (3.83) 


In terms of symmetries, the difference between this theory and the one of a single 
Dirac fermion, is that now there is an invariance under U(N) left holomorphic 
and right anti-holomorphic transformations, namely, 


vo =gh bod =I, (3.84) 
where g(z),9(Z) € U(N). The associated holomorphic currents are given by, 
Pav ry, Tavs, (3.85) 


where J is the U(1) current, J? (z) are the SU(N) currents and T*! are matrices 
in the adjoint of SU(N), that obey 
Trier | =o" 
1 
XOTE Th = ðiðjk — pôu 
XC fate fava T Nôca. (3.86) 
ab 


Using the OPEs of the fermions, it is straightforward to realize that the cur- 
rents indeed constitute the OPEs that correspond to a U (N) of level k = 1, 


16% feJ (w) 


Je (z)? (w) = C aay + finite terms 
J(z)J(w) = <a + finite terms 
J“(z)J(w) = finite terms. (3.87) 


Similar to the case of Majorana fermions, the Noether current T is given by, 
T(2)=TE)vay + T)suimy = -3i Ov — Ov wi], (3.88) 
and can be reexpressed in terms of a Sugawara form, 
Teun) = zy da : 


T(z)su(N) = 2 Y T bibl T : (3.89) 


ESN 


3.8 Free Dirac fermions and the U(N) 59 


Since a Dirac fermion has a c = 1 Virasoro anomaly, it is clear that the theory of 
N Dirac fermions has c = N. This is also the outcome of the Virasoro anomaly 
associated with the Sugawara form as follows, 


Cu(1) + Csu(n) = 1+ =N. (3.90) 


A 


Wess—Zumino—Witten model and coset models 


The two-dimensional Wess—Zumino—Witten (WZW) model was introduced in 
the seminal paper of Witten [224]. The model makes use of the WZ term that 
was introduced by Wess and Zumino in [217]. Sometimes the model is referred 
to as the WZWN model, where the N stands for Novikov, who independently 
invoked a similar model [170]. Here we follow only [224]. 


4.1 From free massless scalar theory to the WZW model 


Consider the free massless scalar theory that was described in Section 1.2, but 
now with X(z,Z) being an angle variable defined in the interval [0,27]. The 
action of the scalar field can now be re-written in the following form, 


1 x a 
J= f @ec= s | Pokok 
8m 
1 Re 2 1 _ 

= Z f Paet aet) = i | Pod, (4.1) 
where u = e'* (2.7) is an abelian group element. Recall that the theory is char- 
acterized by a Virasoro algebra and an abelian ALA structure. In terms of this 

variable the currents J and J can be written as, 


J = ~iu! ðu = iuðu™!, J = —iu`lðu = iuðu t, 
with 
ðJ = dJ =0 
and 
T =: (a Ou)? :=: ida?) +. 
It is now tempting to replace the abelian u with a non-abelian group element, 
we€G, G=SO(N) or SU(N), (4.2) 
and consider the action, 


ee ee | 
Sein ak zTr[Oudu ], (4.3) 
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where the trace is taken in fundamental representation so that, 
amb 1 ab 
Tr[T*T’] = z A 


The question here is whether this action admits a similar non-abelian affine Lie 
algebra and Virasoro algebra. Let us analyze the equations of motion, symmetries 
and the corresponding currents of this action. The variation of the action under 
u — u + du is, 


Sem = ay | PAra — 0ud(u7!duu-')| 


II 


ifea [u-*dulu-* 00(u) = d0(u-")ul] 


II 


1 7 Gps 
gear [u~ õuð" (u,v) 
1 iii = 
= gea [Suu ð" (ud,u-")] , (4.4) 


1 and 0u-tu=—u'du, following from 
d(u-tu) =0 and O(u~!u) = 0. It is easy to realize that for a constant group 


element g the action is invariant under, 


were we use dou! = —u-!duu- 


u—> gu (ut => ug), u—>uh (uta tu), (4.5) 


and the currents corresponding to the left and right multiplications take the 
form, 


1 ~ 1 
Je = ge u Vo= E-a (4.6) 


Both currents are conserved. Note that the conservation of one implies the con- 
servation of the other. However, unlike the massless free scalar theory, now we 
do not have an ALA structure associated with a separate holomorphic and anti- 
holomorphic conservation. The latter would have taken the form of Jg (z) corre- 
sponding to left transformation of the form u — g(z)u and Jg(Z), corresponding 
to right transformation of the form u— ug(Z). In a similar manner one finds 
that the energy-momentum tensor, 


Tav ~ Tr[ Jp Iv] — 1/2 gu Tr [J Ja], 


and there is only the overall conservation law 0,T"” = 0, not ðT = OT =0, 
namely not an external product of two Virasoro algebras. 

Can we modify the action (4.3) so that it does have the desired ALA and 
Virasoro algebraic structure? For that let us consider first the variation of the 
action we are looking for. If instead of (4.4) one assumes a variation of the form, 


1 £ EE 1 -15 — 
6S = gea [ut Suð (ut ðu)] = gea [Suu7'O(udu")], (4.7) 
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then the global transformations of (4.5) are elevated into 
u>g(zju u—uh(z), (4.8) 
with the corresponding currents, 
oe eee Z JR=J= i -18 (4.9) 
L= = az UU R= = i U, . 
which have the desired ALA property, 
os =0F =0. (4.10) 


Moreover, it can be shown that for an action whose variation takes the form of 
(4.7) the energy-momentum takes the form, 


T~TriJJ], Tr TrlJJ, (4.11) 


and hence it also has the appropriate Virasoro behavior. 

The next question is obviously what action has a variation of the form (4.7), 
and in particular can it be built from Ssm plus an additional term that has 
the standard form of $ = iz J ?2L. To address this question we rewrite the 
variation (4.7) in the form, 


1 
6S = af bere [ut bud" (guv + Ev) (uO u)] 
= gea [Suu t" (gui = Env) (uu!) (4.12) 


Clearly the term, proportional to g,, in both forms, is exactly the variation 
OS'sm, so that we need to find what action S has a variation that takes the form 
of the «#” term. It may seem that the action, 


S= y | Pee Triona] 
Art 


does the job, but in fact it vanishes. 

It was the proposal of Witten to take for Š the so-called WZ action, which for 
the present case takes the form of a three-dimensional integral over a ball whose 
boundary is an $?, which is the two-dimensional space-time, 


Swz = oy | Poe Pr [Cu 2u)(u'B,u) a], (4.13) 


where g; with i = 1,2,3 are the coordinates of the ball. Using the fact that 
f oiio...) = fd?ce'l(...), it is straightforward to show that indeed the 
variation of (4.13) yields the extra term to change (4.4) to (4.7). 

The map u, from the Euclidean space-time that we now take to be S$? to the 
group manifold (Fig. 4.1) can be extended into a map from the ball to the group 
manifold. This is based on the fact that the homotopy group associated with 
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S G 


Fig. 4.1. The map between the space-time S? and the group manifold. 


maps from S? to the group space G vanishes, namely, 72(G’) = 0! for any non- 
abelian group G. 

On the other hand since 73(G) = Z, there are topologically inequivalent ways 
to extend the map u to a map from the ball to the group manifold. This implies 
that there is an ambiguity in Swz and it is well defined only modulo Swz —> 
Swz + 27. Thus the coefficient of this term must be an integer k, and to have a 
variation of the form (4.12) it is clear that the sigma term has to have the same 
coefficient. 

Let us now summarize. The classical action of the WZW model is, 


Swzw = E | eerriudu) 
+ a J PoP TU AT aT a]. (4.14) 
The variation of this action is given by, 
6S = E fear [u~ õuð (ut ðu)] = E fez [duu 'O(udu-")] , (4.15) 
so that the equation of motion takes the form, 
O(u~'du) = O(udu-') = 0. (4.16) 
The solutions of these equations of motion take the form, 
u(z, z) = u(z)u(2), (4.17) 


where clearly u € G,u € G. 

We should state, that the form (4.14), with a term extended to one dimension 
higher, follows from general properties. Equations of motion that we want, in 
even space-time dimensions, imply a term in the action with one dimension 
higher, otherwise the action will involve singular terms, like the introduction of 
Dirac strings in the case of elementary monopoles. 

The symmetries of the action are the ALA transformations, 


u — g(zju u — uh(z), (4.18) 


1 n (G) denotes the group of homotopy classes of maps f: S” — G 
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and the conformal transformations, 


z> f(z) z— f(z). (4.19) 
The ALA currents are, 
__fk a oe É 15 
J= gl" J= in Ou, (4.20) 


and the classical energy-momentum tensor takes the form, 


1 = 1 _ 
T= Tr] T= 7Tr[FJ. (4.21) 


4.2 Perturbative conformal invariance 


In the following section it will be shown in an exact way, based on algebraic 
properties, that the WZW model is a CFT. Prior to that we present now a 
perturbative computation, demonstrating that to a given order indeed the theory 
has a vanishing 8 function. Here we restrict ourselves to the one loop order. Of 
course this only serves as a motivation, as the CFT is at a finite coupling, and 
so exact demonstration is needed. 

The idea is to use the background field method, expanding u around a solution 
of the equations of motion which we denote by up, so u = upe?" ™ . Substituting 
this ansatz into the action 4.14 one finds, 


k a) 1 a gl a 
Swzw = E | PAT ðm | + On otr 
1 HvV Hv =l a b n? 3 
+ z0 — eH” )Tr{ (uz O,uo) [T n, T O m ]} + O(m’)} (4.22) 


The one loop renormalization diagram is shown in Fig. 4.2. 

The non vanishing contributions are only when both vertices are proportional 
to n” or to e”. The two contributions are the same apart from a sign since 
ning = n” = —e”” e; , so that the one loop beta function vanishes. Obviously, 
this result relates to the choice of the coefficient of the sigma model term versus 
the WZ term, with the latter being fixed by topological arguments. The vanishing 
of the 8 function at this stage is an indication that we have chosen the coefficients 


in a way that is compatible with conformal invariance. 


Fig. 4.2. Calculation of the one loop beta function. 
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4.3 ALA, Sugawara construction and the Virasoro algebra 


An alternative approach to the quantization methods discussed in the previous 
section is the ALA and CFT approach. Notice first that under infinitesimal left 
transformation du = e(z)u the left current transforms as, 


o k “4 1, K 
eJ = g Olewu — ðuu` e] = mEt le, J]), (4.23) 
which translates into ôe J" = £ [de* + iffe J°]. Since the transformation of J is 


generated by, 


a $ POC RUC? (4.24) 


Oni 


it is easy to realize that the OPE that is compatible with such a transformation 
is, 


J*(z) J°(w) = , (4.25) 


(z—- w)? ` (z—w) 
which is the OPE associated with the ALA discussed in Section 3.2. 

Next we want to determine the conformal properties of u, in particular its 
confomal dimension. The classical form of the currents (4.20) is elevated to the 
quantum expression via the equations, 


ROU ZF): IT ale. 2) kõðu(z, Z) =: J*u(z, Z)T" :, (4.26) 


where «x, which is a renormalized level, will be determined shortly, and the nor- 
mal ordering refers as usual to subtracting the singular parts of the product. 
Assuming that u is an ALA primary field, the OPE takes the form, 

C2 


J" (z)T"u(w, w) = — wp lw w) + KOu(w, w) + Sez —w)? 174 Je uw, ©), 


n=2 


(4.27) 
where (4.26) was inserted as the (z — w)? term, and cy is the quadratic Casimir 
operator in the representation of u, }>, T°T® = c2. If we assume that u is a 
Virasoro primary as well, then L_,;u = Ou, so that combined with (4.27) one can 
write down the following null vector, 


Vnu = (JE T° — KL_1)u = 0. (4.28) 


This is a special case of the degeneracy in the combined ALA~—Virasoro algebra 
discussed in Section 3.3. 
The null vectors obey, 


Lo Vaun = (h F 1) Vau 
Jo Vaull =T Vaull 
Ln Vaun = Ja Vou =0 forn> 0, (4.29) 
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where Lou = hu. For n = 1 the conditions Li Vaun = J? Vaun = 0 imply that the 
renormalized level and the conformal dimension of u take the form, 


C2 


1 
= — k = —— 
K 5 (C2 + ) h ork 


(4.30) 
where Cə is the quadratic Casimir in the adjoint representation, defined as 
faca feed _ Ca. 

The use of null vectors and the differential equations that determine cor- 
relators of primary fields were introduced in the landmark paper of Knizhnik 
and Zamolodchikov [143]. An elaboration of the application of these equations 
appears in [77]. This direction was further developed by Gepner and Witten 
[108]. 

The WZW has an in-built Sugawara construction. In fact it is very often taken 
as the prototype model for this structure. According to the discussion in Section 
3.3 the quantum version of the classical energy-momentum tensor (4.21) takes 
the form of (3.46), 


1 
T(z) = ———:: J*(z) J" (z) : 4.31 
O= sepa MOE): (4.31) 
and the Virasoro anomaly of the model is, 
k dim G 
= ——_. 4.32 
EEO eee) 


The Sugawara construction is described in [203]. This paper, however, does 
not have the correct expression that includes the finite renormalization. This 
was done later in the paper of Dashen and Frishman [73]. 


4.4 Correlation functions of primary fields 


Primary fields of theories invariant under ALA were defined and discussed in 
Section 3.4. The group element of the WZW theory is an example of a primary 
field in the fundamental representation of G x G. Indeed the transformation 
properties of u(z, Z) imply that it has the following OPE with the currents, 
tu(w,w) = _ u(w, w)t* 


J" (z)u(w, w) = J" (Z)u(w, w) o (4.33) 
z= w Z—W 

Next we would like to compute the n-point correlation function of the group ele- 

ment primary field of the WZW model. In Section 3.6 we presented the Knizhnik— 

Zamolodchikov equation which determines the correlators of theories invariant 

under ALA. We now demonstrate its use in determining the four-point correla- 

tion function of the primary field u(z, Z) of SU(N) WZW model. We denote this 


correlator as, 


Ga = (ular, Z1 )u™} (22, 2 )u™" (23, Z3 Ju(24, Z4)) - (4.34) 
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Recall from (2.59) that in general due to the conformal Ward identity the four- 
point function can be written as, 


G4 = [214223214223] °” G (£, 2), (4.35) 
where 
ps 212234 z= Dar (4.36) 
414232 214232 
N?-1 


with zij = z; — zj and h, the dimension of u, is given by h = INNTI: 
Now G(x,Z) can be decomposed into a sum of terms, each one representing a 
conformal block, the latter having the form of a product of a holomorphic and 


anti-holomorphic function, 


G(x, T) = Sum of terms of the form G(x)G(Z). (4.37) 


Since u(z, Z) is in the fundamental representation of SU(N), the four-point func- 
tion is a product of two fundamentals and two anti-fundamentals, so each term 
in the last equation can be decomposed into, 


G(x) = 1G, + bhGe, (4.38) 
where Jı and Jy are the SU(N) invariant factors, 
l = Onima Ömma In = Om4,ma Orn sina . (4.39) 


If we now substitute this decomposed form of the four-point function into the 
Knizhnik—Zamolodchikov equation (3.69) we find, 


1 HoH 


ð; 4 
ži kN Zi By 


[z14203] 4" (Gi + G2) = 0. (4.40) 


As was discussed in Section 2.9 conformal invariance allows us to fix three out 
of the four points. Using the standard convenient choice, 


AZ=2, 2=0, z2=1, m=O, (4.41) 


and the equation now reads, 
(a 1 tet 1 8t 
x 


k+N cr k+N «-1 


) (LG + D G2) = 0, (4.42) 


After introducing the explicit expressions for the various group theoretical prod- 
ucts t? @ tj Ik and projecting to the Jı and I factors we get, 


© -1 ((N?-1)G á @& 1G 
aa =l N z's Nz-l 
= -1 ((N?-1) G G 1Ġ 
0.62 = zyl No gel @=1 Ne)” ee) 
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Extracting Gə from the first equation and plugging it back into the second 
equation, the latter translates into a hypergeometric differential equation, 


a(1— x) 


a CNPP + A(w)Oy + B(a)lgi (2) = 0, (4.44) 


where K = k + N and with the following two possible values for A(x), B(x) and 
the relation between gı and G4 as 


(Aes N? Nt- N? 42 


x(l—-2) ’ 


A(x) = 


= a) Ne B(x) = — 
Gi = [x — x)| 7 gf 
A(x) = ( 7 Z) B(a) =). 


ita e ah (4.45) 


tions, 


1 1 N N-1N+1 N 
K K K 


K K 


In a similar way the solutions for G are found, defining an appropriate g2. 

To fully determine the correlator we still have to fix the linear combination 
of the solutions. This is done using crossing symmetry, as discussed in Section 
2.10.2 The latter implies that, 


G(x,%) = G(1—2,1—2Z). (4.47) 
With parametrization, 
G(x, Z) = DD LI;Gizl£, T) Gij = 5 a E (4.48) 
i,j=1,2 n,m=+,— 


Crossing symmetry implies that, 
Gi (£, T) = Gz—i,3-;(1 —zx,1 =g) (4.49) 


which follows from the fact that under crossing symmetry J} > I2. Single valued- 
ness implies that é&}—- = €_, = 0. To obey the crossing symmetry requirement 


2 Crossing symmetry to determine correlators of fermions in the fundamental representation 
of SU(N) was used by Dashen and Frishman in [73]. 
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we make use of the following property of hypergeometric functions: 


F(a, b,c; x) = Ai F(a,b,a +b — c; 1 — x) 
+ A(1 — £) F(c—a,c—b,c—a—b+1;1— x), (4.50) 


where 
T(c)'(c-—a—b T(o)C — 
iea (c) (c— a — b) i= (cP (a+ b-c) (4.51) 
T(c— a)I'(c— b) Tr(a) (b) 
Finally we find that 
= ag eee Ly 
Gi = GO (a)e@+ 5 GP (26 @, (4.52) 
+— 
where 
rrF) rE? 
=N K a, nA 4.53 
eae eis: eo egy e 
For k = 1 we have c__ = —1, and hence the second term in (4.52) vanishes. 
Using F (wha: NTU wit) = (1-2) wit the four-point function takes the 
form, 


LC ene eee eg [n+ | =s ja | hs. (4.54) 


In Section 6.3 it will be shown that the WZW theory of U(N) at level k = 1 is 
a bosonized equivalent to that of N Dirac fermions controlled by the action, 


Sp = f zl ldva + Hors}. (4.55) 
In particular the fermion bilinear is equivalent to the group element as, 
Mii (2,2) =: Palt): MEDA (e, 2) = day" :, (4.56) 


where M is a mass scale and where ù denotes the U(N) group element. In the 
theory of free Dirac fermions the four-point function of the fermion bilinears 
takes the form, 


1 1 =T . 1 
t) = |I I. I I : ; 
G(x, 2) [ns + | n+ od (4.57) 
It is easy to see that by converting (4.54) to a similar correlator of U (N) we find 
exactly the same answer. This is done as follows: define the U(N) group element 
to be, 


ii(z, Z) = EV iNe u(z, Z). (4.58) 
Then the four-point function of group elements of U (N) is, 


anM Fela en (4.59) 
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For y = 1 we observe that indeed the correlator is identical to that of the 
fermion bilinears. For arbitrary y the correlator corresponds to that of fermion 
bilinears of the Thirring model defined by, 


S=S;,+ a i dzJ(2) J2). (4.60) 


This generalized bosonization will also be addressed in Section 6.2. 


4.5 WZW models with boundaries — D branes 


The WZW model described in Section 4.1 was shown to be based on a map 
from 4, a compact two-dimensional manifold, in paticular an S$”, into a group 
manifold G. Let us now study the case where © has boundaries. For concreteness 
we take it to be the upper half-plane. In the bulk the theory is invariant under 
the holomorphic and anti-holomorphic ALA (4.18) and there is corresponding 
holomorphic and anti-holomorphic conservation of the associated currents (4.9). 
On the boundary the two types of modes mix, the symmetry is reduced to, 


u— g(r)ug(t)", (4.61) 


where 7 denotes the coordinate on the boundary, and accordingly there is a 
relation between Jz; and Jr, 


J(= Uuu JZ) at z =Z, (4.62) 


where Qaut is an automorphism of the ALA. 

The notion of boundary conformal field theory was introduced in [58]. The 
gluing conditions used for D branes in the WZW model were introduced in [135]. 
From the many papers that have been written on the subject we have chosen to 
describe it following [11] and [85]. 

Let us first address the simplest case of a level k SU(2) WZW, for which 
Q = —1, and then later discuss the general case. In terms of ô, ôr and the 
adjoint action of G on its Lie algebra, 


Ad(g)u = gug™', (4.63) 
the gluing condition reads, 
(1 — Ad(u))u7!d,u = (1 + Ad(u))u7!0,u. (4.64) 


The tangent space to the group G at the point u can be split into T,G = 
TIG TIG, where TG consists of vectors tangential to the orbit of Ad through 
u. On T+G, (1 — Ad(u)) = 0 and (1+ Ad(u)) = 2, so that (u7!0,u)+ = 0 and 
the corresponding D branes, namely the submanifolds where the condition (4.62) 
is obeyed, coincide with the conjugacy classes. In the case that (1 — Ad(u)) is 
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invertible, (4.64) can be written as, 


> 1+ Ad(u) _ 
1 1 
Ou = —————u ozu. 4.65 
We can now define a two form on the conjugacy class as, 
k _,, L+Ad(u) _, 
= — du-—————u du]. 4.66 
= gn (« “TT Ad(uy” ” 08) 
Applying an exterior derivative to this form we find, 
k 
dw = ——Tr(duu*)° 4. 
w= in r(duu™ )’, (4.67) 


namely, it is not closed. The submanifold D C G on which the WZ term is exact, 
(WZ) = dw defines a D brane in G. There is a further restriction which follows 
from reasoning similar to that discussed in Section 4.1. 

Consider the wave functional Y(u(x)) on the space of closed loops u(x) in 
some conjugacy class C. The latter, for the group manifold SU (2), are typically 
two-spheres so that C can be constructed in two different ways, and hence there 
is an ambiguity in the phase of the wave functional. It can be shown that the 
phase can take the values 2717 with 7 = 1,...,k — 1. Thus there are k — 1 two- 
dimensional conjugacy classes or D> branes for the k level S U (2) WZW model. 
In addition there are two Dy branes associated with the two points +e, where e 
is the identity on the group space. 

To address the issue of the conjugacy classes in other groups it is convenient 
to rewrite the two form (4.66) as, 


k be oe the he 
w= gg rik 'dkhk'dkh t], (4.68) 
for u that belongs to the conjugacy class, 
CE = {u € Gļu = khk! }. (4.69) 


The WZW action that corresponds to the map from the two manifold with a 
boundary to the group space can be constructed as follows. Instead of considering 
the map from X that has a boundary, we take it from X U D where D is an 
auxilliary disc that closes the hole in X, having a common boundary with it. The 
disc is mapped into the conjugacy class allowing for its boundary (4.69). The 
WZW action is now written as, 


S = Swzw +f w, (4.70) 
D 


where Swzw is the ordinary WZW action with a three-dimensional WZ term 
defined now on a ball whose boundary is X U D. It can be explicitly checked 
that the new WZW action is invariant under (4.18). Similar to the topologically 
distinct Də branes of the k level S U(2) WZW model, there are different embed- 
dings of the disc in a conjugacy class in a general group manifold G. This is 
related to the second homotopy group of the conjugacy class, which in general 
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is non-trivial. The group element & of (4.69) is defined modulo a right multipli- 
cation with any element that commutes with h, and the group of such elements 
is isomorphic to the Cartan torus 7G generated by the generators in the Cartan 
subalgebra. Thus the conjugacy classes can be described as a and the second 


homotopy group reads, 
I (CR) = I (Ta) (4.71) 


For a rank r algebra of G, the Də will be characterized by an r-dimensional 
vector in the coroot lattice of G. Namely, if two embeddings given by khk~! and 
k/hk’~' then on the boundary of the world sheet they have to be related as, 


k(r)k'(r)~* = t(1), (4.72) 


where t(7) is an element of the subgroup isomorphic to Zg which commutes 
with h. This relation determines a mapping from the boundary to 7G. Since the 
latter is R” modulo 27 x (coroot lattice), every such mapping belongs to the 
topological sector parameterized by a vector in the coroot lattice describing 
the winding of the boundary circle on the torus 7G. This lattice vector deter- 
mines via (4.71) the element of I? (CF) corresponding to the union of the two 
embeddings. For the group element h € Tg of the form h = e’”", where H are 
the Cartan subalgebra generators, the change in the action resulting from the 
topological change of the embedding is AS = k(@- s), where s is a coroot lattice 
vector. Consistency of the model then implies the condition, 


jee = (4.73) 
k 

This generalizes the condition that led to the set of k — 1 Də branes for level 
k S U (2). It implies that 0 should be 27 x (weight lattice vector). Since a point 
in TG is defined modulo 27 x (coroot lattice), the allowed conjugacy classes cor- 
respond to points in the weight lattice divided by k modulo the coroot lattice. 
This is also the characterization of the primary fields of the corresponding WZW 
model. 


4.6 G/H coset models 


The concept of coset models dates back to [110] or in fact even to as early as [27]. 
A Lagrangian formulation in terms of a gauged WZW model was introduced for 
instance in [12]. Here we follow the review of [111]. 

The WZW models constitute a large class of conformal field theories which are 
invariant under ALA. An even larger class of CFTs can be constructed by taking 
the quotient of two WZW models. Consider an ALA ĝ at level k and a subalgebra 
of it h at level kn. We denote the currents associated with the former as J® and 
with the latter Jp” where a = 1,...,dim G and a, = 1,...,dim H. The currents 
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associated with the subalgebra h can be expressed as a linear combination of g 
as, 
FS aes ds (4.74) 
a 


Using the commutator of J“ and the corresponding generator of the Virasoro 
algebra constructed via the Sugawara construction, 


[Lim $ Ja] = =MJmtn> (4.75) 
it follows that, 
[Ems JK" al = mJy" min’ (4.76) 


It is also obvious that a similar relation holds with L which is the Virasoro 


m 


generator built by a Sugawara construction from the currents of h, namely, 


[Ey aye, oe (4.77) 
Thus it follows that, 
[Lm — Le Je] = 0. (4.78) 
Since L}, is a bilinear of Jý” it follows that, 
Eg HTT 20: s. i EH ER A: (4.79) 
We can now define, 
PO oe cae (4.80) 


The algebra of these coset generators is a Virasoro algebra, as follows from, 


[Lig/*), pi9/h)) = [Em Ln] = [zt 


m? 


Ly] 
(m3 —m 


= (m — nL + fee) -hn ee mano (4.81) 
Thus we have just found that the Virasoro generators of the coset LY /h) obey a 
Virasoro algebra with a central charge of 
kdimg k,dimh 
c= : 
k+Cs(g) kn + Co(h) 


(4.82) 

A special class of coset models are the diagonal coset models i, The gen- 
erators of the coset in this case are given by J} = Ji + Ji)» namely the sum 
of the generators of each copy. It thus follows that the level of the coset must 
be the sum of the two levels since [a> Jo] = 0. The coset therefore takes the 
form, 


Gk: D Îr 
Gki +k 
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and its corresponding central charge is given by, 


‘ ky ky ky + ky ) 
c=dim : 4.83 
i G +Cə(g) ko +C2(g) ki + k+ Co(g) Pe 
Consider the case where g = SU (2) and the coset is, 
(2 (2 
SU( J; B SUC Ji, (4.84) 
SU (2)k41 
with the central charge, 
3k 3(k +1) 6 6 
RED k+3 (k + 2)(k +3) Pp + 1) (2a) 


where in the last step we introduced p = k + 2 > 3. This is exactly the central 
term of the unitary minimal models discussed in Section 2.7. In fact one can 
show that this is indeed an equivalence in the sense that the characters of the 
minimal models are the same as those of the coset model. 


4.7 G/G coset models 
The concept of the G/G model was introduced in [200] and [227]. Our description 
of the G/G model and in particular its BRST analysis follows [9] and [8]. 
A special class of the G/H models is the case where H = G, namely where we 
gauge the maximal anomaly-free diagonal group. Using the gauging procedure 
that will be discussed in Section 9.3.1 the classical action takes the form, 


k 7 2 7 2 
Sk(g, A") = Sk (g) — a | Perri toga. + gg” A: = Azg'Azg + A,Az). 
(4.86) 
Next we introduce the following parameterization of the gauge fields, A, = 
ih-10.h, Az = ih*0,h*—! where h(z) € G°. In Section 15 we will elaborate more 
about this formulation. The action then reads, 


Sr (g, A) = Sk(g) — Sr (hh*). (4.87) 


The Jacobian of the change of variables introduces a dimension (1,0) system of 
anticommuting ghosts y and p in the adjoint representation of the group. The 
quantum action thus takes the form of, 


Sul, 0.2) = Sx (9) = Sera (AR*) — 4 / @2Tr[pdX+ec, (4.88) 


where Cg is the second Casimir of the adjoint representation.” The second term 
can be viewed as S_(x42c,)(h). Since the Hilbert space of the model decomposes 
into holomorphic and anti-holomorphic sectors we restrict our discussion only to 
the former. 


3 This was C2(g) in the previous section; notation has changed according to the literature. 
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There are three sets of holomorphic G transformations which leave (4.88) 
invariant, 
519 = ile(z), 9] deh = ilel2), h] 
jun X? =ifL@x jun pt = ifeto, (4.89) 


a 


with € in the algebra of G. The corresponding currents J*, I° and J‘9") 
iff- Xp Pe Satisfy the G ALA with the levels k,—(k + 2cg) and 2cg, respectively. 
We now define J(t0®)° 


J9? = Je 4 I p JOP? = Jog I i fay Pas (4.90) 

which obeys an affine Lie algebra of level, 
k*t = k — (k + 2ce) + 2ce =0. (4.91) 
The energy-momentum tensor T(z) is a sum of Sugawara terms of the J* and 


I° currents and the usual contribution of a (1,0) ghost system, namely, 


1 1 
T(z) = : JJe: — : II° : +p dy". 4.92 
(2) k+ ca k+ ca te Ox (RE 


The corresponding Virasoro central charge vanishes,‘ 
tot) _ kde (k + 2cq )de 
k+cq —(k+2cqg)+ca 


cl 2dg =0 (4.93) 


The symmetry structure of the model is in fact richer. It is easy to realize 
that there are also two odd conserved currents, a dimension one current which is 
the BRST current J(®®S8T) and a dimension two operator G. These holomorphic 
symmetry generators are given by 


1 a 
JiBRST) =X, Je+ I+ aa , 
1 
G = —— 
k+ cga 
The reason we denote the dimension one current as a BRST current is that one 
can express both T(z), Jt and J(PRST) itself in terms of its corresponding 
charge Q = f JBRST) (z) as follows, 
T(z) = {Q,G(2)}, 
Jer Nad Ove | 
JERO = (0,57 (2) fs (4.95) 


pF — 1°). (4.94) 


where j* is the ghost number current. 


The fact that T(z) is BRST exact namely T(z) = {Q, G(z)} and that the total 


Virasoro anomaly vanishes, are indications that the g model is a topological 
quantum field theory. These theories which were found to be very useful in 


dealing with various issues in physics and mathematics are beyond the scope 


4 dg is what we called dim g in the previous section; changed according to the literature. 
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of this book. We thus do not discuss here the topological quantum field theory 
aspects of the g models. 

By construction of the BRST procedure the space of physical states of a 
g model is given by the cohomology of Q. That is to say, a physical state |phys> 
has to be closed under Q, namely Q|phys> = 0 and not exact, namely |phys> 4 
Q|state> where |state> is any other state. It can be shown that taking the trace 
over those states one finds the torus partition function of the a model which 
is based on the decomposition into WZW characters, discussed in Section 3.5. 
The torus partition function can be expressed as 


Zg = orz" f auz°(r, u) Z?” (7, u) 29" (7, u), (4.96) 


where du is the measure over the flat gauge connections on the torus and r is 
the rank of G; Z9 (r, u) is the torus partition function of the G, WZW model, 


Z29(7,u) = (QQ? $O Xr (T, U)Xk An (T, Ware Ar (4.97) 
ALAR 


ANT 


, ÀR, Àz denote the G; highest weights, and for the diagonal 
invariant N)\,,.\, = Ôàg,à, - The character can be written as, 
Mk à (T, u) 

Mo,0 (T, u) i 


where q =e 


Xk A(T, u) = (4.98) 
with M,,., defined explicitly for the SU(2) case below. Z”? (r, u) in (4.96) is 
the contribution of h € c- at level k + 2C@ or equivalently h € G at level —(k + 
2cg). This takes the form Z"""" (r, u) ~ |Mo.o(7, u)|~? indicating that c- contains 
just one conformal block. It is straightforward to calculate Z9” (r, u), the ghost 
contribution to the partiton function Z9” (r, u) ~ |Moo(r,u)|*. Thus there is a 
cancellation of the |Mo(7,u)| factors and the resulting character is given by 
the numerator of the character of the “matter” sector. In the g model it is 
Mr à- This cancellation property leads to an index interpretation for Mp, à. For 
G = SU (2) it was found that one can express, 


Co s 
itt à 


1 
Mamo J a akasa Y sin f je +2)l+ 9+ | \ (4.99) 
l=—oo 
as 
G45)? ; CESS) GL ino J? 
Mz; (7, 9) = T OFI gi MO(G+ 5 Tr[(-) qe’ (tot) J, (4.100) 
i 

where 0 = Reu, G is the ghost number, Êo is the excitation level and Jest) is 
the Pike eigenvalue of the excitation. Note that Mx (T, 0) is obtained from the 
torus Mp (T, u) by restricting to just one angle. This amounts to considering the 
propagation along a cylinder rather than around the torus. As long as we are 
interested in the spectrum it is sufficient to consider M;,_;(7, @). This index inter- 


pretation enables us to read important information about the physical spectrum 
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from (4.99). For a positive integer k, 27 = 0,...,k. Hence there are k +1 zero 
ghost number primary states which correspond to the first term in the q expan- 
sion of the different Mp js, i.e. the term corresponding to l = 0 with Êo = ea 
On each of these states there is a whole tower of descendant states correponding 
to the higher terms in the q expansion. For further discussion of the G/G model 


the reader is referred to [9]. 
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Solitons and two-dimensional integrable models 


5.1 Introduction 


In the previous chapters we have addressed 2D field theories with no scale. As 
we discussed in Chapter 2, one cannot define an S-matrix for such theories. 
Generically physical systems are characterized by certain energy scales and the 
notion of S-matrix plays an important role. It is thus time to move forward 
and examine non-conformal field theories. Again we start our journey with the 
theory of a free scalar field, but now a massive one. We then move on and discuss 
interacting theories equipped with infinite numbers of conserved charges, the so- 
called integrable models, that resemble the free massive theory in a way that will 
be explained below. 


5.2 From the theory of a massive free scalar field to 
integrable models 


The classical action of a massive free scalar field is obviously the action of a 
massless scalar field with an additional mass term, 


1 1 
s= f is [3r 00,0- smo |. (5.1) 


where m is the mass scale which momentarily will be shown to be the mass of 
the particle associated with the field ¢. Unlike the analysis of CFTs there is no 
advantage here to the use of complex coordinates, so we will use real ones. 

The corresponding equation of motion, 


"O,¢6+m'o=0, (5.2) 
is solved for the case of uncompactified space-time by the following Fourier trans- 
form, 

2 dk! 
z VTV ko 
where (k°)? — (k!)? = m?. 


A dramatic difference between the massless field discussed in Chapter 2, and 
the massive one we discuss here, shows up when analyzing the symmetries of the 


a(k! je? + a(k!) "], (5.3) 


system. 
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The only transformations that leave the action invariant are the [SO(1,1) 
Poincare transformations, namely, the space and time translations and a single 
Lorentz transformation. These are, 


L? > l pa? q! >a! +a! 
poe tar 2 r Hala, (5.4) 


where the transformation parameters are constants and a! = aj. The fact that 
the parameters are constants, and not holomorphic and anti-holomorphic func- 
tions of the complex coordinates, has a tremendous impact, since it implies the 
absence of the powerful infinite-dimensional Virasoro algebra. 

The corresponding Noether currents associated with the Poincare transforma- 
tions are, 


Tuv = OAO — Jwr Ê, 
Ft Ie mep Tg, (5.5) 


or 


However, since the space-time is two dimensional, there is an additional conserved 
current, the so-called topological current, 


Nen = l” o o, (5.6) 


which is conserved regardless of the equations of motion, since obviously ô, digs = 
e” 0,0 $ = 0. In fact this current is conserved for any interacting scalar field in 
2d, and as we will see later on it plays an important role in the analysis of soliton 
solutions of integrable models. 

The theory of a free massive scalar field, as well as other scalar theories that 
will be addressed in this chapter, are obviously invariant under the discrete 


symmetry of, 


b— —ọ. (5.7) 


The canonical quantization was described in Section 1.6. The normal ordered 
Hamiltonian and momentum expressed in terms of the creation and annihilation 
operators take the form, 


H= fæ (k1)2 + mat(k!)a(k') P= Jakka ah). (5.8) 
The state at (k!)|0> is characterized by, 
Pat (p')|0> = p'at (p')|0> Hat (p)|0> = V/(p!)? + m?at(p)|0>, (5.9) 


and hence it is interpreted as a single free massive relativistic particle. 
For the case of free single particles, the momentum and Hamiltonian can be 
generalized to an infinite set of conserved charges, like Qn = P” as, 


Qn a'(p)|0> = (p+) at (p)|0>, (5.10) 


and similarly for powers of p°. 
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The conserved charge Qn can also be represented as an integral in space. For 
odd n = 2k +1, 


Qok41 = J AoD mita) + hermitian conjugate], (5.11) 


where ¢(") is n derivatives of space on ¢, t is x? and « is «!. For even n it is a 
bit more complicated, but can be evaluated similarly. Note that the expression 
is local. 

We elevate the field theory associated with a free massive scalar particle into 
a non-trivial interacting integrable model by replacing the mass term with a 
potential for the scalar field. It will be shown that identifying in such interacting 
field theories, an infinite set of conserved charges similar to the one of the free 
theory, will be a key ingredient in constructing integrable models. This will be 
discussed in Section 5.10. 

A more general construction of integrable models is based on perturbing con- 
formal field theories, which were discussed in Chapter 3, with relevant primary 
fields, namely, those that have conformal dimension A + A < 2.! This class of 
models, which will include in particular the integrable minimal models, will be 
discussed in Section 5.9. 

A very basic notion in scalar theories with interacting potential is the solitonic 
classical configurations, which will be the topic of the next section. 


5.3 Classical solitons 


We now let the massive particles interact with each other. The interaction is 
introduced in the form of a potential added to the Lagrangian of the free scalar 
field theory. Our first task in analyzing this type of field theories is to determine 
the solutions of the classical equations of motion. We start first with solitons, 
which are static solutions of finite energy, and then move on to time-dependent 
solutions. 

The “classical” material about solitons is described in great detail in several 
books, in particular in [182], [66] and [183]. For “nontopological solitons” see 
[149]. 

Consider a two-dimensional scalar field described by the following action, 


1 
S= [ee 52.00" > vo] 


= fès jo T vol, (5.12) 


! So far in the context of conformal field theory we have denoted the conformal dimension by 
h. Here in the chapter on integrable models it will be denoted by A. 
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where ` and ’ refer to time and space derivatives and V(¢) is a positive semi- 
definite function of ¢. The corresponding equation of motion is given by, 


8,06 + 3V (4) = b — 6" + 3V (4) =0. (5.13) 


The energy associated with a given configuration of ¢ is, 


a= ar | 56" + 50? vi()|. (5.14) 


Let us assume that the potential has a set of N absolute minima at which it 
vanishes, namely V(¢') = 0 for i = 1,..., N. If ¢’ are constants independent of 
space-time, then the corresponding energy vanishes, and in fact E(¢) = 0 if and 
only if ¢(z,t) = ¢". 

Static solutions of the equation of motion are determined by, 


” _ O,V(d) =0. (5.15) 


Solitons which have finite energy, must have ¢' and V(¢) vanish rapidly enough 
at +00, and thus must approach asymptotically one of the configurations ¢’ that 
minimizes the potential, namely 


limo $lx) > ø, limg_._~ $(x) > p. (5.16) 


Solving (5.15) is equivalent to solving a mechanical system where x becomes 
the time, ¢ the coordinate of a point particle of a unit mass subjected to a 
potential —V(¢), and Emech = 5¢” — V(@) is the conserved energy of the system. 
The boundary conditions where at x — +00 V(¢) — 0 and ¢’ — 0 implies that 
Emecn = 0. The energy of the field theory (5.14) translates into the action of the 
mechanical system. The particle trajectory is therefore characterized by having 


finite action and vanishing mechanical energy. The virial theorem for the particle 
system has the form, 


=(¢')* = V(9), (5.17) 


which is also easily derivable in field theory language by multiplying (5.15) by 
¢’, integrating over x and using the boundary conditions. 
From the mechanical analog it is clear that: 


(i) there is no non-trivial solution for a potential with a single minimum. 

(ii) For a potential with n minima there are 2(n — 1) solutions associated with 
trajectories starting at x — —oo at ¢’ and ending at x — œ at ¢’*! and 
vice versa. Trajectories where instead the particle ends at ¢/*'*! or back to 
¢' are impossible, since all the derivatives a vanish at ¢’+! so the particle 
that gets to this point will not be able to leave it. 
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The equation of motion (5.15) has solutions of the form, 


o(«) dé 
tied ae 5.18 
oe ye \/2V (6) = 


where xo the integration constant is any arbitrary point where the field has 


the value of ¢(29). The integral is non-singular apart from the end-points since 
everywhere else V(@) is positive. 


Classical solitons of \¢* theory 
Let us now demonstrate the general features of solitons discussed in the previous 
section with the prototype model of the a potential with a quartic interaction. 
Consider the potential, 


1 2 m ? 
=- — — .1 
v= 7A (o - ) | (5.19) 
which has two minima at ¢= ta and is obviously invariant under ¢ — —@. 


Substituting this potential into (5.18) and inverting it one finds when setting 
(ao) = 0 the following two possible solutions, 


m m 

olx) = Sys E 

which corresponds to either starting at é = —“ and ending at ¢ = 4, or vice 

versa. The former will be called a “kink” and the latter an “anti-kink”. The 

invariance under ¢ — —@ and parity transformation are easily realized in the 

kink anti-kink system, namely, dxink(2) = —anti-kink(Z), and for xp = 0 also 
= —dxink(—2x) (otherwise reflect around zo). 

The energy density of the kink solution is given by 


=l +v z hf 5.21 
e(z) = 5(¢) +V(¢) = 9 8 e-a). (5.21) 


(x 2o)| , (5.20) 


The total classical energy, which is refered to as the classical mass of the kink is 
(as our soliton is like a particle at rest), 


Ma= f dze( zae (5.22) 


Classical solitons of sine-Gordon theory 


The sine-Gordon model, which will serve as a prototype model throughout this 
chapter is defined by the action given in (5.12) with the potential, 


V(¢) = a feos (26) 1 : (5.23) 
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Later in Section 5.4 we will adopt a different convention where, 


VÀ Jaime 
oes = —, 5.24 
pr ar a (5.24) 
In terms of this parametrization the potential reads, 
2 
V(6) = -p [eos(¢) - 1} (5.25) 


The potential has an infinite set of discrete vacua at ë = 2nk T and again it 
is invariant under ¢ —> —¢. As for the ¢* case, here as well the integral in (5.18) 
can be solved analytically. For the soliton that goes from 0 to Tron and vice 


versa for the anti-soliton, and choosing (xo) = ween we get, 
m 
x) = 4— tan! [e#™(*-70)}, 5.26 
(x) Tx l ] (5.26) 
Adding enn to this, gives a soliton that goes from nn to 2n + 1)r, 


and vice versa for the anti-soliton. The soliton has a topological charge associated 
with (5.6) of Q = 1, the anti-soliton Q = —1. 

Substituting the explicit expression of the soliton profile (5.26) into the expres- 
sion for the energy one finds that the mass of the SG soliton is 


8m? 8m 

M5sGso = — = =: 5.27 

SGsol X 7 (5.27) 
Classical stability of the solitons 


So far we have shown that scalar field theories with degenerate vacua admit 
soliton solutions. Let us now address the question of whether these solutions are 
stable against small time-dependent perturbation. Consider the field configura- 
tion, 


olz, t) = Pso1(@) i õọ(z, t), (5.28) 


where @¢s01(Z) is a time-independent soliton solution and ô(x, t) is a small pertur- 
bation. Substituting this configuration into the equation of motion and retaining 
only linear terms in the perturbation we get, 


aa io + V" (bs01)5¢ = 0. (5.29) 


Since the equation is invariant under time translation, we express the perturba- 
tion as a superposition of normal modes in the following form, 


59(x,t) = XC Relane™’*'5,(2)]. (5.30) 


The normal modes obey the equation, 
d? ôn 
dz? 


+ V"'(dbs01) On = we ôn, (5.31) 
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which is in fact a one-dimensional Schrodinger equation with V’’(¢501) as a poten- 
tial. If this equation has eigenmodes with negative eigenvalues, the soliton is 
unstable. 

It is easy to construct one eigenmode. Since the soliton is invariant under space 
translation Øsoi(x) > dsoi(a@ + a), ðo = dgseilz) į is an eigenmode with a vanishing 
eigenvalue. Now since the soliton is a He ai function of x, 6, does not have 
nodes. A theorem about a one-dimensional Schrodinger equation tells us that 
the eigenmode with no nodes has the lowest eigenvalue and hence there are no 
negative modes and the soliton for any V(¢) is indeed stable. 


The topological charge 
Any two-dimensional scalar field theory in two dimensions admits the topological 


current (5.6), Jip = e“” 0, ġ. Thus, the following difference is a conserved charge, 


Ora J deg! = [6(t, +00) — b(t, -00)] = d4 — ¢-. (5.32) 


Often one refers to ¢4 as the topological indices. In fact for theories with a 
potential that has a discrete number (finite or infinite) of vacua, non-singular 
field configurations of finite energy have both ¢; and $_ separately conserved. 
This results from the following argument. Finite energy implies that both $4 
and g_ are at absolute minima of the potential. Now since the non-singular 
configurations are continuous in time, and the potential has a set of discrete 
(finite or infinite) vacua, ¢(t,oo) must be stationary at 4, or g(t, oo) = 
p+ = 0, namely the indices are conserved. 

In fact this conservation can be used to show the existence of non-dissipative 
solutions. For instance in the ¢* theory we can show that a configuration with 
o4 = —@-~ is non dissipative. By continuity in x there must be, for any t, some x 
for which ¢ = 0. At this point Too > V(0) and since the definition of a dissipative 
solution is that the lim;_,.. max, Too = 0 it is clear that it is non-dissipative. 
Similar arguments hold for other cases of solitons. 

Thus, one can divide the space of finite-energy non-singular solutions into 
topologically disconnected sub-spaces that are characterized by the two indices 
b+. Such a sub-space cannot be continuously deformed into another one unless 
the finite energy condition is violated. For instance, in the ¢* theory, the potential 
has two minima so that ¢, = ¥ and ¢@_ = — 5. Hence, there are four subspaces 
(—,+),(+,—), (~, —), (+, +) associated with fies soliton, the anti-soliton and the 
two trivial constant vacuum solutions. For the sine-Gordon the solitons belong 
to the subspaces characterized by ¢_ = ann and ¢, = 2n(n+ 1) 

Obviously, non-trivial topological charges require multiple vacua. The latter 


situation occurs if and only if there is a spontaneous breaking of a symmetry. 
For instance in ¢* and sine-Gordon it is the discrete ¢ > —¢ symmetry which 
is broken. 


86 Solitons and two-dimensional integrable models 


Derrick’s theorem 


Consider a scalar field theory in D + 1 space-time dimensions described by the 
Lagrangian density, 


£= 50" 60,6-V(o) (5.33) 


where the potential V(¢) is non-negative and vanishes at its minima. The the- 
orem states that for D > 2 the only non-singular time-independent solutions of 
finite energy are the vacua. 

Let us denote by ¢(x) a time-independent solution of the equation of motion. 
We now introduce a one-parameter family of field configurations defined as, 


(A, x) = O(Ax), (5.34) 
where A is a positive real number. The energy associated with the configuration 


(A,X) is, 
E(X) = à? fex B (Vo? + vo) ; (5.35) 


By Hamilton’s principle the energy as a function of A is stationary at A = 1 so 
that, 


/ dx 3o — 2)(V4)? + Dv(e)| AG (5.36) 


For D > 2 the two terms in the integral have to vanish separately, which occurs 
only for the vacua. For D = 2, the potential term has to vanish, which again 
occurs only for the vacua. This proves the theorem. 

The following remarks are in order: 


(i) Derrick’s theorem applies only to time-independent configurations. 

(ii) It applies to field theories with only scalar fields. Once one introduces 
additional fields like gauge fields or fermions the theorem is not valid (see 
Section 20.3). 


5.4 Breathers or “doublets” 


So far we have discussed only time-independent solutions of the equations of 
motion. A natural question to ask is whether the equations also admit exact 
time-dependent solutions. Another question, seemingly unrelated, is that of the 
interactions between solitons and between solitons and anti-solitons. We will see 
shortly that these two puzzles are in fact related. We now proceed to examine 
these questions in the laboratory of the sine-Gordon model. 

The following periodic configuration, 


EDS jean! a) , (5.37) 


cosh(nwz) 
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a/ (m2 —w?) 


a , with w < m, is a solution of the equation of motion (5.13). 
We will show now that this solution is related to a bound state of a soliton and 
anti-soliton. 


where 7 = 


Consider first the simple case of small w, namely w < m. For positive sin(wt) 
and finite z, the argument of tan! is very large, and thus ¢ ~ 2a, When «x 
approaches —oo we can approximate ¢(z, t) as, 


olz, t) ~ jean lexp (ma + In = satun |) (5.38) 
which looks like a soliton to the left. Similarly, it looks like an anti-soliton to 
the right. The soliton and anti-soliton move further apart as sin(wt) increases to 
one, and then when sin(wt) decreases they approach each other. As sin(wt) — 0 
the approximation that lead to (5.38) is no longer valid, in accordance with the 
fact that in this region the soliton and anti-soliton are on top of each other. 
A similar discussion applies also for negative sin(wt). It is thus clear that the 
solution (5.37) describes an oscillation of a soliton anti-soliton pair around their 
common center of mass. 

Revealing a bound state solution implies that the system must be attractive 
at least in a certain region of the “coupling constant”. Indeed if one uses the 
coupling constant, 


m3" 
= —_ 5.39 
e= (5.39) 
then 
œ >E>n repulsive interaction 
€=n7 free particle 
m>E€&>0_ attractive interaction (5.40) 


As will be clarified in the next chapter, the case of € = n corresponds to a free 
massive Dirac fermion. This will be further discussed in Section 6.1 as a bosoniza- 
tion of the free massive Dirac fermion. Also, the attractive region corresponds 
to positive coupling of a four-fermion interaction, namely attraction, while the 
repulsive region above corresponds to a negative coupling four-fermion. The case 
of negative € leads to no ground state. 

If indeed the breather describes a bound state, it has to have a mass which 
is smaller than twice the mass of the soliton. It is easy to compute the classical 
energy associated with (5.37) at t = 0, since both the potential and the ¢@’ vanish. 
Thus, 


es 1.2] _ 8(nw)? 1 
Ebreather = fa zorl ~ B nE (nwa) 


2: 
=2May1- (=), 
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acm 


(a) (b) (c) 


Fig. 5.1. Normal-order correction of the coupling (a), a correction to m? (b) 
and the lowest-order contribution to ôm? (c). 


where M,,) is the mass of the soliton. This verifies the existence of a binding 
energy since the mass of the breather is less than twice the mass of the soliton. 
In Section 5.5.1 the quantum description of the bound states will be addressed, 
and their scattering processes in Section 5.6. 


5.5 Quantum solitons 


The quantization of the soliton and breather was worked out in [74]. 
The classical mass of the soliton is M = ae as in (5.27). Quantum mechani- 
cally this mass is corrected due to quantum fluctuations. We parametrize these 


space-time-dependent fluctuations as, 


bs > bs + 5 Re[e'”” Sn (x)]. (5.42) 


The normal modes ô, (x) obey the equation, 
[-8; + m? cos(8¢s)]5n (£) = wp dn (2). (5.43) 
The leading order of the quantum mass is then given by 


1 
Mquantum = M; + 2 3 Wn + Vet ($s), (5.44) 


where Va (¢ġs) is a counter term that one has to add to the Lagrangian. 

In two dimensions the only source of UV divergences in any order of pertur- 
bation theory are diagrams that contain a loop consisting of a single internal 
line. Stated differently, UV divergences are due to the fact that the action is not 
normal ordered. The corresponding diagrams are depicted in Figure 5.1. In fact 
the corrections (a) and (b) cancel and the only corrections follow from (c). 

Let us first recall the normal ordering of ¢?(x), namely, 


p (x) = p’ (2 (5.45) 


): T dk 
man | SR Fm 


where : im indicates that the normal ordering is performed for a scalar of mass 
m. The last integral in obviously divergent so one introduces a cutoff A > m 


5.5 Quantum solitons 89 


such that 


1 fô dk 1. 4A? 2 
ae RIR au PRN 


For a general potential V(¢), Wick’s theorem tells us that, 
V(ġ) =: je>" VE) im (5.47) 


If one expands the exponent one finds a term with no contraction, next, with 
one contraction etc. We can pass from normal ordering at mass m to normal 
ordering at m. This transformation is independent of the cutoff, since 


m2 
2 O° m=: Q? im tom aa (5.48) 


and hence 
in m? a? 
: V (P) m=: (e57 aZ 497 V(d)| im. (5.49) 


When applied to the sine-Gordon case, the normal-ordered potential takes the 
form, 


m? (m? — 5m?) 


Be : [cos(Bd) — 1] tm R 


and where to the lowest order in £, 


[cos(G¢) — 1], (5.50) 


ie 
m?’ = ode 5.51 
wm Vv = + = ( ) 
Thus the counterterm potential reads, 
bm? fe 
Veounter() => Be dz[(1 =T cos( Bos )] ~ FEyacuum: (5.52) 


where we further subtracted the energy of the vacuum. Finally the quantum 
mass takes the form 


Mauantum = Ms T pe Wn — us 5 da|(1 — cos (Bs) = AB 2 V k2 + m?, 


B 

(5.53) 

where k, = an with L the size of the quantization length, to be sent to co at 
the end of the calculation. 

When substituting the set of all the frequencies w,, associated with solutions 


of (5.43) one finds that the quantum mass is finite and reads, 


Sm m m 
Mouantum oa Be grs T = € (5.54) 


up to corrections of order m8?. 
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5.5.1 Quantization of the breather 


Next we discuss the quantization of the classical time-dependent breather solu- 
tion. First, as a warm up exercise, compute the spectrum approximately, using 
the Bohr-Sommerfeld “old quantization procedure”. Adapting this recipe to field 
theory states that a one parameter family of periodic fields characterized by the 
period tT = 2m has an energy eigenstate whenever 


[ at | dun(x,1)6(e,0 = 2nN, (5.55) 
0 


where N is an integer. 
Using the relation between the Hamiltonian and Lagrangian densities, H = 
nõo — L, we find after integrating over one period that, 


Er= an — | at | ave. (5.56) 
0 


By differentiating with respect to r (with N varying as a function of it, by 
analytic continuation), and using the equations of motion we find, 


dN 1 1 1 
=_= (5.57) 


dE w m Wiee , 
IM? 
where the expression for w in terms of E and M follows from the calculation of 
the energy which can be performed most conveniently at t = 0, as was done in 
(5.41). 

Integrating this equation and using a natural boundary condition that N = 0 
for E = 0 the Bohr-Sommerfeld procedure predicts the following spectrum, 
N8? 
16 


My = 2Maa sin ( ) N =1,2,...,< =. (5.58) 

Next we would like to describe the quantization procedure of Dashes, Hass- 
lacher and Neveu (DHN). The classical action of the breather solution per period 
T = 2% is determined by substituting the breather solution (5.37) into the action 


and integrating, 


327 
Salg) = Re [cos (2) — n| : (5.59) 

The stability of the breather solution is determined by the requirement that 
there are no negative eigenmodes to the stability equation, 


[3t dO, +m? cos(Bdp)]6n (x,t) = 0, (5.60) 


where ô, (x,t), which obeys 6, (x,t + T) = e” ô (x,t), is the fluctuation of the 
breather solution. The set of all the solutions of this equation was written down 
by DHN [74]. 

The corresponding spectrum of v, reads, 


2 
AD. HEH n Vin? + a (5.61) 
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where qn obeys the equations 


Lan + fy) = 2m f(a) = Aten (ZE), (5.62) 


and where L is the size of the space direction. The two vanishing frequencies are 
associated with the invariance under space and time translations. 

The WKB semi-classical quantization determines the energy level of the 
breather solution via the conditions, 


Ealo) + Ect (bo) Ce > Fe OE =E 


2nE 
w(¢v) 


where Eet and Ses are the energy and action associated with the counterterm. 
In the limit of L — co the sum over qn turns into an integral. The integral has 
a quadratic as well as logarithmic divergences. These divergences will be can- 
celled out by the contribution of the counterterm such that Sealer) + Sct(dy) — 

1/2550 Vn is the same as the Sedo) given above with the renormalization of 


Salo) + Sct (Ps) + -1/2 2 Vy = InN, (5.63) 
0 


the coupling constant 6? — € = as sn- g7- Using this result it is easy to determine 
the energy, 
d 2wn 
E=- | Salh) + Ser (d) - -125% zg (5.64) 


Substituting this into the second equation of (5.63) one finds that the energy 
levels take the form, 


My = = sin (=) N=12,.05< F (5.65) 
Note that in spite of the fact that the quantization condition permits any N, 
only if it is smaller than T the classical breather solution exists. Thus the inter- 
pretation of this result is that there is a finite number of quantum bound states 
corresponding to the classical breather solution. Even though the derivation of 
the mass spectrum of the bound states was based on a Wentzel, Krames and 
Brillonin (WKB) approximation, the final result turns out to be exact. This 
statement follows from the analysis of the physical poles of soliton anti-soliton 
scattering, and already indicated in perturbation theory from two loops. The 
latter, though, works for mass ratios only, in view of scale dependence for the 
normal ordering of each individual mass. 

The spectrum (5.65) can be re-written in terms of the mass of the quantum 
soliton. Using (5.54) this takes the form, 


N 
My = 2Mgo1 sin (=) N =1,2,...,< =, (5.66) 
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which indicates that the quantum breather states are indeed bound states of a 
quantum soliton anti-soliton pair. 
At weak coupling N8? < 1, the mass spectrum reads, 


2 
My = Nm h-i) Lown) : (5.67) 


Thus at weak coupling the lowest bound state has a mass of, 
1/2? 
M, =m i => (5) + 0(65) 


showing that first bound state is in fact the “elementary” boson of the theory. 
Moreover the higher bound states have a mass which is NM, + OBP NA — 
N?)], namely bound states of N elementary bosons. These bound states are 


, (5.68) 


loosely bound with a binding energy of %( 22N (N? — 1). Using perturbation 
theory one can show that each of these states is stable against decay to states 
with lower N. In fact the stability turns out to be an exact statement. The source 
of the stability of these states is the set of infinitely conserved charges as will be 
discussed in the following section. 


5.6 Integrability and factorized S-matrix 


One of the first papers that discusses integrability of the S-matrix is the seminal 
paper [235]. We follow this paper in describing the basic notions of integrability. 
The Yang-Baxter relations were derived in [230] and [29] and S-matrix results 
for solitons and breathers of the sine-Gordon model are analyzed in [198]. 

Consider an integrable theory with oo of conserved charges Q” diagonalized 
in the single particle base such that 


Qn|pPO >= wP (p)|pP>, (5.69) 


where p is the momentum of the particle and (a) denotes its type. For the sine- 
Gordon case the eigenvalues w) (p) are given by, 

wap) = pt, w (p) =p” VP +m. (5.70) 
In general one assumes that the w\” (p) form a set of independent functions. A 
multiple particle in or out state obeys 


k 
Qn [pr x ph) in> = NO wi" (pi) |p? oe po) in>, (5.71) 
i=1 


and since the charges Qn are conserved one finds that, 


Sol y= X we (p). (5.72) 


icin z€out 
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P2 


Fig. 5.2. Space-time picture of the multi-particle factorized scattering. 


From this conservation one can deduce that, 


e For any given mass Ma the number of initial and final particles of this mass is 
the same. 
e The final set of momenta is the same as the initial one. 


These two rules, that should apply also to intermediate states where particles 
are far enough from each other, together with the special kinematics of two 
dimensions, are behind the assertion that the multi-particle S-matrix of theories 
equipped with infinitely many conserved charges, can be expressed in terms of 
two-particle ones. 

The factorized S-matrix corresponds to the following scattering process: 


e In the infinite past a set of N particles with momenta pı > pọ >... > py are 
spatially arranged in the opposite order, namely, £1 < £2 <...< TN. 

e In the interaction region the particles collide in pairs. In each collision the 
momenta are conserved and in between collisions the particles move as free 
particles. 

e The final state of the outgoing particles, achieved after NW) 

is built from the N particles arranged along the x coordinate in the order of 


increasing momenta. 


pair collisions, 


The factorized scattering of the N particles is represented, for N = 4, by the 
space-time diagram Fig. 5.2, in which time is flowing up. 
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Fig. 5.3. Two possible ways of three-particle scattering. 


e Each line corresponds to a given value of the momentum associated with the 
slope of the line. 

e Each vertex corresponds to a two-particle collision. The two-particle amplitude 
Sij (pi, pj) has to be attached to each vertex. 

e The total S-matrix element of the process is the product of all the NW) 
two-particle amplitudes |], j Sij, and then a sum over the different kinds of 
particles in the internal lines. 


Take for example the case of N = 3. The same scattering can be represented in 
two ways, as is shown in Fig. 5.3. These two differ only by a parallel translation 
of a line, and thus represent the same process. 


5.7 Yang—Baxter equations 


The amplitudes and phases of the two diagrams should be the same. The require- 
ment that they are indeed the same imposes cubic equations on the two-particle 
matrix elements which are called factorization equations or Yang—Baxter equa- 
tions. We now proceed to analyze these conditions of factorization. 
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It is more convenient to discuss the S-matrix in terms of the rapidities of the 
massive particles. The rapidity 8 of a particle of mass m is defined via,” 


p+ = mexp(+). (5.73) 


The scattering amplitude of a system of two particles S(p;,p2) is a function 
of the rapidity difference 6 = 3, — 62 as can be seen from the fact that the 
s-channel invariant 


s = (pı + po)’, (5.74) 
is given by 
s = mi +m +2m,mz cosh(G, — b2). (5.75) 


We now analytically continue s and define the amplitude S(s) as an analytic 
function in the complex s-plane. This function has two cuts along the real axis for 
s > (Ma + m)? and s < (Ma — m )?. The points s = (Ma — m)? and s = (ma + 
my) are square root branching points of S(s). Using (5.75), S(s) is mapped to 
S(8), where 8 = 3, — 2. The physical sheet is mapped into the strip of 0 < 
Im < 7, the branch cuts to the lines Imĝ8 = 0 and Im@ = 7, and the crossing 
transformation of s + 2m? + 2m3 — s to B — in — $. If one assumes that there 
are no other cuts, then $(3) is a meromorphic function in the above strip. In 


the non-relativistic limit, for m; >> p}, the rapidity goes into the velocity 3; > 


Pi 
mM 


Vi = 


5.8 The general solution of the S-matrix 


Consider the two-particle S-matrix, 


ik Sji = <A; (G1) Ai (83), out| Ai (61) Ax (G2), in> 
= (bi — b1) (B3 — Be) [din 5151 (8) + dij ôk S2 (5) + dirdkj S3(8)] 
+ [io k, pı > bə], (5.76) 


where i, j, k,l = 1, 2 so that the particles are in doublets of O(2), and the + refers 
to bosons (+) and fermions (—). This can be generalized to O(N) in a straightfor- 
ward way. Here we analyze only the case of the doublet. The amplitudes S2, S3 
are the transition and reflection amplitudes, respectively, and Sı corresponds 
to the process A; + A; > A; + A; for (i # j). The A;(@), non-commutative 


2 Please note, that the 8 we had before, in the term cos(3¢) in the action, is not to be confused 
with the present one, which denotes the rapidity. 
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variables representing the particles, obey the relation, 


Aj (81) Aj (b2) = 61551 (8 A) Anl (92) An (81) + S2 (6) A; (82)A: (61) 
+ S3(B)A (és) Aj (G1). (5.77) 


Incoming states are represented by products arranged by order of decreasing 
rapidities, while outgoing by increasing rapidities. The crossing symmetry rela- 
tions are, 


S2(8) = Solin — B) $1 (8) = S3(in— p). (5.78) 
The unitarity conditions for the two-particle S-matrix are, 


S5(B8)S2(—8) + $3(8)S3(—B) =1 

S2(8)S3(—B) + S2(—@)S3(8) = 

251 (2)Si(—B) + $1(8)S2(— ee )$3(—8) + S2(6)S1(—8) 
+ $3(8)S1(—6) =0. 


Unitarity (5.79) and crossing symmetry (5.78) do not fix the S-matrix. The addi- 
tional conditions one has to impose are those of the factorization or Yang—Baxter 
equations. The latter are obtained by considering all possible three-particle in- 
products A;(61)A;(62)A (G3), reordering them to get out-products using (5.77), 
and requiring that the results be independent of the order of successions of the 
two particle commutations, one then finds, 


(5.79) 


Sa S183 + $5353 + S385382 = $359.53 + S1 8283 + S1 S182 
535153 + 535283 = $3535) + $353S2 + $2535} 
+$25353 + 25183 S1 + $153S2 + $153.53 + S192851 + 515151, (5.80) 


where, for each of the terms, the arguments for the three S factors are 6, 3+ 
B', B', respectively. 

The general solution of the factorization equations is expressed in terms of one 
function which we take to be S2(8). The solution reads, 


84 (8) = ictg (=) cth (= ) $2(3) 
S1(B) = ictg (=) cth (752) S2(8) (5.81) 


with y and 6 real, but so far arbitrary. This solution as well as the restriction from 
unitarity (5.79) is valid also for a non-relativistic system. Crossing symmetry is a 
restriction that shows up only in the relativistic case. Imposing the latter (5.78) 
on the general solution fixes 6 = m. A “minimum” solution for $5(3) then takes 


benii 
S2(8) = = sin (=) sh (=) ae (=) U(8), (5.82) 
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where 
87t 88 87 (38 ry Rn (G)R, (in — p) 
Ue ai = )r(1+: r1 
8) (=) (+i) ( y S) Ra (0)Rr (in) ” 
T (2n8 M)ra + In 8H + 582) 


a T (Qn +18 ! M)ra + (2n 1è + i82) oe 


It is a “minimal” in the number of singularities along the imaginary ( axis, and 
more general solutions can be obtained from it by multiplying with a meromor- 
phic function of the form f(8) = He i pe for arbitrary real numbers 
Qk. 


5.8.1 The S-matriz of the sine-Gordon model 


The sine-Gordon model has a hidden O(2) invariance, which is simplest to see 
via the soliton solutions, where the soliton and anti-soliton are incorporated in 
an O(2) doublet. In terms of the Aı (8) and A2(8) the soliton and anti-soliton 
amplitudes are, 


A(@) = Ai(B) +iA2(8) A(B) = A1 (8) — i A2 (8). (5.84) 


In terms of A and A, (5.77) takes the form, 


A(B1) A(B2) = Sp (8) A(2) A(A1) + Sz (8) A(B2)A(41) 
A(6ı)A(62) = S((B)A( 2) A(1) 
A(G;) A(G2) = S(B)A(B2) A(B1), (5.85) 


where $(3), Sr(@) and Spr(@) are the scattering amplitude of identical solitons, 
transition and reflection amplitude for soliton anti-soliton, which are related to 


Sı (8), S2(6) and $3(() as 


S(b) = $3(B) + S2(8) 
Sr(B) = $1(8) + S2(8) 
Sr(B) = Si(B) + $3(8). (5.86) 


It follows from crossing symmetry (5.78) that, 


S(8) = Sr(in— p) Sr(B) = Sr(in— P). (5.87) 
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Fig. 5.4. The zeros (crosses) and poles (dots) of Sr (6) (upper) and Spr (6) 
(lower). All the singularities have pure imaginary values even though some of 
them are displaced from the imaginary axis for clarity [235]. 


Substituting these relations in the general solution derived in the previous 
section one finds for the SG model, 


8708 
Sp (8) = oy 


sin (= 
sh 8n(in—ß) 
S(8) = Paaa er (5.88) 
sin (= ) 
where, 
2 
Sn(8) = > és (=) U(B). (5.89) 


The zeros and the poles of Sr (8) and Sr(f) are shown in Fig. 5.4. 
The solution (5.88) is in fact the exact solution of the S-matrix of the SG 
model. This assertion is supported by the following properties: 


e The poles of Sr(8) are located at equidistance, and their values are in accor- 
dance with the semi-classical mass spectrum if one equates y = 8€. 

e Note that for the value of € = 7 where the coupling of the associated Thirring 
model vanishes, and the SG model is a bosonized version of a free Dirac fermion, 


Sr (8) = S(8)=1 Spr(B) =0. (5.90) 


e At € > mall bound states, including the “elementary particle” associated with 
the field of the SG model, become unstable and the spectrum includes only 
soliton and anti-soliton. This situation follows from the fact that at this region 
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the Thirring coupling is negative and there is a repulsion between the solition 
and anti-soliton. 

e At € = Z the reflection amplitude vanishes identically. 

e Expanding (5.88) in powers of [(8%) — 1], which means small coupling of the 
massive Thirring model, matches the perturbative expansion of the latter 
model. 

e The limit 6? — 0 of the exact result (5.88) is equal to the semi-classical expres- 
sion of the two-particle S-matrix. 


The explicit expression for the two-particle S-matrix (5.88) enables one to also 
write down the S-matrix for any number of solitons and anti-solitons and the 
scattering of any number of bound states. This general approach to solving the 
S-matrix can be applied to the various integrable models. Here we demonstrate 
it on the sine-Gordon model. For soliton and anti-solitons we find the following 
S-matrix elements: 


St? (8) = S 7? (6) = 8) 
ee 4 sh (Z8 — ni) 
1 ee sh mi 
Ss? 3 (6) = 877 (8) = (3 ) s 
ae os sh (#(3— ni)) 
sie (B)=0 ate £e +e. (5.91) 


S can also be expressed as an exponential of an integral, 
œ sin(k8) sh (z1) 
S(8) = — exp | —i | dk 
0 Kch (3) sh ($) 


(5.92) 


5.9 From conformal field theories to integrable models 


So far we have analyzed integrable theories based on a scalar field theory with 
an integrable interacting potential. As was mentioned in Section 1 there is a 
more general scheme of constructing integrable models. This scheme is based 
on perturbing conformal field theories with relevant primary fields so that the 
action takes the form, 


S = ScFT + YA [eae (5.93) 


Note that just as for the conformal field theories we use here complex 
two-dimensional coordinates. The ®;(z,Z) are primary fields of conformal 
dimension A; + A; < 2, namely relevant operators. Since these operators are 
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super-renormalizable, they do not affect the short distance behavior but do affect 
the structure of the IR domain. In the analogy with statistical mechanical sys- 
tems, where the CFT describes the behavior of the system at its fixed point, the 
perturbation with the relevant primary fields describes the scaling region around 
the fixed point. 

A system described by an action of the form (5.93), is integrable provided that 
one can identify a set of infinitely many conserved charges just as for the sys- 
tems described previously. An important class of such theories are the integrable 
minimal models, for example the tricritical Ising model M4 5 perturbed by ®s 3 
and the tricritical Potts model Me,7 perturbed by bı he a 

The renormalization group (RG) flow of the integrable systems follows a tra- 
jectory that starts at a fixed point and may end on another one in the IR, or 
on a point that corresponds to a massive QFT. An important property of these 
flows is the c-theorem® which states the following: 


Quantum field theories which possess rotational invariance, reflection pos- 
itivity, and conservation of the energy momentum tensor admit a function 
c(A;) of the coupling constants A; which is non-increasing along the RG 
trajectories and is stationary only at fixed points. 


The proof of the theorem is as follows. Consider the correlators of T = T-., 
and T; zy 


<T(z, Z)T(0,0)> = 1h <T(z,Z)T.=(0,0)> = a 
<T:(2,2)T.2(0,0)> = EP, (5.94) 
We now use the conservation law, 
OT + OT. =0, OT + 0T,z =Q, (5.95) 
to deduce the following differential equations for F, G and H, 
F+(G-3G)=0 G-—G+H-2H =0, (5.96) 
where A = mo . Since the positivity condition implies that H > 0, the following 


c function is non-increasing, 
c=2F -4G -6H, ¢=-12H. (5.97) 


At the fixed points T,; = 0, hence G = H = 0 and c= 2F, as indeed it should 
be. Recall that the OPE in CFT is of the form T(zz)T(0, 0) = Oo) +... 

One can further write down an expression for the integral of ¢, namely for 
the difference of c in the UV and IR regions. For the case of a perturba- 
tion with a single operator ®, the trace of the energy-momentum tensor is 


3 Zamolodchikov c-theorem was derived in [232]. 
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T;z = TA(1 — A)®, where the total conformal dimension is 2A. Using (5.97) it 
was shown that, 


cuv — GR = 127A? (1 — A)? fesat <®(x)®(0)>. (5.98) 


This result has been applied to integrable minimal models yielding the cor- 
rect difference in the Virasoro anomalies. Another example where this relation 
between the conformal data and the properties of the non-conformal theory can 
be tested is the sine-Gordon model. The model can be thought of as a pertur- 
bation on a free massless scalar field which has c= 1, and the massive model 
has c= 0. Let us check for this case the outcome of the relation (5.97). The 
perturbation now is, 


m 2 
AD = BR : (cos 8ġ— 1): 2A= ee (5.99) 

If we expand A® in £, then the leading order A® is }m?¢? for which A = 0 and, 
<A®(x)\®(0)>= vm <$(x)¢(0)>?= mi K3(mlal), (5.100) 


where Ko is a Bessel function. Inserting this into (5.97) we get, 


mt 


cuv — CR = 37 
Q7e 


co 
d? x|a|? Kê (mz) =3/ drr’ Kĝ(r)=1, (5.101) 
0 
which verifies our data about the Virasoro anomalies at the two ends of the 
trajectory. One can further show that higher-order terms in (@ are in accordance 
with the fact that cyy — crr is @ independent. 


5.10 Conserved charges and classical integrability 


We will now show that the classical sine-Gordon theory incorporates an infinite 
set of conserved charges. This will imply an exact determination of any S-matrix 
element of the theory. This property of having a set of an infinite number of 
conserved currents and charges is referred to as classical integrability. In the 
next section we will discuss the fate of the integrability in the quantum domain. 
We choose here to describe the sine-Gordon model, however this structure applies 
to a class of models. 

There are several methods to determine these classically conserved charges. 
Here we will follow two of them: The Lax pair approach and a method based on 
a generating function. 

The infinitely many charges of the integrable models were analyzed using var- 
ious different techniques. The Lax pair method applied to the sine-Gordon is 
described in [61]. The method of multilocal charges from an integral equation 
was presented in [153]. The inductive method was introduced in [45]. 
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5.10.1 The Lax pair method 


In the Lax pair approach the idea is to rewrite the sine-Gordon equation of 
motion in terms of a commutator relation between two operators. Let us first 
rewrite the equation of motion of the sine-Gordon system in the light-cone coor- 
dinates, 


8, 6_¢ = —sin(¢), (5.102) 


where ¢ = 3¢ and 04 = md. 
Next we define the following pair of 2 x 2 matrix Lax operators, 


L = 2030_ +02(0_4) 


Bis Los E EAER ie. (5.103) 


In terms of these operators the sine Gordon equation takes the form, 
õ, L = |L, B]. (5.104) 


The reason for rewriting the equation of motion in this form is the fact that the 
spectrum of L is conserved. To realize this property of the Lax pair, notice first 
that the solution of (5.104) can be parameterized as, 


L(xt) = S(x*)L(0)S t (x+) 0,9 =—BS. (5.105) 
Now consider the eigenvalue problem, 
L(x* )u(a*) = Mv(z*). (5.106) 


It is easy to check that if v(0) is an eigenfunction of L(0) with eigenvalue A, then 
v(z*) is an eigenfunction of L(at) with the same eigenvalue A, where, 


v(at) = S(at)u(0). (5.107) 


Since x* is the light-cone time direction, this implies the conservation of the 


eigenvalues. This conservation of the spectrum is the origin of the infinite set of 
conserved charges. 

For the case that L can be represented by a finite matrix, it is obvious from 
(5.105), using the cyclicity of the trace, that Q” = Tr[L”] are conserved charges. 
In general, and in particular in our case, L does not act only in a space of 
finite-dimensional matrices but also in the continuous space whose base vectors 
are |z_>. Thus the trace takes the form of the integral JE da_. Due to the 
unitarity of S(t) the cyclicity property of the trace is maintained and hence 
Q” =Tr[L"] are indeed conserved charges. 

It turns out that one can map the Lax pair of the sine-Gordon system to that 
of the Korteweg-deVries (KdV) equation u(x,t) = 6ud,u — Ofu. This map is 
useful since it is more convenient to express the conserved charges of the sine- 
Gordon system in terms of the L operator of the KdV equation. In this format 
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the first four charges of the set of infinite charges which are classically conserved 
are, 


ee 
Qs = =a) [ [(d-.4)° — 203- $)’ (82. $)” +88? $)’ ldz- 
4 poo 
Q= (3) [10-08 - Pets)! - 60-00 
+ ha 6086)? - Fat d?ar. (5.108) 


5.10.2 The generating function method 


A second method to determine the set of infinite conserved charges is based on 
a generating function. Define the generating function, 


w=ot 5 sin" (80). (5.109) 


When ¢ obeys the sine-Gordon equation, Y obeys the following equation, 
( -vI -PeO 
ð+ 


e2 


) m?0_ (cos(Bw) — 1). (5.110) 


Equation (5.109) determines % as a power series in ¢ and e. Upon substituting 
this into (5.110), we get an infinite set of conserved charges, that are the coef- 
ficients of the even powers of e. A dual sequence of charges can be obtained by 
interchanging 0, and O_ in the equations above. The set of conserved currents 
is labeled as, 


34 Jzn FO: Je" 0, (5.111) 


where 2n relates to the power of e. The lowest-order current is the energy- 
momentum tensor, 


ian 1 2 aE m? 
J} ST = 50-0", K =T =- lop- (6-112) 
The second-order currents are, 
+ 1 2 2 e 2 S m? 2 
Jf = z(o? - T0), Jy = Tlo- coslo), (5.113) 


and similarly one can write the expressions for the higher order currents Jən. 
One can map the charges derived by the Lax pair procedure to those derived 
by the generating function method. 
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5.11 Multilocal conserved charges 


In the previous section we analyzed the set of infinitely many conserved charges 
associated with local currents. It will be shown later that these conservation 
laws are responsible for the fact that the system is integrable, namely there is no 
particle production and the S-matrix is factorizable. We would like to show now 
that this type of structure may also follow from conservation laws associated with 
multilocal currents. The construction of the multi-local currents will be presented 
in two ways: (i) via an integral equation, (ii) by an inductive procedure. 
We then show that the two types of charges are in fact equivalent. 


5.11.1 Multilocal charges from integral equation 


Consider first the O(N) non-linear sigma model defined by the Lagrangian den- 
sity, 


1 
Sow) = 55 da [(3 7) - (3-7) — u? —1)], (5.114) 

Jo 
where ñ is an N-dimensional real vector and go is the coupling constant. The 
fact that the field 7 is constrained n? = njn’ = 1 i = 1,..., N is incorporated via 


the Lagrange multiplier u. The equations of motion that follow from this action 
are, 


0_n+ui=0, W=1. (5.115) 


So u is actually the action density u = (0,7) - (0_7). Instead we can write the 
equation of motion as, 


aLr 7 + AOT I") = 0. (5.116) 


The action is classically invariant under O(N) global symmetry, by construc- 
tion. For the special case of n = 3, namely O(3), the current takes the form, 


jE = i(n dyn? — A,n'n’). (5.117) 


It is easy to check, using the equations of motion, that this current is indeed 
conserved. In addition the energy-momentum is conserved, 


1 1 
3T = ð 500 ny = 0_70_0,7% = —ud_ Ea =0. (5.118) 
Thus classically the trace of the energy-momentum tensor vanishes T}— = 0. 


In addition there is an infinite set of currents, the simplest of which takes the 
form, 


pe T aa (5.119) 
~~ goni | Jaa]? + aa l 
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An alternative way to write down a set of non-local classically conserved 
charges is the following. We define at any given t the (2 x 2) U(t, x) operator via 
the equation, 


d,U(t, 2) = i ji — wy] U(t, 2), (5.120) 


1 — w? l 
and the boundary condition U(t,—oo)=1, for any Cauchy data 
ni(t, £), oni (t,x), where w is the “spectral parameter” which is a com- 
plex parameter with w Æ +1. Following this definition and using the equations 
of motion one can show that, 

d d 

— = —U(t =0. 5.121 

5 Q(w) = FU, 00) (5.121) 
If one expands Q in terms of the spectral parameter one finds a set of infinitely 
many conserved charges, 


= d 
Q(w) =Y Qu" G= (5.122) 
n=0 


We can now rewrite the differential equation (5.120) in terms of the integral 
equation, 


w 5 -i .i i 
Uta) =1+ "5 f fi- wil eTe). (5.123) 


Inserting the expansion, 
UG, 2) = X Un”, (5.124) 
n=0 


into the integral equation for U(t, x), we find the following recurrence relation, 


Un(te) = if alätni E Wats) 


E oses 
- j lty XO Un-alt, v| , (5.125) 
igith 


with Uo(t,z) = 1. Thus we can calculate Qn recursively deriving explicit non- 
local expressions for the set of infinitely many conserved charges. The “lowest” 
charges are given by, 


Q=0 Qi = | awiity) 
IERE 
Q = — 5019} 
Q; / dz / dydy'eijr jo (t, u).i0 y'O ly — y’) -= / dyji(ty)- (5-126) 


The algebraic structure associated with these charges is the Yangian symmetry, 
the description of which is beyond the scope of this book. In the reference list we 


II 
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mention several that deal with these algebras. In Section 5.12 it will be further 
shown that both the charges of the form (5.119) as well as (5.126) are quantum 
mechanically conserved. 


5.11.2 Charges by inductive procedure 


The second method of obtaining non-local currents is as follows. Assume that 
the system admits a (non-abelian) conserved current which is also a pure gauge, 
namely, 


In=G Ong, ONT, =0, (5.127) 


where g is a non-singular matrix (for instance U(.N) or O(N) matrix). It follows 
that the current J is a flat gauge connection, since for D, = 0, + J, we find 
that [D,, Dy] = 0 and also 0, D, = D,,0,. Using the terminology of differential 
forms these properties can be rewritten as, 


DJ=aJ+IAT=0 dxJ=0, (5.128) 


together with [D, D] = 0 and D x d = d x D. Now let us assume that there is an 
n-th conserved current I”, then there is a function y such that, 


IP) = ep x”. (5.129) 


M 
Then there is an (n+1)-th conserved current, 
J+) = D x™, JEHO = 0. (5.130) 
The conservation follows easily, 
dx Jt) = dx DX™ = D x dx™ = DI™ = DDy"-») = 0, (5.131) 
or directly, 
OH FY = DHA, = 1 D, J = -e+ D, Dx" =0. (5.132) 


The sequence of y‘") starts with x% = 1 and JP Eid yh 


Associated with the set of infinitely many conserved currents, there is obviously 
also a set of infinite number of conserved charges, 


Q™ = faa wa), (5.133) 
Consider the special case n = 2, 
Q?)(t) = J deJ” = / de(ðo +j) 


== faita) f arie a). (5.134) 
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We can now re-express x!) as x (t,x) = fda’ gi” (t, 2). When substituting 
this to the previous equation we discover the structure of multi-local charges of 
(5.126). 


5.12 Quantum integrable charges in the O(N) model 


In Section 5.11 it was demonstrated that certain two-dimensional interacting 
models have an infinite set of conserved classical charges. This property consti- 
tutes the classical integrability of a given system. A natural question to ask is 
whether this integrability persists also in the quantum regime. We will analyze 
this question in the context of two models, the O(N) sigma model in this sec- 
tion and the sine-Gordon model in the following one. In fact we have already 
seen in Section 5.8 how the quantum integrability of the sine-Gordon model fully 
determines the S-matrix of the theory.‘ 

In Section 5.11.1 it was shown that classically the O(N) model is scale invari- 
ant as the trace of the energy-momentum vanishes. Following our discussion of 
the Virasoro anomaly in Chapter 2, it is clear that quantum mechanically the 
classical conformal invariance of the O(N) model is broken by an anomaly. The 
right-hand side of (5.118) should not vanish any more but rather be equal to some 


local terms. These terms can be determined by Lorentz xt — axt, x7 > a7tax 


+ + 


and scale invariance x* — ax*, x7 — aa” . It turns out that up to a constant 


the quantum relation is, 


as [30m] = fd_u = POO nO (5.135) 


In fact one can show that the constant B is the one-loop beta function. 
Consider now the next conservation law. Classically it reads, 


ð- [irom +0, [zem] = 5 (0m)? (ðu). (5.136) 


One can show that this classical conservation is directly related to the conserva- 
tion of the current in (5.119). For this make use of the classical scale invariance 
x_ — f(x_) and the classical conservation (0-7)? = 0, to choose a gauge 
where (0-7)? = 1. Now the classical conservation law takes the form, 


on pe ny = (d_u). (5.137) 


This is exactly the conservation of the current (5.119), when inserting the gauge 
(3r)? = 1. To get to the form in general coordinates, namely the form as in 


4 Quantum integrability was discussed in [176]. 
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(5.119), make the substitution, 


1 
OL = pa (5.138) 


noting that it also implies u —> TFT 

Quantum mechanically again the right-hand side of equation (5.136) can be 
corrected by several terms. To eliminate possible terms that are total derivatives 
it is convenient to analyze the integrated form of this conservation law, 


a. fax [en] = (3+9) f a= 5(0-a)*(0-n), (5.139) 


and finally using (5.135) to eliminate 0_u we get the quantum conservation law, 


1 3 
I= fa [zen _ ( aut (oi , ô I=0. (5.140) 
2 46 

One can now show that this conservation law implies the conservation of 
5 P_?. Since I commutes with the S matrix [J, S] = 0 one has, 


t 


<b out|I|b out> <b out|a in> = <b outla in> <a in|I|a in> . (5.141) 
For asymptotic states with N particles and momenta P,,..., Py we have 
<N|I|N> = Constant X` P_}. (5.142) 


The reason that the conserved charge on an asymptotic state has to be pro- 
portional to 5°, PS is that its tensorial structure is of the form ___, the only 
conserved quantity with _ Lorentz index is P_ and there are no higher tensorial 
charges that are not products of P_. 
In a similar manner one has a similar conservation law for P, so that, 
SS ye, NREN Pe (5.143) 
in out in out 
If we now write these conservation laws for a 2 — N process combined with 
the ordinary conservation of momenta we get four equations for two quantities 
which, combined with the analyticity of the S-matrix, implies that there cannot 
be any multiple production, and the only allowed process is 2 — 2. 
It can also be shown that the classically conserved charges constructed by an 
integral equation (5.126) are also quantum mechanically conserved. 


5.13 Non-local charges and quantum groups 


The discussion of quantum groups and non-local charges follows the paper [39]. 
For a review see, for instance, [114]. 

In the previous sections we have derived in various forms sets of infinitely 
many conserved charges and argued that they constitute the integrability of 
the corresponding models. In particular we described in Section 5.11 non-local 
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charges. Here we will establish the algebraic structure of these charges. It will 
be shown that they involve non-trivial braiding and that they obey the algebra 
associated with “quantum groups”. 

Rather than discussing the generalities of this algebraic structure we analyze it 
in the context of our laboratory model, the sine-Gordon model. We now rewrite 
the Lagrangian density of the model as, 


S= i | 20+ > fæ : cos(3¢) : . (5.144) 


It is straightforward to relate Â of this formulation to m, 8 of (5.23), and B here 
equals 8 there. 

Recall (Section 5.9) that this action can be considered as a conformal field 
theory plus a relevant perturbation of the form (5.93). In such a case one can 
identify a conserved current that obeys the relation, 


OJ(z,Z) = ƏH (z, z) OJ(z,z) = ðH (z, Z), (5.145) 
where for the conformal limit one has 0J = ðJ = 0, and H, H are defined via, 
Resz=w (@pert(w) J" (z)) = OA" (z) HH" (z,Z) = 2h (z)@pert (Z), (5.146) 


where the perturbation term is written, in the conformal limit, as 
@pert(2)@pert (Z), and all this under the condition that the Res above are indeed 
total derivatives. A similar construction applies also for the anti-holomorphic 


current. 
We can now identify a pair of non-local fields 

7 1 z 

falta) = 5 ot. x) + J dy ot, v) , (5.147) 
with which we can write a pair of conserved currents J+ of the form (5.145) as, 

Je = et 3% (t,x) 
32 af SA Va air 
Ae e BY ECR-A) bs OaE h-a) (5.148) 
2 


The conserved charges associated with the pair of currents are 


Q+ = = (Jan + f azn ) Qi = = (Joz + fazna) . (5.149) 


The charges Q+ are non-local, as a consequence of being built from the non-local 
field d. 

Using the basic canonical commutation relation [¢(t, x), Ood(t, y)] = 471d (a — 
y) and efe? = elBleB e^ (when [A,B] commutes with A and B) one finds the 
following braiding relations, 


jG ay Itota) 
Ja(t,£)Ja(t, y) = e J+ (t, y)J+(t, £), (5.150) 
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where, 
q=e ”. (5.151) 


These non-trivial braiding relations of the currents imply similar relations for 
the conserved charges, 


Q+Q4 xd PQ Q4 =0 
Q-Q- -7 Q-Q- =0 
QÂ- - 40-, = a(l - 7%") 


0-0, - 20,0 = alt a2 


[Qtop; Q+] = +2Q+ [Qtop: Q+] a +2Q+, (5.152) 
where a= oY, T! =A = -AQ 
2 (¢(x = 00) — (x = —00)) (compare with (5.6)). . 

This algebra of the charges is referred to as “q-deformation” S'L,(2) of the 
SL(2) affine Lie algebra with zero center. Recall the basic SZ(2) algebra in the 
Chevaley basis (3.5), 


.) and the topological charge Qtop = 


[H, E4] = +25} [E,,E_]=H. (5.153) 


Introducing the spectral parameter w the infinitely many generators of the SL(2) 
affine Lie algebra are defined via J* = 0, Jłw” with J” = H, E4. We then 


define the Chevaley basis of the affine algebra SL(2) as, 


E, =wE, E3 sw !E_ 
Eo = wE Eo=w™ E, 
H, =H Hy = -H. (5.154) 


In terms of these generators the SE; (2) algebra reads, 
[Hi, B45] = aij B45 
[H;, Bs] = —ajjE_; 
H Hi 


EE 


q 
[Evi E_j] = 6;j Ej J- q! ; (5.155) 


and a;; is the Cartan matrix of SL(2). 
The relations between the non-local charges Q+ and Q4 and the generators 
of the SL,(2) algebra are, 


Hee Ho 
Q+ = cE4147 Q-=cky0q? 
= Ay 


Q- =cE.jqg? Q,=cE oq? 
Qtop os H; = —Ho (5.156) 


where c? = 7 (q? — 1). 
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5.14 Integrable spin chain models and the algebraic Bethe ansatz 


The discussion of the algebraic Bethe ansatz follows closely the pedagogical paper 
of Faddeev [88] and also Beisert [31]. The use of the ansatz in a continuous system 
that we present follows that of Zamolodchikov [234]. 

A very useful class of two-dimensional integrable models are the spin chain 
models. In these models the space is divided into a discrete number of sites 
where spin variables are placed. So far, and in fact also in the rest of this book, 
we do not discuss discretized field theories. In this chapter we do since the spin 
chain models will be shown, in Section 18, to be intimately related to integrable 
sectors of gauge theories in four dimensions. We will demonstrate the techniques 
used to solve the spin chain models by applying them to a prototype model, 
the XX X1/2 model. We will describe the model, write down the Bethe ansatz 
equations associated with it, solve them and extract the spectrum of the model. 
We then apply the technique to the discretized sine-Gordon model. 

A discrete circle with N ordered points is taken to be the space direction. 
The “space” is periodic so that each site is identified with i = i + N. The formal 
continuum limit can be taken by introducing a lattice spacing A such that A —> 
0, N > œ while x = NA is kept finite. 

At each site there is a dynamical variable X? where i denotes the site and a 
is a set of finite number of values. One defines a quantum algebra of observables 
A by fixing a set of commutation relations between the X?. When [X?, x?) =0 
for any i Æ j the algebra is called ultra local. Examples are canonical variables, 
and spin variables which will be used in the X X.X1/2 model we are about to 
describe. 

The Hilbert space of the representations of the ultra local algebra has a natural 
tensor product, 


HE [TQ = Pa he i ree Qos (5.157) 


and the variables X? act nontrivially only on hi. 


5.14.1 The XXX} 2 model 


The XX X1/2 describes a spin chain model with N sites. At each site there is 


a spin variable S® = Ago where o“ are the Pauli matrices. The Hilbert space 


at each site is C?, the two-dimensional complex numbers. The Hamiltonian that 
defines the model is based on a nearest neighbor interaction of the form, 


1 
Hey (soon. — z) . (5.158) 


The spin of the system which is given by, 


s= S$, (5.159) 
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and is conserved, 
[H, S°] =0. (5.160) 
The notion XXX associates with the fact that the coefficient of (8% S$; — 4) 
is a constant independent on i and a. In the case where the coefficient is a 
dependent, namely J°(S?°S¢,, — +), the model is referred as the XYZ model. 
To extract the spectrum of the model we make use of the Lax operator defined 
by, 


Lya(A) =A Klan +i d— SE Ro, (5.161) 


where A is a complex parameter referred to as the spectral parameter, Ip, Sp are 
the identity and spin operators acting on hg, and I,,0° act on an auxiliary space 
V which is also £?. 

The Lax operator can also be written in the form, 


Lia (à) T ( = 5) Ika + iPk a, (5.162) 


where P; a is the permutation operator in L? ® £?, namely, 


PaK) b=bdQR)a, (5.163) 


and is given by, 
1 Q (a7 
Pe ore ®)o*). (5.164) 
Equation (5.163) implies, 
Paias = Pazar 
Paud es = Pasa wa = Pras Pago (5.165) 


The Hamiltonian can also be expressed in terms of the permutation operator, 
1 N 
H=- P; i+1 — =>. 5.166 
5 > Litl ~ ( ) 


The idea now is to relate the Hamiltonian and other conserved charges to the 
monodromy of a string of Lax operators along the whole chain. For that we 
have to analyze the commuting structure of the Lax operators. This structure is 
controlled by the fundamental commutation relations (FCR) which will be shown 
later to be part of the Yang—Baxter relations and read, 


Ra, a2 (A z LB) Lia, (A) Lia, (u) = Lias (u) Linas (A) Ray a2 (A = LL), (5.167) 
where, 


Ray ay (A) = Alay a9 + iPas a2- (5.168) 
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To prove this relation one makes use of the relations of the permutation operator 
(5.165). The Lax operator can be interpreted as a connection along the chain in 
the sense, 


Win = Liti. (5.169) 
This can be generalized to an ordered product which transports from 71 to iz, 


TË? (A) = Linia (à)... Laas (5.170) 


11 ,@ 
and to the full monodromy along the spin chain, 
Ty alà) = LN a (A)... Lia (A). (5.171) 


We parameterize this monodromy operator in terms of a 2 x 2 matrix in the 


al, 
Ty,a(A) = ia a De 7 ) , (5.172) 


with entries in the full Hilbert space H. In analogy to the FCR of the basic Lax 
operator it is straightforward to realize that there is a similar relation for the 
monodromy operator, 


Ra, G2 (A = M)Ta, (A))Ta. (u) = Tas (u)Ta, (A)Ra, a2 (A = p). (5.173) 


auxiliary space as, 


From this relation it follows that the trace of the monodromy operator, 
F(X) = Tr[T(X] = AQ) + D(A), (5.174) 


is commuting, namely [F (A), F(u)] = 0. We can now expand both Ty and F(A) 
as a polynomial of order N in A as, 


Ta w (A) = ¥ +7 8e Qo" +... 


N-2 
F(A) = 24% + SO Qi. (5.175) 

1=0 
We will see shortly that the set of N — 1 operators Qı are commuting and con- 
stitute the set of conserved charges, including the Hamiltonian. Next we expand 
the monodromy at À = 


i 
79 


Ta N (5) = ið Py aPNia -Pia = ið Pi 2 Pog... PN-N PNa. (5-176) 


This follows from Lia) = iP; a and £ Lia = Í; a and then taking the permu- 
tations one after the other of the term in the middle. The trace over the auxiliary 
space is Tr|Py a] = Iy so that we can now define a shift operator in H, 


U = é? =i Tr, In. G) = Pi 2P 3 ... PN-i,N- (5.177) 
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Using the properties of the permutation operator that P* = P and P? = 1, it 
follows that U is a unitary operator. Moreover, one can show that indeed it is a 
shift operator, namely, 


Ut XU = Xi. (5.178) 


v 


To expand F(A) in the vicinity of A = $ we first observe that, 


d N- ^ 

greh- = 4" Da Pra Pras Phar (5.179) 
where means that the corresponding factor is absent. Using the same procedure 
as above we find that, 

d N= 

gfe A)h=2 = aot d, PiaPes Pyan. (5.180) 
Most of the permutations can be cancelled by multiplying with U~! so that 

d 7 d 1 
[BRO] BOM ho = Gy EOD = FD Pass (5.181) 

Recalling the expression we found earlier for the Hamiltonian (5.166) we can now 
see that, 


H= SS MEA- (5.182) 


We have just shown that the Hamiltonian is part of a set of N — 1 commuting 
operators generated by F(A), the trace of the monodromy. In fact there are N 
such conserved charges if we add also one component, say S°, of the spin. The 
model is characterized by its N degrees of freedom and is equipped with N 
conserved charges and hence is (at least classically) integrable. 


5.14.2 Bethe ansatz equations 


To diagonalize the family of operators F(A) one can generalize the procedure 
used in the quantum harmonic oscillator. In that case we have a non-trivial 
commutation relation [a,a'] = 1, a Hamiltonian which is H =ata+1 and a 
ground state which is annihilated by a, namely a|0> = 0. Let us start first with 
the commutation relations. These are determined from the FCR as, 


[a(), a(4)] = 0 
AQ a(n) = EEA) + aA) 
Deva) = EHaD) - aA). (5.183) 


The last two relations generalize the relations, 


aH =(H+1)a aH = (H —1)at, (5.184) 
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of the harmonic oscillator. To derive the above one uses an explicit 4 x 4 matrix 
formulation for the operators in V ®)V. A natural basis for these matrices is 


ea =e, Bes, e= e Ke, e =e_ Re, ea=e Re, (5.185) 


where, 
1 0 
me eat (5.186) 


In this basis the permutation operator and the R matrix read, 


1 0 0 0 
0 1 0 0 
aed areata (5.187) 
0 0 0 1 
A+i 0 0 0 
R(A) = i i ‘ : (5.188) 
0 0 0 A+i 
The matrices Ta, (A) and Ta, (u) read, 
A(A) a(A) 
Ta, (A) = at (A) RAN D(A) ae) (5.189) 
at (A) DA) 
Alu) a(t) 
a'(u) D(u) 
Ta, (À) = A a (5.190) 
al(z) D(u) 


Explicit multiplication of these matrices yields (5.183). 
Similarly to the case of the harmonic oscillator we now define the ground state, 


a(A)|0> = a(A) [ [8 0>; = 0. (5.191) 


i 


We choose |0>; = e+ so that, 
3 N 
S*\0> = 5 o> St |0> =0. (5.192) 


Thus this state is the “highest weight state”. It also follows that (the operator 
* is left unspecified), 


La (A)|0>i = io Fact ) l0>;, (5.193) 
2 


and hence, 


i\N 
T(X)|0> = A 2) ‘oe | lo>, (5.194) 
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which means that |0> is an eigenstate of both A(A) and D(A) and thus also of 
F(A). Higher excited states are created from the ground state |0> by a successive 
action with creation operators, 


&({\}) = al (a1)... al (A))|0> . (5.195) 


Requiring that the state ®({A}) is an eigenstate of F(A) imposes a set of relations 
on the \1,...,A;. In particular using the FCR relation (5.183) we find, 


A(A)al(A1) .. -a (A;) [0> 


ae eee et ad 
-II T= (a$) (AJat (A1) -- -at (A)10> 


l 
+ XO MLA, {APa (A1) -ât (Ak) -at (A) 10> (5.196) 
k=1 


The first term on the right-hand side of the equation has the form of an eigenstate 
equations but the rest of the terms do not. The idea is to choose the set {A} such 
that these terms will cancel out against similar terms in D(A)a‘(\,)...at(A;)|O>. 
To get the value of the coefficient M; (A, {A}) we use the second term on the right- 
hand side of the second equation in (5.183) when interchanging A(\) and at (A1) 
and in all other exchanges we use the first term. In this way we find that, 


, l 4 -\ N 
M, (A, {à} = alle A =: = (a | 5) . (5.197) 


Interchanging now A; — A; we get similarly the expressions for all M; (A, {A}). 
The same type of manipulations yield, 


2 
k=1 
l 
+ YO MA, (Apal (A) -ât (Ar) <- at (à1)10>, (5.198) 
k=1 
with, 
a eee ee i 
Nj, 1}) = yoy II ae (a 5) (5.199) 
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then the undesirable terms in (5.196) cancel out and we end with an eigenstate 
of F(A) and hence of the Hamiltonian. For the former it takes the form, 


roaa hai) TAS H+ (0-3) Aon. 


kžj 
(5.201) 
These conditions can be rewritten as, 
EAT AA 
n = a1 5.202 
(G45) ge = Ap - i ( ) 


These conditions on the eigenvectors were derived originally by Bethe, though 
in a completely different way, and hence the names, the “Bethe ansatz equation” 
(BAE) for (5.202) and the “Bethe vector” for ®({\}). It is straightforward to 
observe that the poles in the eigenvalue of F(A) cancel out so that it is a poly- 
nomial in À of degree N. One can further show that the full spectrum can be 
recast just with nonequal Aj. 

We now want to determine the eigenvalues of spin, momentum and Hamilto- 
nian operators of the eigenstates just found. 

Using the FCR relation (5.173) in the limit of u — co the SL(2) invariance of 
the monodromy in H @) V is determined via, 


E A), 50° + s*| zi (5.203) 


which means in particular that, 
[S a] = -at [Stat] = A — D. (5.204) 


The spin of the state is therefore given by, 
N 
3@({A}) = G — 1) {A}. (5.205) 


Furthermore it can be shown that the states ®({A}) are all highest weight states 
provided that the BAE is obeyed, namely, 


+ &({A}) = 0. (5.206) 


Since the S? eigenvalue of the highest weight states is non-negative it is obvious 
that l < x. When N is odd the spin of the state is half-integer, whereas when it 
is even the spin is even and in particular for 1 = % there is an SL(2) invariant 
state with vanishing spin. 

Let us determine now the eigenvalue of the momentum operator. From the 
definition of the shift operator (5.177) it follows that, 


racy =F (5 ) a= >H Hah: (5.207) 
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The eigenvalue of the momentum operator is therefore given by, 


1 A+5 
WADED A= Flog |S (5.208) 
2 
The energy eigenvalue is determined from (5.182), 
1 1 
H®({A}) =J eA BAH eA) = ores (5.209) 
J 7 


The last expressions calls for a “quasi particle” interpretation. The operator 
a (A) creates a quasi particle which reduces the spin S* by one unit and adds to 
the momentum and energy p(A) and e(A), respectively. We further observe that, 


1d 
À À 5.210 
e(à) = 545700). (5.210) 
It is also evident that we can eliminate the dependence on the rapidity of the 
energy and momentum and read directly the dispersion relation, 


e(p) = cos(p) — 1. (5.211) 


Since this energy is always non-positive, the highest weight state |0> can be 
considered a ground state only if we take —H as the Hamiltonian rather than 
H. In fact it will be shown shortly that the latter corresponds to a system of an 
antiferromagnet whereas the former corresponds to that of a ferromagnet. 


5.14.38 The thermodynamic Bethe ansatz 
The thermodynamic limit of the spin chain models is the limit of N — oo. Recall 
that the continuum limit of the model when N — oo and the spacing A — 0. In 
the BAE N appears only in the left-hand side. If we take the log of the ansatz 
we find for real {A}, 


l 
Np(Aj) = 20Q; + X YA; — li), (5.212) 
k=1 
where Q; are integers 0 < Q; < N — 1 that define the branch of the log and (A) 
is a fixed branch of log(ł+). For large N and Q; and fixed 1 one finds the usual 
expression for the momentum of a free particle on the chain, 


(5.213) 


since the y(A) is negligible. 

The second term in (5.212) associates with the scattering of these particles. 
In fact by comparison with the quantum mechanics of a particle in a box we 
see that y(A; — àj) stands for the corresponding phase shift of the particles with 
rapidity A; and \;. Using this analogy we can now identify the S-matrix element 
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with 


? 


(5.214) 


The S-matrix also enters the large N commutation relations of the normalized 
creation operators @' (A) = al(A)A7!(A), 


at(A)al(u) = S(A = păi (u)āt (A). (5.215) 


In addition to the quasi-particle states in the Hilbert space, there are also 
bound states of the quasi-particles. These states correspond to complex solutions 
of the BAE. The simplest case is with two quasi-particles | = 2. In this case the 
two BAE read, 


Ay + 4/2 Y M-ai Ag + i/2 nay we ET 
Ay — 1/2 Ay — Ag i A2 — 1/2 à= Ay 


(5.216) 


Using (5.208) it follows that p(A1) + p(A2) is real. Furthermore, for N — co to 
compensate the exponential increase (decrease) of the left-hand side of the last 
equations, it is clear that the right-hand side must have Im(\; — A2) = i (or — i) 
and thus the final form of A; and Az are, 
1 


a 
2 A2 = Ai/2 = D (5.217) 


Ay = A12 + 


where Aj/2 is real. The momentum and energy eigenvalues of the corresponding 
Bethe vector are, 


1, A+1 1d 1 
Rip = a €1/2 = 9 gy PRA = 7° (5.218) 


The state is considered as a bound state since its energy is less than the sum of 
the energies of the two constituents, 


€1/2 < [eo(p — pi) + eo(p1)], (5.219) 


for any 0 < p, pı < 27. 

The bound state of two quasi-particles l = 2 can be generalized for l > 2. The 
roots A; are combined into complexes M, where M takes half integer values M = 
0,1/2,1,... with l = X` y vy (2M + 1) where vy gives the number of complexes 
of type M. Each complex has roots of the type, 


AMjm =Amt+tim -M<m<M, (5.220) 


where Am is real and m are integers and half integers. The corresponding momen- 
tum and energy are given by, 
1, A+i(M + 1/2) 1 2M +1 
(A) = — 1 s(A) = : 
pu (A) 7 ar) em (A) 2 + (M+ 1/22 


(5.221) 


120 Solitons and two-dimensional integrable models 


The S-matrix for scattering of complexes M and N are 
Sun = II Sor), (5.222) 


where, 


A+iM A+ i(M +1) 
1(A) = 22 
PO) = a AAMT) eee) 


To summarize, the ferromagnetic system with Hamiltonian —H in the ther- 
modynamics limit has a Hilbert space Hr with a ground state |0> = [](e+);. 
The excitations are quasi-particles characterized by M, M =0,1/2,... and the 
rapidity A. The dispersion relation is given by em = 574 (1 — cos(pm )) and the 
S-matrix is (5.222). Out of S°, only S makes sense as an operator on Hp. The 
operators S*~ change the ground state at each site. This may be viewed as a 
symmetry-breaking phenomenon. 

So far we have described the basic notions of the physics of the spin chain using 
the example of the XX X;/2. One can further generalize these considerations in 
many directions such as the anti-ferromagnetic system, general spin states in the 
XXX model, namely, the XX X,/2 model, the X XZ and many others. 


The thermodynamic limit for the X X X 5/2 model 


So far we have described the basic notions of the physics of the spin chain using 
the example of the XX X1/2. One can further generalize these considerations 
also to the X X X,/2 model. We state here the results without derivation. An 
eigenstate characterized by the set A1,..., A; which are determined by a straight- 
forward generalization of the BAE (5.202), 


àj + y AAi 
SE ee j PAE 5.224 
Gere H yusi eR 


The eigenvalues of the Hamiltonian and momentum are given by, 


l l 
s 1 
E = P=- ln 
Sate a 


k=1 


p (5.225) 


and the higher conserved charges that render the model integrable are, 


ga I 1 1 
a ia +P Oe aay ERN 


where r < N and in particular r = 2 is the Hamiltonian. 
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In the thermodynamic limit, N — oo states with low energy and zero momen- 
tum can be dealt with by introducing the scaling, 


(5.227) 
where Àg = NA, and where the second and third expressions were derived by 
taking the log of the zero momentum condition U = 1 and of the BAE, respec- 
tively. Using the same scaling one finds for the higher charges and the transfer 
matrix the results, 


l 
Ge E > = élog F(X) = —ilog T(ND) L ea 
k=1 ^k NT jk OJ T k 
(5.228) 
For N — œ it is plausible to assume that the Bethe roots accumulate on 
smooth contours (C1, ...C4) =C which are referred to as “Bethe strings”. Thus 
we replace the discrete A, locations of the roots by a continuum variable À 
described by a density p(X) so that the sum of the root translates into the 


integral, 
1g ee 
wt f0, (5.229) 
nN k=1 c 


with the normalization that {, dip(A) = +. Using the continuum formulation 
we can now rewrite the expressions for the Bethe ansatz, the energy and the 
higher charges as, 


aly Voor yr 
aren = s | AAA) E E E L 
c AÀA e XA 
pe sf dàp(à) = dàp(à) 
Cc 


2 


52 Qr = § > ZIE (5.230) 
where n; is the mode number n; at the point X= Àp. It is expected to be a 
constant along each contour Ca. In the second integral of the first line, a principal 
part prescription is implemented. An important result is that one can determine 
the set of conserved charges Q, using a resolvent, as, 


ay z C O 
=|s lie MAK G= Me Oe (5.231) 
r=1 
The resolvent is related to the transfer matrix, 
- cnt TAP i ~ 1 
T(A) = éC O) 4 eiO) = 0-272 cos (60) + x) . (5.232) 


We wish to conclude this chapter with a model that will enable us to connect 
the discussion of the spin chain models to continuum integrable models. 
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Fig. 5.5. Saw path on the two dimensional lattice. 


5.14.4 Spin chain model in discrete time 


So far we have discussed the two-dimensional integrable model with a discretized 
space dimension and a continuous time dimension. It turns out that to connect 
the spin chain models to continuum two-dimensional field theory it is useful to 
further also discretize the time direction. The shift operator (13.77) discussed 
above was determined from a trace of the monodromy at a particular value of the 
spectral parameter. To describe the system with both space and time discretized, 
one needs to distinguish values of the spectral parameter À + w for some fixed 
w. We define now an inhomogeneous monodromy built from the Lax operator 
Lj,f acting on the quantum Hilbert space h; and the auxiliary space Vy, 


Ts (A, w) = Lon f (A + w)Lon—1,¢(A — w) Si Ly (A + w)Ly f(A — w). (5.233) 
The light-like shift operators U and U_ are given by, 
U, =tr;(T;(w,w)] U- = tr;|[T; (~w, w)]. (5.234) 


The monodromy is along a saw path on the two-dimensional lattice as can be 
seen in Fig. 5.5. 

Lon (A+ w) is a transport along the NW direction and Loy -—1,f (À — w) along 
the SW direction. 

In analogy to the definition of the monodromy as a trace of T(A) (13.77), we 
now define the monodromy as, 


F(A, wla, i, p) = tr [Tj (A, wla, i, 9), (5.235) 
where 
Ty (A, wļa, i, u) = Lon f (À + w)Lan 1, f (À w)... 


(5.236) 
It can be shown that T} (A, wla, i, 4) is subjected to the FCR relations in a similar 


manner to T(A) (13.77). Due to the commutativity of F we get a zero curvature 
condition on the transport around an elementary plaquette of the space-time 
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lattice, 


Loia (A + w)Lzi—1,a (A — w) = U- Lzi—1,a (A = w)UZ' UT" Loia (A + w)U,. 
(5.237) 
The light-like shifts U+ are related to the shift in space and time in the usual 
form, namely, 


U, ae G2 ag ee, (5.238) 


As for the case of only space dimension discretized, here too one finds that the 
condition of having an eigenvector of the energy and momentum is the BAE 
which takes the form, 


a(A; + w)a(A; — w) N B = 
( 5(A; + w)d(A; — w) ) = U S(Aj — Ak); (5.239) 


where a(A), 5(A) are local eigenvalues and S(A) is the quasi particle phase factor. 


5.14.5 The discretized version of the sine-Gordon model 


As a particular example of an integrable lattice model, we consider a model with 
Weyl variables rather than spin variables on the lattice sites. These variables 
obey at each site the relations, 


UV; = Quin, q=. (5.240) 


The corresponding Lax operator is 


Lala) = ( oe, ak (5.241) 


=T; U; 


To reduce the number of degrees of freedom per site from two to one we impose 
the constraint, 


UgiU2i-102%iV__1 = L. (5.242) 
The BAE for this case take the form, 


sinh(A; + w + iy/2)sinh(A; — w + ty/2)\? Il sinh(A; — Ax + i7) 
sinh(A; + w — iy/2)sinh(A; — w — iy/2) > sinh(A; — Ax — i)’ 
(5.243) 


kAj 
where we have substituted z = eò and k =e”. 

The shift operator in the time direction related to the Hamiltonian can be 
determined in the following manner. Using the explicit form of the Lax operator 
we have, 


na (OG) a 
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Zy 


Zw Ze 


Zs 


Fig. 5.6. Elementary plaquette. 


It can be shown that this condition reduces to the functional equation, 


r(x,qw) _ xw+1 


= : 5.245 
r(z,q-'w)  a+w ( ) 


Denoting 


—1 =] 
W2i = U2iU2i—1Və; V2i—1 W2i+1 = U2i+1U2iV2;}1V2i; (5.246) 


we find that the time shift operator is given by, 


ef — II r(K7, Wai) II r(K?°Wi41). (5.247) 


With this operator at hand we can now determine the equation of motion of the 
model and show that it corresponds in the continuuum limit to the sine-Gordon 
equation. To accomplish this we define now z; such that, 


Zi+1 
Wi = —. 


(5.248) 


Zi—1 


It is easy to see that z; does not commute only with one w, namely w; for which 
we have, 


Bw; = Wizi. (5.249) 
Now we apply the time evolution operator on z;. It reads, 

g, =F ge, (5.250) 
When we substitute (5.247) we get the equation of motion, 


2,—1 

K Q 22142 + 22% 
= 7 
q | Zai49 + K? 29; 


(5.251) 


Zoi41 = 241 


and similarly for z2;. This equation connects z along an elementary plaquette 
(see Fig. 5.6). The equation can also be rewritten as, 


(q! zynzw — zgzge) = k°({q zszw — zN zE). (5.252) 
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If we now define the variable, 
z 
y=’? = & ) , (5.253) 


alternatively on each second SE characteristic line on our lattice, then the equa- 
tions of motion take the form, 


s- kK’ XwXE +1 


N= 5.254 
Pn qixwXeE +R? ( 
so that for large k? and classical limit q = 1 we get, 
XN XS 1 1 
XE XW KY \XEXW 
and in terms of y, 
XN XS = eis Opoze) (5.256) 
XEXW 


and with the scaling 4 = m?A? we finally discover the sine-Gordon equation, 
(Py — Op) + 2m? sin(2y) = 0. (5.257) 


In the quantum version one modifies the scaling to take into account the mass 
renormalization. 


5.15 The continuum thermodynamic Bethe ansatz 


Here we describe again the thermodynamic Bethe ansatz but now in the con- 
text of continuous models. This will not be a straightforward transition from a 
discretized to a continuous model via a certain limit, but rather a completely 
different derivation. Obviously, here as well the Bethe wave-function, the ther- 
modynamic limit and the interplay between the spectrum and S-matrix elements 
will enter as essential ingredients. 

Consider an integrable Euclidean field theory defined on a two-dimensional 
torus. We denote the two cycles of the torus as cycle a and cycle b, with corre- 
sponding circumferences of R and L and coordinates x and y, as shown in Fig. 
5.7. Obviously, one can define in a twofold manner the states of the system and 
its Hamiltonian. We can consider the space of states on a denoted by A with the 
time direction along y, with the Hamiltonian, 


1 
A, = az | Tue, (5.258) 
and with the momentum, 
1 
2nn 


which has quantized eigenvalues 45- - 
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Fig. 5.7. Flat torus generated by two orthogonal geodesics C and B of 
circumference R and L, respectively. 


Alternatively, one can consider the space of states 6 along the contour b with 
the time direction along —x, with the Hamiltonian, 


1 
H, = — | Tredy, 2 
b= 5g | Tedy (5.260) 
and with the momentum, 
1 
P, = -—— | Tyxdy, 261 
b F vzdy (5.261) 


where now the quantization condition is that the eigenvalues of P, are quantized 
in units of zmn, 

Let us consider the cylindrical geometry via the limit L — oo (L > R). For 
this case the partition function Z(L, R) is dominated by the ground state of Ha 
with the ground state energy Eo(R), 


Z(R, Lee ON (5.262) 
On the other hand, 
Z(R, L) = Trgle ®*). (5.263) 


In B, the thermodynamic limit, namely infinite space L — oo which is the 
analog of the large N limit in Section 5.14.3, gives the free energy f(R) at 
temperature 1/R, via log Z(R, L) ~ —LGf(G), where 3 = R is the inverse of the 
temperature. Hence, 


Ey(R) = Rf(R). (5.264) 


The ground state energy Eo(R), which can be referred to also as the Casimir 
energy, can be related in the limit of conformal field theory, to the Virasoro 
anomaly. Define the scaling factor ¢(r) via, 

mC(r) 
~ 6R 
where the dimensionless quantity r = mı R, with mı the lowest mass in the 
theory. The scaling factor will be determined by the TBA. On the other hand, 


Eo(R) = 


(5.265) 
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in the case of conformal invariance, when R — 0, using the relation between the 
Hamiltonian and Lo and Lo we have, 


27 = 1 
£o(R) = = Amin Amin Tiei , 5.266 
oR) = F (Amim + Amia = 50) (5.266) 
where Amin denotes the conformal dimension of the lowest state. This means 
that the scaling factor should reduce to the effective Virasoro anomaly, 
lim C(r) = c — 24Amin. (5.267) 
Here we took the cases of Amin = Amin- 

The TBA method enables one to compute the spectrum of energies and 
momenta by combining the thermodynamic limit with the factorizable scatter- 
ing amplitudes. We consider first for simplicity the case with only one type of 
particle of mass m with a pair scattering amplitude S(61 — 82) (see Section 5.7). 
Recall (5.73) that the energy and momentum are related to the rapidities 8; as 


e;(8) = mcoshG; p(B) = msinhĝ;, (5.268) 


and that the amplitudes obey the unitarity and crossing symmetry (5.78), 
S(8)S(—8) =1  S(8) = S(in— p). (5.269) 


For regions of configuration space where the particles are highly separated, 
namely where |z; — 2;| > Re, i,j =1,...,N with R, denoting the scale of the 
interaction, the particles can be treated as approximately free. In these regions 
it makes sense to introduce the wavefunction of the system ®(x1,..., £y) (in 
regions where the particles are not well separated, particle creation and annihi- 
lation prevent the use of a single wavefunction). 

For integrable systems at any free region the number of particles will be the 
same, namely N, as well as the set of momenta p;. The set of particles in a 
free region will be denoted by (¢),%2,...,in) where £i < £i, <... < Ziy: Å 
scattering process that yields a transition between (71, %2,...,%%,%41,---,%n) 
and (i1,%2,.--,¢h41,%%,---,%n) affects the wavefunctions, such that the latter 
wavefunction is given by the former multiplied by the scattering amplitude 
S(Bk — Bk+1). These matching conditions on the wavefunctions combined with 
the quantization of the momenta due to the fact that the “space” coordinate is 
compact, lead to the relation, 


e:t [[S(8:-8)=1, Or mLsinh6; +X- 6(6; — 6;)=2nn;, (5.270) 
j#t j+żi 
where for real 3 we rewrote the scattering amplitude in terms of a unimodular 
function $(8)e'*\°), with 5(3) a real phase. 
This set of transcendental equations selects the admissible sets of rapidi- 
ties and hence energies and momenta. The energy and momentum of the state 
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(61, me , Bn) are given by, 


N N 
H, = y mcoshG;, P, = X msinhĝ;. (5.271) 
{=l 


i=1 


In the thermodynamic limit of L — oo the set of equations (5.270) can be 
simplified. In this limit the number of particles becomes large since it grows ~ L 
and the distance between adjacent levels behaves as (6; — 3;41) ~ zł. In that 
case one naturally defines the notion of a continuous rapidity density of particles 
pı (8). If there are n particles in a AG we take pı (3) = xz- We can now exchange 
the sum over ĝ; with an integral over 8 of the particle density, provided that the 
latter is independent on A£ for -+ «K AG « 1, so that (5.270) takes the form, 

mL sinh@; + [os = Bpi (8da = 2nn;. (5.272) 
If one further defines the level density p(6) such that n = f p(8)d8 we get, 
mL cosh + | (9 — B) (BA = 2708), (5.273) 


where (3) = ae 


In terms of the particle density the energy of the system is, 
H, = J mneosiip (8)d@. (5.274) 


At this point one has to distinguish between bosons and fermions. From the 
unitarity condition one can have either S(0) = 1 or S(0) = —1. In the former case 
bosons occupy each rapidity value in any number whereas for fermions the occu- 
pation number is at most one. In the latter case the situation is in some sense 
the opposite. S(0) = —1 implies that for two particles with the same rapidity 
the wavefunction is antisymmetric in their coordinates, and since this is incom- 
patible with bose statistics, this state should be excluded. Hence the bosonic 
particles for S(0) = —1 behave like fermions, and indeed we will refer to this 
case as “fermionic”. On the other hand identical particles that are fermion states 
of identical rapidity are allowed, and will be referred to as part of a “bosonic” 
system. 

Now we would like to address the issue of the entropy for both the bosonic 
and fermionic cases. For small intervals of the rapidity AGy <1 but such that 
-Æ < Aba there is a large number of levels Na ~ p(Ba)Aba and large number of 
particles na ~ p1ı(Ba)Aba that are distributed among these levels. The number 
of different distributions for the two cases are, 


Na)! Na +n — 1)! 
(Wa) “bosonic” = Wate ) 


(Ma)! (Na = na)! maaa ee) 


“fermionic” = 
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The entropy S(p, p1) = log N (p, p1), where N (p, p1) is the total number of states, 
is given by, 


SFermi = fase log p — pı log pı — (p — pı) log(p — p1 )], 


SBose = Jaslo p— pılogpı + (p + pi)log(p+ pi)|. (5.276) 


Computing the partition function by performing the trace over all the states 
of the system translates to the minimization of the free energy, 


with respect to the densities p and p1, subjected to the constraints (5.273). Using 
(5.273) the extremum equations take the form, 


—Rm cosh + e(8) a5 | p(B a b’) log(1 T gnie = 


0, (5.278) 


where the upper sign is for the fermionic case, the lower for the bosonic, and the 
“pseudoenergies” e(8) are defined via, 
—«(8) 


p _ e 

a ren (5.279) 
The extremal free energy is, 

d 
Rf(R) = +m f (coshs) log(1 + e10 E, (5.280) 
Comparing (5.273) with (5.280) determines a useful relation, 
_ L oeb) 
p(B) = 5 ap (5.281) 


Finally we can also write down the TBA expressions for the expectation values 
of T,,,,. Using the last relation and (5.279) we get, 


d 
< Tre >= 2n — = Fn f a) coshĝdø, 
_ Ind[RE(R)] 


<T >= 


R dR 
27 1 p18 
=m / — [1 (8) cosh — ae A sinh]d@. (5.282) 

These relations generalize in a straightforward manner to the more general case 
of N types of particles with masses ma, a = 1,..., N and scattering amplitudes 
Sap which are now N x N matrices. 

For integrable models where one can take the limit of rRm, — 0, with mı 
being the lowest mass of the system, one can determine the scaling function č(r). 
In this limit e(8) become constant in the regime where — In(2/r) < 8 « In(2/r). 
Their constant value is determined by the limit of equation (5.273) which now 
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for the case of N particles reads, 
N 1 Ñ 
san, 566; | a oo = = — Eb 
«=-) fbt- 3 ltl +o) = dl —o0)] nla + 2°") 
(5.283) 
recall that Padl b) = Og 5a0((). 
Interpolating between these values of e(8) for 6 < In(2/r) and the values for 
B — œ where e(8) go exponentially to infinity, and taking finally the r — 0 
limit one finds the effective Virasoro anomaly using the relation between the free 
energy and the scaling factor (5.265), 
al 6 1 
(0) = $ alea) = -z 2 L G re ) , (5.284) 


a=1 


where čą is the scaling factor associated with the particle of type a and L(x) is 
the dilogarithm function, 


L(x) = sf | u me) a (5.285) 


2 l-t t 


Thus the determination of the Virasoro anomaly of the underlying CFT of our 
massive integrable theory with a purely elastic S-matrix follows from the solution 
for the pseudo-energies (5.283) and plugging it into the expression of the scaling 
factor. One can proceed with the continuous TBA and determine not only the 
ground state energy but also the full spectrum of energies as well as the spectrum 
of the eigenvalues of all the conserved charges, as was described for the discretized 
case discussed in Section 5.14. This is beyond the scope of this book. We refer 
the reader to the relevant papers in the reference list. 


6 


Bosonization 


In one space dimension there are obviously no rotations and hence no angular 
momentum. This raises the possibility of equivalence relations between scalar 
fields and fields of higher tensorial structure like spinors, vectors etc. However, 
spinors and scalars seem to be distinct even in two dimensions due to their 
different statistics. An equivalence between these two types of fields should 
therefore incorporate the identification of operators, made out of scalars, that 
are anti-commuting and vice versa. It is well known that a bilinear of fermi fields 
is a commuting field, but it is less obvious how to construct a field that obeys 
the Fermi—Dirac statistics from scalars. This is precisely what the bosonization 
procedure does. 

Coleman [63] and Mandelstam [159] introduced the concept of bosonization. 
Their construction is now referred to as the “abelian bosonization”. An anti- 
commuting Fermi field, constructed from the exponential of a boson, was given 
explicitly by Mandelstam [159]. 

The fact that the theories of a free massless scalar and a free Dirac fermion are 
equivalent can be proven by showing that they fall into the same representation 
of the affine current algebra and the Virasoto algebra. The bosonic—fermionic 
duality can also be further elevated to the free massive theories and also to 
interacting ones. 

It turns out that the original abelian bosonization is not convenient to accom- 
modate color (or flavor) degrees of freedom and hence is inconvenient to address 
systems like QC D2. A breakthrough in that direction was achieved by Witten, 
in his non-abelian bosonization [224]. 

The equivalence enables one to use, as convenient, either the fermionization 
of scalar fields or the bosonization of fermions. The latter is useful in several 
cases. For instance in the case of duality between the Thirring model [205] and 
the sine-Gordon model,” which will be discussed in Section 6.2, the bosonization 
takes the form of a strong-weak duality. For strong fermionic interactions one 


finds a weak bosonic coupling. In applications to gauge theories (Section 9) it will 
be shown that the one loop anomaly behavior is encoded in classical bosonized 
theory. In QC Dz, as will be discussed in Section 9.3.2, the bosonic version of 


1 This paper discusses Majorana fermions. The construction for Dirac fermions was done in [7]. 
2 This was proved by Coleman [63]. 
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the theory admits a separation between the color and flavor degrees of freedom, 
which is very useful in describing the low energy color singlet states. 

We start this chapter by introducing the set of rules that span abelian 
bosonization, including the rules for mass terms and the equivalence of the inter- 
acting Thirring model and the sine-Gordon model. We then describe Witten’s 
non-abelian bosonization of Majorana fermions. This is further generalized to the 
case of massless Dirac fermions. We discuss the subtleties of the massive case and 
present two methods of handling the non-abelian bosonization of massive Dirac 
fields.? We then discuss in detail the action formulation of the chiral bosonization 
both abelian and non-abelian. We then depart from the applications that will be 
found to be relevant to QC D» and present topics in bosonization which are more 
relevant to conformal field and string theories like the bosonization of ghost fields 
and the Wakimoto bosonization [213]. We do not discuss bosonization on higher 
Riemann surfaces. The interested reader can consult for instance [211] and [84]. 

The topic of bosonization in two-dimensional field theories has been reviewed 
in several papers and books, like that of Stone [202]. Here we mainly follow the 
review of Frishman and Sonnenschein [101] for the basic ingredients, and update 
it to include more recent topics. 


6.1 Abelian bosonization 
6.1.1 Bosonization of a free massless Dirac fermion 


Both the theory of a free massless real scalar field and the theory of a free massless 
Dirac field are conformal field theories invariant under affine Lie algebra. Recall 
from Chapter 2 that the former theory is defined by the action, 


s= [aeii FEEL 


8n 
~ f e°¢3¢60¢6 = i; | a 20656 (6.1) 
= z = — 2 3 . 
Art ere 4r 
The solution of the equation of motion takes the form, 
(2,2) = $(2) + O(2). (6.2) 
The theory has holomorphically (and anti-holomorphically) conserved currents, 
J(z) =10¢(z) J(z) = —id¢(2), (6.3) 
and similarly holomorphic (and anti-holomorphic) energy-momentum tensors, 
1 1 
T(z) = =z: 00¢0¢ := 75° JI(z)J(z) : 
= Deras ES = 
T(z) = pene opg := Ta J(Z)J(Z) :, (6.4) 


3 A bosonization prescription for the mass term in the flavored case was suggested in [75] and 
[99]. 
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which admit a Virasoro algebra with c= 1 and affine Lie algebra with level 
k=1. 
Recall also that the theory of a free massless Dirac field with the action, 


es = fenwa + pag) (6.5) 
admits conserved currents, 
ajay Ja) = dtd, (6.6) 


and its energy-momentum tensor can be expressed as a bilinear of the currents 
using the Sugawara construction, 


-ipio avty)=—5 :vtwwty EOI 67 


The correponding level of the affine algebra and of the Virasoro anomaly are 
again k = 1, and c = 1, respectively. 

Due to the uniqueness of the irreducible unitary k = 1 representation of the 
affine Lie algebras, and the fact that the infinite-dimensional algebraic structure 
fully determines the theories, we conclude that in two space-time dimensions the 


T(z) = 


theories of massless free scalar field and Dirac field are equivalent. 

The equivalence implies that every operator of one theory should have a part- 
ner in the other theory, in such a way that the OPEs of these dual operators 
should be identical. We have just realized such correspondence for the currents 
and energy-momentum tensor, namely, 


AE =b) + Je) = pee: 
Ty(2) = -3 10609: > Ty(2)=-Z[vav—auty], (68) 


and similarly for the anti-holomorphic counterparts. 
For completeness we now redescribe the currents using the “old” terminology 
of vector and axial currents. The vector current reads, 


LL u 1 UV 
Ji =: p" = = ð. (6.9) 
This identification of J” leads automatically to a conserved current, 
ô Jh =0, (6.10) 


independent of the equations for ¢. This is a “topological” conservation, con- 
nected with choosing the “vector conservation” scheme. In the applications to 
follow, we will demand more freedom in the scheme choice of interacting theories, 
in particular the possibility to have a vector current anomaly. The bosonization 
procedure will therefore be somewhat modified. The modification will correspond 
to a change of regularization scheme. 

The overall coefficient of the current is such that the fermion number charge, 


Q= / daxjo(x) = 1, (6.11) 
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for the q-field. In addition to the “topologically” conserved vector current, the 
bosonic theory has an axial current, which is equivalent to the fermionic axial 
current, 


1 
VT 
The bosonic current is the Neother current associated with the invariance of 
the bosonic action under the global shift 6¢ = e. The holomorphic and anti- 
holomorphic conserved currents discussed above are (in real coordinates) nothing 
but the left and right chiral currents Ji! = Ji + J, which correspond to shifts 
with e(x4) and e(a_). Using the commutation relation (8.4) the ALA reads, 
2i 
T 


I= pyly := o" o. (6.12) 


[J+ (wx), Ja (2')] = E0 (z+ — r4). (6.13) 


This is the same algebra as that of the fermionic chiral currents. The Sugawara 
construction in this terminology reads, 


Tye See: JEJE (6.14) 
These obey the Virasoro algebra, 


[T+ (£4), T4 (£4)] = 2i (Te (x+) + Ta (£4)) F (£+ — x4) Oo" (x4 — x4), 


(6.15) 


which is identical to that of the fermionic energy-momentum tensor. 

The equivalence of the bosons and the fermion bilinears is not only mathe- 
matical. The fermion Fock-space contains those bosons as physical states. The 
reason for this is that in one space dimension a massless field can move either to 
the left or to the right. A Dirac fermion and its anti-particle having together zero 
fermionic charge and moving in the same direction will never separate. They are 
therefore indistinguishable from a free massless boson. This picture changes when 
masses are introduced, and the above relations will be approached at momenta 
high compared to the mass scale (including high off-mass shell). 

A natural question to ask is which operator of the bosonic picture corre- 
sponds to the basic Dirac ferion? Since the latter is in fact a combination of 
a left chiral spinor and a right one, we would like to determine the “bosonized” 
Weyl fermion ẹŅ(z). It is a holomorphic function of conformal dimension 1/2, 
that transforms under the affine Lie transformation with a unit charge, namely, 
p(z) = e(z). Due to the fact that under the same transformation the scalar 
field transforms as $(z) — (z) + e(z) we are led to look for a candidate which 
is an exponential in the scalar field e’°?*). We now use T(z) given in (6.4) to 
compute the confomal dimension of : e’°®() : as follows, 


ia iag(w) . 
T(z): eft) = BEST (6.16) 


(z—w)? 
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. . . 2 
where ... stands for non-singular terms, Hence the conformal dimension is +. 


2 
Thus we conclude that the following equivalence should hold, 
plz) GP), at(z) oe), (6.17) 


To confirm this bosonization rule we compute the OPEs in both descriptions and 
verify that they are indeed identical, 


b(2)v"(-z) = st :(O)Wt (0): +22 : [p(0)3y (0): —A4(0)H*(0))]+O(z”) 


(el (—2) = z + J(0) + 227 (0) + O(2") 
: ett); ettz) : = Z + J(0) + 22T (0) + O(2°) 
nee aE z + ið¢(0) + 2z(0¢04(0)) + O(z”). (6.18) 


The bosonic version of the fermion w was originally proposed by Mandelstam. 
His formulation was done in terms of real coordinates and cannonical quanti- 
zation. For completeness we now also present the “old” construction and proof 
of equivalence. The bosonized chiral fermion in the latter formulation takes the 


form," 


= oR -oo( - iva( [asim =o) . 


t= oo -iva( f aeinte) - D) so (619) 


where n(x) = (x) is the conjugate momentum of ¢(x), cis a constant. A compu- 
tation yields c = se ~ 0.891, where y is the Euler constant. The normal ordering 
denoted by : : is performed with respect to the scale u. 

The equal time commutation relations of the ¢-field, 


[o(z, t), my, t)| = ið(x = y), 


imply, upon using the formula efe? = el-PleBe4 (for [A, B] a c-number) the 
canonical anti-commutation relations for the w field, 


{vi r (2, t), UR (y,t)} = le — y). (6.20) 


The fermion field ~ is therefore, an inherently non-local functional of the scalar 
field. However fermion bilinears, such as the currents discussed above or the mass 
terms that will be described in the next section, are local functions. 

So far we have addressed the map for massless theories. Let us now discuss the 
bosonization of a fermion mass bilinear operator. The mass term which mixes 


4 A generalization of this bosonization to a set of N fermions was done by Halpern [121]. 
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the left and right chiral componenets of the Dirac fermion takes the following 
well-knows form, 


mg [Ot (Z)v(z) + vt E] = my (VE dR + vb dy). (6.21) 


Again for completeness we write down the expression both in the complex coor- 
dinates as well as in real coordinates. 

Using the bosonization rules for chiral fermions (6.17) (to be justified below), 
we deduce the map of the fermion bilinear to the equivalent bosonic operator, 


mpfi fF) 2: ef) 4s eH 3: @1) ] = mpy : cos(A(z, 2) :, (6.22) 
where we have made use of $(z,Z) = ¢(z) + 6(Z) and of the fact that there is no 
non-trivial OPE between ¢(z) and ¢(Z). Note that we write down the bosonic 
equivalent of the mass term operator in the context of the massless theory and 
hence the factorization to holomorphic and anti-holomorphic parts of the scalar 
field holds. Once we identify this operation relation we will then use it to add a 
fermion mass term to the bosonized action. The additional parameter which has 
a dimension of mass p is the normal ordering scale. 

The derivation of the bosonized mass term in the “old language” is somewhat 
more involved. We will return to this after we address the bosonization duality 
between the fermionic Thirring model and the bosonic sine-Gordon model. 

We now summarize the equivalence relations between the bosonic and 
fermionic operators of the free theories, in both the “modern” complex coor- 
dinate formulation, as well as the “old” formulation in terms of real coordinates: 


Operator Fermionic Bosonic 

J(z) : p(z) : 100(z) 

J(2) : ptab(z) : —i06(2) 

T(z) —5 : [vtow — Opty] : —3 : 0904(z) : 
T) =a [blab — obt: -3 : 8496(2) 
fermioni, p(z) : etl?) 
fermiong (2) : et) ; 

mass term wt (z)b(z) + wt (z)d(2) u : cos ọ(z, Z) : 
Bosonization in “modern” complex formulation. 


6.2 Duality between the Thirring model and the 
sine-Gordon model 


The Thirring model is a fermionic theory with a current—current interaction, 


given by the Lagrangian density, 


= 1 
L= ib Ob — 59)" Jy, 
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Operator | Fermionic Bosonic 
Jy (at) |: vide: a. 
J-(2~) |: dade: d-¢ 
Tre (at) |E: (bl Our — Ypi yL]: | -+ : 044604 ¢6(2*): 
T--(e7) | —3: Wp Ove — OR dR] : | -z : O-99-4(e*) 
fermion, | Wr(a*) VE : exp (-. *( f dén(€) + 2) ; 
fermiongn | Yr(x7) SE : exp [- a( i dém(€) — 2) : 
mass term | Yi (a* dr (a7) u: cosọ(£t, £7): 
+ 0p (at Jor (27) 
Bosonization in “old” formulation. 


where J, = Wy: . The model is exactly solvable and meaningful for g > —7. 
The corresponding equation of motion reads, 


i Dh£) = gyu J" (x) Y(2). (6.23) 
The theory is invariant under vector and axial U (1) global transformations. 
The corresponding conserved currents are, 


JY = J" = pyh: JA = epr IV”. (6.24) 


The model can be studied by means of the operator product expansion on the 
light-cone [76]. The fermionic bilinears of the model are expressed as a function 
of the current, and the expressions obtained turn out to be very natural in the 
light of the bosonization procedure, which we now describe. 

We start with the following generalization of the bosonization formula (6.19): 


h= [Ese | -iva | 2E f aemte) + Foc) 


mofi: exp | -iyn aE J aeo- we (£) Be (6.25) 


The meaning of the new parameter p will be clarified shortly. In a similar man- 
ner to the derivation of (6.20) we can verify that the equal-time anti-commutation 
relations are still obeyed. Furthermore one can show that the Dirac operator 
built from (6.25) obeys the equation of motion (6.23) provided that the bosonic 
field ¢(a) obeys the equation of motion of the sine-Gordon model discussed in 
Section 5.3, namely, 


o o" p(x) + 5 : sin(Gd(x)) := 0, (6.26) 
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and that the parameter ĝ is related to the coupling constant g in the following 
way, 


Ce = 
4n 1+4 


(6.27) 


From this last relation it follows that the special value 8? = 47 corresponds to 
g = 0 and hence a free Dirac fermion. Indeed as we shall see below for that value 
of 8 the sine-Gordon potential translates into the bosonized mass term. It is 
interesting to note a remarkable property of (6.27) which relates the coupling 
constants of the Thirring model and its bosonic equivalent, the sine-Gordon 
model. The weak coupling of one theory is the strong coupling of the other. 
This property often occurs in bosonized theories and hints at the usefulness 
of the method in dealing with theories for strong coupling, where perturbative 
methods fail. 

The bosonization dictionary of the vector fermion number current is the fol- 
lowing, 


IX =: php: > JP = eae, (6.28) 


This expression differs from the bosonized current of the free Dirac theory (6.9) 
in its normalization factor. We immediately realize that for the special value 
B? = 4n we precisely reproduce (6.9). The normalization factor can be deter- 
mined from the assignment of the fermion number charge of a soliton that should 
be equal to the charge of the field Y. Recall from Section 5.3 that the classical 
sine-Gordon model admits a finite energy soliton solution. It is time-independent 
and interpolates between adjacent wells of the scalar potential. In quantum the- 
ory this classical solution becomes a particle. The static soliton solution is given 
by (5.26), 


o= stan! [expu(x — xo)I, 


where xo is the “center” of the soliton. Substituting this into the integral of the 
current we find the fermion number of this solution to be, 


ae 


2m 


[p(c0) — o(—0o)] = 1. (6.29) 


Thus we see that indeed the normalization factor in the vector current (6.28) is 
the right one. 

The relation (6.28) implies that the level in the affine Lie algebra will be 8 
as compared to 1 for the free case. 

Let us address again the issue of the bosonization of the fermion mass bilinear 
(6.22). The definition of the mass term in the “old formulation”, as that of the 
current, requires some care due to the appearance of the products of operators 
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at the same point. In fact when x approaches y one gets the following OPEs, 


wh (x) br (y) = L leu — y)|° 0789 


f 5. if 
yirt) = Elene — y)? 0°? : (6.30) 
with 6 = —(1+ y The proper fermion mass term will therefore be defined 
by, 
; a eer CH 
limy x dz |cu(a — y)| myle)jyly) = ae J dz : cosß(x) :. 


With u chosen such that m = E» the mass term transforms in the bosonic 
language to, 


AC =H cosh. 


The normal ordering is with respect to u.’ 


6.3 Witten’s non-abelian bosonization 


The non-abelian bosonization introduced by Witten is a set of rules assigning 
bosonic operators to fermionic ones, in a theory of free fermions invariant under a 
global non-abelian symmetry.° Originally the fermions considered were Majorana 
fermions and the corresponding global symmetry was O(N). The bosonic opera- 
tors are not expressed in terms of free bosonic fields as in abelian bosonization, 
but rather in terms of interacting group elements. In particular, bosonic expres- 
sions can be written for the energy-momentum tensor, various chiral currents, 
the mass term and the complete action. 

The generalization to the case of Ns Dirac fermions was introduced in [112] 
and [7]. 


6.3.1 Bosonization of Majorana fermions 
Let us start with N free Majorana fermions governed by the action, 
i 


N 
s=5f Pa DO (Pirus + Verð- tn) 


where YL, Ur are left and right Weyl-Majorana spinor fields, 04 = Z% +0,) 
and k = 1,...,N. The corresponding bosonic action is the Wess-Zumino—Witten 


5 The flavored Thirring model was studied in [73]. 
6 A related approach is presented in [179]. 
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(WZW) action discussed in Chapter 4: 


Sp[u] = Te aa 


+o | Bye Tr(u `t 3u) (ut 3ju) (u7 əku), (6.31) 
247 Jg 


where u is a matrix in O(N) whose elements are bosonic fields. The second 
term, the Wess-Zumino (WZ) term, is defined on the ball B whose boundary © is 
taken to be the Euclidean two-dimensional space-time. Now, since 72[O0(N)] = 0, 
a mapping u from a two-dimensional sphere S into the O(N) manifold can be 
extended to a mapping of the solid ball B into O(N). The WZ term however is 
well defined only modulo a constant. It was normalized so that if u is a matrix 
in the vector representation of O(N) the WZW term is well defined modulo 
WZ — WZ +2r. The source of the ambiguity is that 73[O(N)] ~ Z, namely 
there are topologically inequivalent ways to extend u into a mapping from B 
into O(N). 

Note that O(2) is an exception, as 73[O(2)] = 0. 

Note that the equivalence is between a fermionic theory expressed in terms 
of an N-dimensional fermion in the vector representation of O(N) and a group 
element which is an N x N matrix. Nevertheless, as will be shown below the two 
theories are fully equivalent. 

Both the theory of N free Majorana fermions and the WZW model of (15.2) 
are invariant under ALA transformations of OL (N) x Or (N). The latter take 
the following forms for the bosonic and fermionic theories: 


u = g(zju pi > [KY 


u> uh(z) di > MDV), (6.32) 


7 


where g(z) € Or (N) and h(Z) € Or(N). The corresponding currents in both 
pictures satisfy the ALA at level k = 1. 
The two theories are also invariant under the conformal transformations, 


z> f(z) Z> fC). (6.33) 


The associated Virasoro central charges of the two descriptions are identical, 
as follows, 


1 kidimO(N)] 1/2N(N—1) N 
Cf S3 *= aD i+N-2° 2 (6134) 


For the fermions it is just N times the central charge of a single Majorana 
fermion, whereas for the bosonized version we make use of the fact that the dual 
Coexter number of O(N) is N — 2. The conformal invariance of the action (15.2) 
can be also shown by realizing that the corresponding 8 function vanishes. If one 


generalizes (15.2) by taking a coupling 7} as a coefficient of the first term and 


z4 of the WZ term (k integer), the @ function associated with À is given at the 
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one loop level (in the sense of expanding around u = 1), by, 
js dX __(N-2)X | _ (Xk í 
~ dnA An An i 
namely (15.2) is at a fixed point for \? = a and hence exhibits conformal invari- 
ance there. By showing that the energy-momentum tensor obeys the Virasoro 
algebra, one can show that this property is in fact exact. 
To summarize, the dictionary that translates the ALA currents and the energy 


momentum tensor of the fermionic theory, into the bosonic one and vice versa, 
is given by, 


Operator Fermionic Bosonic 

Jij (2) pipi (z) : Tr lu~" ðu]; (2) 

Jij (Z) : Pith; (Z [udu]; (2) 
T(z) -4 a [yið pi — Apiti: -aN T :JI° JI" (z): 
T(2) =i Diet: ahi — ahihi]: E (2) 


6.3.2 Bosonization of Dirac fermions 


The bosonic picture for the theory of N free massless Dirac fermions is built 
from a boson matrix g € SU(N) and a real boson ¢. The bosonized action now 
has the form, 


1 
S[g, ¢] = xq | PeTo, g0) 


ee ce 19, lg. 1 
= f dèye Tr(g18,9)(g719)9) (G7 Akg) 


1 
+5 | ae0,0"6. (6.35) 
Note the difference of factor two between the WZW action associated with the 
SU(N) and the O(N). 


Here again both theories are conformal invariant with an identical Virasoro 
central charge, 
k dim SU(N) N?-1 
-=Nx1 &= l= L1=N. 6.36 
Cf x Cl LEN + IFN + ( ) 


ALA transformation with respect to global SUL (N) x SUr (N) x U(1), 
gh(zju, p> ptal); vi Igt) 
g> uh), p> pta); hi> ORV; (6.37) 


leave the actions of both pictures invariant. 
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One way to prove the equivalence of the fermionic and bosonic theories now, 
for N free massless Dirac fermions and the k = 1 WZW theory on U(N) group 
manifold, is by showing that the generating functionals of the current Green 
functions of the two theories are the same. For the fermions we have, 


e7iWu (An) = [(dvcdvad.agje'! tD v (6.38) 


where D, = ô, +iAp, Ap = Aa (T4) + AW x1 and (57) generators of 
SU(N). The term W,(A,) was calculated by Polyakov and Wiegmann in a 
regularization scheme which preserves the global chiral SU(N.) x SU(Np) sym- 
metry and the local U(1) diagonal symmetry, leading to, 


4 5 1 27, 4(1) and 
W,(A,) = SA] + $[B] + anf? AQ) An, (6.39) 
where A,BCSU(N) are related to the gauge fields AA by 


iA4 = (A“'0, A)4, iA4 =(B-0_B)A. 
In the bosonic theory one calculates, 


e iWe (44) = fiae da( J? AZ +J? A?) 
e7iWs (AN) = | [døjet S PEKA +(J-a +. A) (6.40) 
where J? AB and J, AY are the appropriate parts of i Tr[(g9713+g9)A-], and 


similarly for the (— +) case and with AW =Tr(A 
can be performed exactly, leading to, 


.). These functional integrals 


$ zs 1 
We(Ad) = S14) +918) Wa(A) = Gh f abel ann. 


Thus the bosonic current Green functions are identical to those of the fermionic 
theory, the latter regulated in the way mentioned above. 


6.3.3 The bosonization of a mass bilinear of Dirac fermions 


A further bosonization rule has to be invoked for the mass bilinear. For a theory 
with a U(N) symmetry group the rule is, 


~ i, /TE 
wb; = cu, ge ne? (6.41) 


where N, denotes normal ordering at mass scale u. The fermion mass term 
mayiti is therefore, 


mN, | aTr +9"), 


where m? = MqČH, Mq is the quark mass, and c is the same constant as in 
(6.19). It is straightforward to show that the above bosonic operator transforms 
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correctly under the U(N), x U(N)p chiral transformations. On top of that it 
has the correct total dimension, 


N-1 1 
A=A,+A5 = (“FH +F) =1, (6.42) 


where A, = 4 and Ay = + are the dimensions associated with the SU(N) 
and U(1) group factors, respectively. Moreover in Section 4.4 it was explicitly 
shown that the four-point function, 


G(%, Zi) = <g(21, Z)g” | (22, 22)97* (23, 23) 9(z4, 24)>, (6.43) 


is given by, 


G(zi, Zi) = [(21 — 24) (22 — 23) (Zt — %4)(Z — 3) 7^ G(x, 2), (6.44) 


(ai ea) (23—74) pate Eee LE z only, and in the free case is, 


ES (21 —24) (23 —22) 


CG tee SAO =air S [n+ | r| [nt +B. (6.45) 


where I,,Ij,[,,J) are group invariant factors. This result for the correlation 
function, combined with the U (1) part gives an expression identical to that for 
the fermionic bilinears. Moreover the result can be generalized to an n-point 
function. 


6.3.4 Bosonization of Dirac fermions with color and flavor 


In his pioneering work on non-abelian bosonization Witten also proposed a pre- 
scription for bosonizing Majorana fermions which carry both Np “flavors” as 
well as Nc “colors”, namely transform under the group [O(Nf) x O(Nc)|z x 
[O(Nf) x O(Nc)|r. The action for free fermions is 


Sy = 5 few ai OL ai + 4ai0 Phail, 


where now a = 1,...,Nc and i = 1,...,Np are the color and flavor indices, 
respectively. The equivalent bosonic action is, 


Sian = Nosi] + L NeS{h. (6.46) 


The bosonic fields g and h take their values in O( Np) and O(Nc), respectively 
and S|u] is the WZW action given in (15.2). 
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The bosonization dictionary for the currents was shown to be, 


iNc, _ iNc = 
Jtij =: Ve aiVraj = peo OO )y 0 Sea := on (99-9 Hij 
(6.47) 
iN) iN) 7 
Jab = W+aiWeoi = 5 (hy ha J_ab =: paait—i= > (hð-h Nees 
(6.48) 


where : : stands for normal ordering with respect to fermion creation and anni- 
hilation operators. As for the bosonic expressions for the currents, regularization 
is obtained by subtracting the appropriate singular parts. 

In terms of the complex coordinates z = & +if&, %=& —i& (where & 
and £ are complex coordinates spanning C°, and the Euclidian plane (& > z, 
2 — —t) and Minkowski space-time (£; > x, — —it) can be obtained as 
appropriate real sections), one can express the currents as 
Ao (8-97) I(2)ij = nJzij = Beg tag) 
and similarly for the flavored currents. 

In a complete analogy the theory of Np x Nc Dirac fermions can be expressed 


—i,/ y+ A 
in terms of the bosonic fields g, h, e V miT? now in SU(Np), SU(Nc) and 
U(1) group manifolds respectively. The corresponding action is now, 


J(z)ij — TI _i5 = 


Slo, h6] = Noslo] + NvsSIh] + 5 | 429,60" 0. (6.49) 


This action is derived simply by substituting ney Torr? instead of u in (6.31). 

As for the equivalence between the bosonic and fermionic theories, we note 
that in both theories the commutators of the various currents have the same 
current algebra, and the energy-momentum tensor is the same when expressed in 
terms of the currents. But the situation changes when mass terms are introduced 
(see next section). The bosonization rules for the color and flavor currents are 
obtained from (6.47) and (6.48) by replacing the Weyl—Majorana spinors with 
Weyl ones, and in addition we have the U(1) current, 


Ne N 
J® (2) = Vas) =i Yt aiD ai :=4/ = £ ôo 


SEE Ne No 
JOB) = VAIP = Yh eas = y bso. (6.50) 
The affine Lie algebras are given by, 
[Fe In] = AF PC Tem + GENS bntm,o, 


where J4 = Tr(T4 J), T4 the matrices of SU(Nc), k = Np for the colored cur- 
rents and J(z) is expanded in a Laurent series as J(z) = > 2z7"~!J,. A similar 
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expression will apply for the flavor currents with T? the matrices of SU(N), 
and the central charge k = Nc instead of Np. The commutation relation for J(Z) 
will have the same form. 

Generalizing the case of SU(N) x U(1) to our case, the Sugawara form for the 
energy-momentum tensor of the WZW action is given by, 


+= : IY(Z) IM (2) :, (6.51) 


where the dots denote normal ordering with respect to n (n > 0 meaning anni- 
hilation). The «s are constants yet to be determined. In terms of the affine Lie 
generators this can be written as, 


1 co 1 co 
Ly, = — JAJA EREE : JL J! : 
a a a 
1 co 
Ne E 6.52 
tor TA m n-m ( ) 


Now, by applying the last expression on any primary field ¢ we can get a set of 
infinitely many “null vectors” of the form, 


0 
1 A 7A 
e SO ge, & 
Xi 2K ‘> m?n—m 


ma=n 


0 0 
1 1 
= ge De a DP Taam *| i 


ma=n ma=n 


for any n <0 (for n > 0 holds immediately). Since each of these vectors must 
certainly be a primary field, Lm y" = JAy" = J} X” = JmX” = O, which holds 
trivially for m > 0. When checking for m < 0, it leads to expressions for the vari- 
ous &, for the central charge c of the Virasoro Algebra, and for the dimensions of 
the primary fields A; = A;+ + A;_, in terms of Nc, Np and the group properties 
of the primary fields, 


1 
Ko = Kp = 3 (Ne + Nr), k = Ne Ne 


_ Ne(Ne—1) , Nr(NE-D) j 
= (No Ne) (Ne Ne) fl= Ne Ne 
(ci )" (c2,)° (2,)0 


Ait = = 


= (Np +No) | (Np+No) | NoNe (0,03) 


where (c?,)° is the eigenvalue of the SUr, L(Nc) second Casimir operator in 
the representation of the primary field ¢;, namely (4T4)(4T4) = (c7)°I, and 
similarly for the flavor group. In the cases of SU(Nc) and SU(Np) the discussion 
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applies to Aj, or A;— separately, with C7, and C?_, respectively. Note that the 
expressions for kp and Kc of equation (6.53) are an immediate generalization 
of the case of the group SU(N) with the central term equal to one. There the 
factor was N + 1, the N being the second Casimir of the adjoint representation, 
and the 1 being the central term. 

The equivalence of the bosonic and fermionic Hilbert spaces was demonstrated 
by showing that the two theories have the same current algebra (affine Lie alge- 
bra), and that the energy-momentum tensor can be constructed from the cur- 
rents in a Sugawara form. Goddard et al. [110] showed that a necessary and 
sufficient condition for such a construction of the fermionic T(z), in a theory 
with a symmetry group G, is the existence of a larger group G C G” such that 
G'/G is a symmetric space with the fermions transforming under G just as the 
tangent space to G’/G does. Based on this theorem they found all the fermionic 
theories for which an equivalent WZW bosonic action can be constructed. The 
cases stated above fit in this category. Note in passing that this does not hold for 
cases where the symmetry group includes more non-abelian group factors, like 
for example SU(Na) x SU(Npg) x SU(Nc) x U(1). 

The prescription equation (6.49) described above , for the bosonic action that is 
equivalent to that of colored and flavored Dirac fermions, is by no means unique. 
In fact it will be shown that this prescription will turn out to be inconvenient 
once mass terms are introduced. Another scheme, based on the WZW theory of 
U(Np Nc) will be recommended. 


6.3.5 Bosonization of mass bilinears in the product scheme 
A natural question here is how to generalize the rule (6.41) to Majorana fermions 
with action (6.46), and its analog for the case of SU (Np) x SU(Nc) x U(1) given 
in (6.49). We call the latter the product scheme. The bosonization rule for the 
latter case is, 
; ; —i, / 42 
1 p-oj = uN, gi hfe V mta, (6.54) 


Consequently, the bosonic form of the fermion mass term map Wia is, 


m? N, I @a(TroPrh + TrhtTrgtye V te? (6.55) 


with m? = m,éu. Once again the bosonic operator (6.54) has the correct chiral 
transformations and the proper dimension, 

Na te E = ol os 
Ne(Np+Nc)  Nc(No+ Np) NoNe 


A=A,+An+Ag = 


Unfortunately, the explicit calculation of the four-point function reveals a dis- 
crepancy between the fermionic and bosonic terms in (6.54). This can actually 
be understood directly. Since g and h are fields defined on entirely independent 
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group manifolds, then (ignoring for a moment the U(1) factor) the four-point 
function of the mass term can be written as, 


<g(21 , Z)g* (22, Z)g7* (23, 23)9(Z4, 24)> 
<h(z1 j Z)h7! (z2, Z2)h 7! (23, Z3 )h(z4, z4)> x 


This expression differs from the corresponding fermionic Green’s function, as 
it includes independent “contractions” for the g and h factors, whereas in 
the fermionic correlation function the flavor and color contractions are corre- 
lated. Moreover, the expressions for the bosonic Green’s function involve hyper- 
geometric functions, and do not resemble the case of free fermions, which is a 
product of poles. 


6.3.6 Bosonization of the U(Np x No) WZW action 


It is clear from the previous discussion that the bosonization prescription for 
our case needs alteration. A priori there can be two ways out, either modifying 
the rule for the bosonization of the mass bilinear or using a different bosonic 
scheme altogether. As for the first approach, (6.54) preserves the proper chiral 
transformation laws under the product group SU (Np) x SU(Nc) x U(1) as well 
as the correct dimension, and therefore the number of possible modifications 
is very limited. For example, one might think of multiplying the expression in 
(6.54) by an operator which is a chiral singlet under the above group, with zero 
dimension. We do not know of such a modification. Therefore we are going to try 
a different bosonic theory than (6.49). The symmetry of the free fermionic theory 
can actually be taken as Uz (Np x Nc) x Ur(Nrp x Nco) rather than [SU (Np) x 
SU(Nc) x U(1)]z x [SU(Np) x SU(Nc) x U(1)|r. The natural bosonic action 
is hence a WZW theory of u C U (Np Nc) and with k = 1. The currents are now, 
i Z a 
J(Z)ag = 5 (vôu )ag J(Z)ag = z(u Ostia: 
with a, 8 running from 1 to Np x Nc. The expressions for the flavor and color 
currents can be obtained by appropriate traces, over color for the flavor currents 
and over flavor for the color currents. 
The mass bilinear is now, 


wl a p-e = Ču Uab, 


where now the U(1) term is absorbed into u. 

Clearly the requirement for Sugawara construction of T, for proper chiral 
transformations of all the operators and for a correct dimension for the mass 
bilinear are fulfilled. Since now the flavor and color degrees of freedom are 
attached to the same bosonic field, the previous “contraction problem” in the n 
point functions is automatically resolved. Moreover as stated above the four-point 
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function and in fact any Green’s function will now reproduce the results of the 
fermionic calculation. 

The currents constructed from u obey the Affine Lie algebra with k= 1. 
The color currents, for instance, are J4 = Tr(T4J), where T4 are expressed as 
(Nc Nr) x (Nc Np) matrices defined by \4 @ 1, with A^ the Gell-Mann matri- 
ces in color space and 1 stands for a unit Np x Np matrix. The central charge 
is k = Np. The same arguments will apply for the flavor currents, now with 
k = Nc. The central charge for the U(1) current is Nc Np. 

To see the difference between the present theory and the previous one let us 
express u in terms of (Np Nc) x (Np Nc) matrices 9, hand lin SU(Np), SU(Nc) 
and the coset-space, 


SU(Np x Nc)/{SU(Np) x SU(Nc) x U(1)} 
respectively, through, 
u= ghie V retr? 
Using the formula for expressing an action of the form S[AgB7!] we get 
S[u] = S[ghi] + ; J dd, 00" o 


S[ghi] = S[g] + Sli| + S[h] + — J dzTr(g'0,glðo_-Ü + hta, hid_i'). 


We can now choose | = l so that 10_li will be spanned by the generators that 
are only in SU(Np x Nc)/{SU(Npr) x SU(Nc) x U(1)}. This can be achieved 
by taking & = ghl, which is u but without the U (1) part, and then taking for 
h = hQ 1 a solution of the equation 0_hht = xe Trr[(8-ã)ãt], and similarly for 
g with wel rc. These are also the conditions that the flavor currents should be 
expressed in terms of g and the color currents in terms of h. For this choice, the 
mixed term in the above action, the term involving products of is with gs or hs, 
is zero, and so the new action is, 


S|u] = Nc S[g] + Nr S[h] + 5 [20,0064 Sil]). 


Note that l is still an SU(Nc Np) matrix, while g and h are expressed as SU (Np) 
and SU(Nc) matrices respectively, but the matrix l involves only products of 
color and flavor matrices (not any of them separately). 


6.4 Chiral bosons 
So far we have discussed the bosonization of a Dirac fermion via abelian bosoniza- 
tion, and N Dirac fermions using the U(N) WZW model, or N Majorana 
fermions with an SO(N) WZW model. What about the bosonization of chi- 
ral left or right Weyl fermions? In the fermionic language it is trivial to write an 
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action of a fermion with one given chirality. It is also easy to factorize a scalar 
field into its left d,(a~)((z)) and right moving ¢p(a*)((Z)) parts since the 
solution of equation of motion of a scalar field in real and complex coordinates 
takes the form 


pl, 0) = p(T) +r") or (2,2) = o(z) + $2). (6.56) 


However, as will be discussed shortly it turns out that it is quite subtle to write 
down an action of a chiral boson which is equivalent to that of a left or a right 
chiral fermion. Once we establish an action for a chiral boson, the question is 
how can one couple it to abelian and non-abelian gauge fields? 

In this section we will construct two seemingly independent constructions of 
the action of a chiral boson. In fact, it will turn out that one formulation is a 
special case of the other. We start with Siegel’s formulation which is based on 
the coupling of a scalar field to fictitious gravity in a light-cone gauge [194] and 
then we describe a manifestly non-Lorentz invariant action [92] which is a special 
case of the former.” In [36], [199], and in [100] the two formulations were related 
and further generalizations were discussed. We follow the latter paper here. 

Chiral bosons play an important role in string theories and in particular chiral 
bosons on Riemann surfaces of any genus. Here we will not enter into discussions 
on these constructions and describe chiral bosons only on a two-dimensional flat 
Minkowsky space-time. 


6.4.1 Chiral boson via coupling to fictitious “light-cone gravity” 


A scalar field in two space-time dimensions couples to two-dimensional gravity 
via the following well-known action, 


1 R 
L= 599090" pfo, (6.57) 


where gag is the two-dimensional metric. In the “ light-cone gravitational gauge” 
the metric has the form, 


gtt =0 gT =1 ge =2). (6.58) 
In this gauge the action (6.57) reads, 
L = ð pð- H + (0_¢)’. (6.59) 


Since we have fixed only part of the local symmetries of (6.57) it is straightfor- 
ward to realize that the last action is still invariant under the following local 
transformation 


p= -o A= -0e +€ O_r-O_(€ A) (6.60) 


T The anomalies of the system were analyzed in [129]. 
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which is the transformation of the scalar field under a combination of x~ coor- 
dinate transformation and a Weyl rescaling, 


ôx =€ (£) gab = —GagO_€ . (6.61) 


It is important to emphasize that we are in fact considering a flat two-dimensional 
Minkowski space-time and 2A is the ~~ component of a fictitious metric. The 
action (6.59) is further invariant under the global shift symmetry ¢ — ¢+ a. We 
denote the corresponding current as the axial current defined in (6.12) which 
takes the following form, 

Jt 


(ax) 


=0_6 Tga = 040+ 200-4. (6.62) 


One can also define J- (ar) = Iii, 
the fictitious metric to raise and lower indices. In addition we have the topological 
vector conserved current Jw), = €,,0" ġ. The vector and axial currents defined 
here are those defined in (6.9), times a factor of —,/z. Following from these 
two currents we can obviously also define the left and right conserved currents 
Jijr = EJ) ga Jaz) )- 


The equations of motion derived by variations with respect to À and to ¢ are, 


6A: (3-) =0 66:0,0_¢4+ 0_(Ad_¢) = 0. (6.63) 


) and J+ (as) = Jaz) — 2AJ— (ax), namely using 


These equations imply classically the chiral nature of the boson, namely a left 
moving boson ¢(x*) and the conservation of the axial current. Note that unlike 
an ordinary scalar field the chiral scalar action (6.59), admits only the “holomor- 
phic” conservation of the left current but not the “anti-holomorphic” conserva- 
tion of the right one namely, 


-JT =0 3J = 3- Jy) £0, (6.64) 


which implies that there is only left affine symmetry but not a right one. 

So far we have discussed the classical system. Quantum mechanically it turns 
out that the symmetry (6.60) is anomalous. There are several ways to verify this 
anomaly. Probably the easiest way is to realize the resemblance of the action 
(6.57) to that of the bosonic string. It is well known that the latter is consistent 
only in 26 dimensions and not, as our case seems to be, in one dimension. Tech- 
nically this follows from the fact that the ghost system associated with the fixing 
of the fictitious diffeomorphism and Weyl invariance have a Virasoro anomaly 
(see Section 6.5.1) equal to —26. In fact following the discussion in Section 6.5.1 
we know that there is another way to cancel this anomaly and that is to add to 
the action a background charge term of the following form, 


L= La + qR) Q = La +q Ag = Le — qA? Q, (6.65) 


where q is the background charge and RC?) is the fictitious scalar curvature. 
This modification of the action yields a modified energy-momentum tensor as 
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will be discussed in Section 6.5.1, of the form, 
1 
Tee -3(8-4)? — 48 4. (6.66) 


To fix the gauge associated with the symmetry (6.60) one introduces a (b, c) ghost 
system (see Section 6.5) that contributes c = —26 to the Virasoro anomaly. The 
modified energy-momentum tensor (6.66) contributes c = 1 + 67q? so that to 
fz and hence 
the quantum mechanical action of the chiral boson is (6.65) with the value of q 
just quoted. 

There are several possible methods to quantize this action. One approach is to 
follow the BRST quantization of the bosonic string. In this procedure one uses 
the Nielpotent operator associated with the Noether charge that corresponds to 


the BRST symmetry 


1 
QBRST = [ave @ + ee) ; (6.67) 


cancel the anomaly one has to take the background charge q = 


to construct the space of physical states. The latter furnish the cohomology of 
Qsrst, namely, 


Qsrst|phys>=0 |phys> # Qprsr|state> . (6.68) 
For the vanishing ghost sector this implies that, 


re es 0: Se abies SO fork So: (6.69) 


where T a is the positive frequency part of TÍ_ and a(k) is the annihilation 
operator of momentum k. Thus the space of physical states is made of only 
left-moving (k > 0) states. 

Once the local symmetry (6.60) has been made non-anomalous, one can safely 
choose any gauge fixing. In particular we can take A = 0 while keeping the con- 
struction of the physical states discussed above, or fixing A = —1. As will be seen 
in the following section this gauge will turn out to be convenient and rather than 
addressing the issues of coupling to abelian and non-abelian gauge fields of the 
action (6.59) we will do it instead with the gauge fixed action. 

Another approach of quantizing the system is based on the implementation of 
Dirac brackets. Starting from (6.59) and its corresponding Hamiltonian density, 
1 [ (+r)? 
2 1+. 


H= +a- AP], (6.70) 
we realize that the conjugate momentum of A, 7, vanishes. This is a primary con- 
straint xı = ™, = 0. Requiring that this constraint is preserved in time, namely, 
X1 = {m (x), H} = 0 we find a secondary constraint ¥2 = ue Be = 0. The Pois- 
son bracket of x; and ¥2 vanish and hence they are a first-class constraint. How- 
ever, if we replace X2 with its classical equivalent constraint y2 = m — ¢’ then 


the latter is a second-class constraint. If we add the additional constraint in the 
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form of gauge fixing x3 = A(x) — Ao(x) with Ao(x) a given function, than all the 
constraints are second order with the constraint algebra, 


cij (a, y) = {xilx), xi(y)} c22 =—20(x— y) c3 =—ô(x— y). (6.71) 


The next step is to define the Dirac bracket, 


{F (2), G)}o = {F(2), G(y)} - LETU (x), xi(2)}eq (z, w){x; (w), G)}, 


(6.72) 
where cij (2, 2) (z,y) = dir (x — y). The Dirac bracket rather than the Poisson 
bracket is then elevated to the commutator in the quantum theory | ] = 7{ }. 
Using this prescription one finds the desired result, 

1 
ll), p) = gee- y). (6.73) 


Implementing the constraint quantization in the path integral formulation, one 
has, 


Z(J) = / [dg] [dre] [A] [arty] 5(e1)5(x2)5(xe) 


x 4/Det[Ci; (x, yet f Patt tm AM J9) (6.74) 


Using the ô functions and since Det[C] is field independent we find, 
zi = fige tet- E= gg- (8h? (6.75) 


Thus we see that this procedure yields the action (6.59) in the gauge A = —1 
which will be the topic of the following section. 


6.4.2 Non manifestly Lorentz invariant classical action 


Let us start with the following non-local action, 
L= EET zje(z—y v- f aP), (6.76) 


where p(x) is a local bosonic field. The system can also be described in terms of 
the non-local bosonic field, 


1 
(2) = 5 | wee- vp), PE = e) (6.77) 
with a local Lagrangian density, 


L=$o-¢” =0_$(0,6-0_4). (6.78) 


As we said the Lagrangian density is in fact (6.59) in the gauge 2\ = —1. The 
classical equation of motion which corresponds to (6.76) is, 


d_¢' =0. (6.79) 
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This equation has a general solution 0_¢ = g(t), however by requiring 0_¢ = 0 
at the spatial boundaries, we set g(t) = 0 and get the chiral solution 0_¢ = 0. 

Even though the action (6.76) is not manifestly Lorentz invariant, it is easy to 
see that it is invariant under time translation 6¢ = eġ, space translation 6¢ = ed’, 
and the unconventional Lorentz transformation 6¢ = (t + x)’. For the above 
invariance transformations to exist we assume vanishing surface terms. The asso- 
ciated Noether charges are H = f ¢?, P = —H and M = f da{(x + t)(¢’)’]. The 
system is, in fact, invariant under yet another unusual Lorentz transformation, 
5(0-4) = a+ 8, (0-4) — 178- (3-$) — ôy. 

In addition, equation (6.76) is invariant under the global axial transformation 
¢—o+a. The associated current I ) and the vector current which as was 


ax 
discussed in Section 6.1 is “topologically conserved” are given by 


Har) 4 E ORO = 20_¢ Jax) _ o_o 
Iv) 4. = 04¢ Jw) = “020. (6.80) 


As usual from the vector and the axial currents we can write down the left 


and right currents J(Ir) = $[J(v) + jjax)], respectively. They have the following 


expressions, 
Ja_=0, Jy, =¢ Jej = 0-9, Ir), =0-¢. (6.81) 


Note however that only the left current is holomorphically conserved namely 
-Ju ,=0, while the right current is not antiholomorphically conserved. This 
property is related to the invariance of the Lagrangian under 6¢ = a(x") and 
not under 6¢ = a(x7). As will be explained below only the left U (1) affine Lie 
algebra current exists in the quantum theory. Similarly, the Lagrangian (6.76) is 
invariant under the conformal transformations 6¢ = «(x )¢! and 6¢ = e(t)ð_¢. 
The associated Sugawara type Noether currents are, 


Tag, = (0) =J; Tw, , =0 


Tej = (0-0)? = Ji aTe), =: (6.82) 


Quantization of the model 


By treating the system as a constrained system, we now invoke its canonical 
and path-integral quantization. We repeat here the Dirac bracket procedure dis- 
cussed above. The constraint x = 1— ¢' = 0, is a second-class constraint since 
{x(x), x(y)} = —26(a — y). The Hamiltonian density of the system takes the fol- 
lowing form H = H, + v(¢,7)x , where He = Q? = 7? = 7’. Using this form for 
H it is easy to verify that the condition y = {x, H} = 0, does not lead to further 
constraints but fixes v(¢,7). The passage to the quantum theory is performed 
by passing from the Dirac brackets rather than the usual Poisson bracket to 
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the commutator via, 
iF (0), Cly)] = {FCW} f a6 46 (Fle), GE) 
x|- F6 HFG). CW} (6.83) 


Following this definition, the operator algebra for n and ¢ takes the form, 


(92), 6w)] = gele- 9), 


in(2), 6(W)] = 56 — 9), 


in(a), x(v)] = 5-6(e — (6.84) 


One also finds that, for an arbitrary operator F'(¢, 71), [x(x), F(y)] = 0 so that 
the constraint n(x) — ¢/(x) = 0, is now realized at the operator level. For example 
the Hamiltonian density can now be expressed in the three forms of He mentioned 
above. The system is solved by Fourier transforming, 


0 
dk f ep 
olx) =f lape"? + alet?] 


-œ 2V atk 
n(x) = ¢'(x), (6.85) 
with the usual algebra, 
[a(k), at(k’)] = ô(k — k’). (6.86) 


Note that only k < 0 appears in the decomposition of ¢(x), which expresses the 
chiral nature of the field. The single-particle Hilbert space is then a continuum 
of states with energy E = |k|, k < 0. Hence the Hamiltonian formalism has cor- 
rectly implemented the chirality constraint 0_¢ = 0. Furthermore, this property 
can also be deduced from the Hamiltonian equation of motion ¢ = i[H, 4] = ¢'. 
Note that to get the chiral solution 0_¢=0 as a solution of the equation of 
the motion, we had to assume chiral boundary conditions. Here it looks at first 
that the chirality property was derived with no assumptions, but in passing 
from (6.83) to (6.84 we assumed that (n — ¢’)(x = œ) = —(m— ¢’)(a% = —o0), 
so together with choosing zero surface terms we in fact assumed chiral boundary 
conditions. 

For the path integral quantization of the system we use the method developed 
for Hamiltonian systems with constraints. The generating functional is given by, 


Z(J) = J avano d? «(mb—-H. —J¢) 


= [ tee! d’a(L—J9) (6.87) 
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where a normalization by Z[O]~! is implied. The Lagrangian density that 
emerges in (6.87) is clearly in the original form of equation (6.78). The func- 
tional integral (6.87) is not specified completely until we include 0_¢ = 0 on the 
boundary; thus we are in the same situation as in the canonical quantization. 

Using the commutation relations (6.84), it is straightforward to verify that the 
Noether charges H, P, M, respectively generate the transformations ôro, ôs 
and mọ given above. It can easily be shown that they satisfy the Poincare 
algebra, 


[H,P]=0 [M,H]=iP [M,P] =iH. (6.88) 


Abelian bosonization of a chiral fermion 


Recall (Section 3.8) that the action of one left-handed complex chiral fermion, 
S = J Pap'td_y, (6.89) 


is classically invariant under both an affine chiral transformation ôy = ie(x*)w 
and the conformal transformation dw = iet (x*)ð y. The associated Noether 
currents were shown to have the following quantum form, 


J=: pty Ty =i: Wadena hd: (6.90) 


obey the left U(1) affine Lie and Virasoro algebras, respectively with the well- 
known central charges k = 1 and c= 1. 

It is now straightforward to realize that the Ja) = ¢' and Ty = (@ )? have the 
same k = 1 and c=1 central charges. Using the operator algebra we can now 
evaluate the commutators of the chiral current and of the energy-momentum 
tensor. The results are as follows 


[Jey (22), JaW) = g'e), #(w)] = $e- y), 


2 
[Ta æ), Ty U) = E E) U] = (Ty (@) + Try (y))0'(@ — y) 
— mo a — y). (6.91) 


From the general discussion in Sections 2.4 and 3.3 it follows now that these 
commutation relations correspond to central charges of c = k = 1. Hence our 
bosonic theory furnishes the same irreducible representation of the affine Lie 
and Virasoro algebras as one free left-handed chiral fermion. Since for k = 1 
the affine Lie algebra has a unique irreducible unitary representation the two 
theories on flat two-dimensional space-time are therefore equivalent. Below it 
will be shown that the anomalies of the bosonized theory in coupling to gauge 
and gravitational background are the same as for the fermionic theory. 
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Combining left and right chiral bosons 


The canonical quantization procedure of the last section can be repeated for 
a right chiral boson. Let us rename the operators for the 0_¢=0 case as 
gy and zy and call the corresponding operators for the 0,¢=0 case as Yr 
and mp. The Lagrangian density for the right moving field has the form Lp = 
0, ¢(0, 6 — 0_¢) Then the combined Lagrangian, 


L= Lr HER (6.92) 
and the corresponding Hamiltonian density, 
H = (mL)? + (mr)? (6.93) 
describe a single free massless scalar defined by, 
=o. tR T=TL ETR (6.94) 
with a Hamiltonian density, 
H= i + so. (6.95) 


Using the commutation relations of the chiral bosons (6.84) we find as expected 
that, 


[o(z), O(Y)] = (x(a), ru) = 0 [b(a), m(y)] = (a — y). (6.96) 


Unsurprisingly the Noether charges associated with the space-time translation 
and Lorentz transformation, H = Hg + HL, P = PR + P and M = M + MR 
obey the usual Poincare algebra. The (lr) U(1) affine Lie algebra currents of 
the combined system are given by the left current of the left system and the 
right current of the right system, respectively. The central charges are k = 1 for 
the algebras in both sectors. Similarly, because of the Sugawara construction, 
T} =T,4}; and T__ =T__p with c = 1 for the left and the right Virasoro 
algebras. 


Partition function 
We would now like to compare the one loop partition function of a chiral fermion 
and that of our chiral boson. We therefore pass to a two-dimensional space-time 
domain with 1 > x > 0. The mode expansion for ¢ previously given by equation 
(6.85) now takes the form, 


olz, t) = do + ple +t) + 
0 E gl 


The one loop partition function which corresponds to this mode expansion is 


fal, emine” ds dete |. (6.97) 


Z(r) = Trew? 2 +P) = Trig” ] (6.98) 
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where q = e7" and we use the fact that H = —P. Let us first calculate the 
contribution to the trace of the oscillation modes, 


Tr[g? ] = Tr[qEo "ee" —19)] = Shae) ==), (6.99) 


where the factor — -> is the output of the normal ordering and 7 is the ears 
n function (see Hi een The Hamiltonian of the zero modes is H = tp’. 
If we now take the bosonic momenta to lie on a shifted lattice such that the 
eigenvalues of p are 27(m + a) and introduce the twist operator g = e’??, we 
get the zero mode partition function to be equal to the Riemann theta function 
O[(a3)](7|0) and so that altogether the full partition function is given by, 


(S) 0 
n E [(a6)] (710) (6.100) 
n(7) 
This corresponds to the partition function of a Weyl fermion with the boundary 
conditions (x + 1, t) = —e?”° (a, t); (a + Rer, t + Imr) = —e~?7"F y(x, t). 


6.4.38 Coupling to abelian gauge fields 


There are several ways to couple an abelian gauge field to a chiral boson corre- 
sponding to the various regularization schemes in the fermionic theory. We start 
by analyzing the bosonization in the vector conserving regularization scheme. 
The vector current is coupled to an abelian gauge field via, 


Ly) = Lo + (Jw) A+ + Jv), 4-); (6.101) 


where Lo is the uncoupled Lagrangian density and V stands for the vector con- 
serving scheme. The vector current is still obviously conserved, but the divergence 
of the axial current, 


ô- Sax), + On Jax) _ = O_ Ay = 0, A_ = e” Fiv (6.102) 


is now equal to the anomaly deduced in the fermionic theory from the one loop 
diagram. 

Next we discuss the bosonization in the left-right scheme. For that purpose a 
term bilinear in the gauge fields has to be added to the Ja, A _ term. The 
Lagrangian then takes the form: 


V2 
Lar) = £o + Jn, An_ + FAW _Awr (6.103) 


where (LR) indicates the left-right scheme. The divergence of the left current 


r : ` OL 
which is derived from sat now has the form, 


DNA 1 Uv 
ð- (Ja Jar) + 3+ (Jy ar) = To A, — 84A) = Jel” Fav. (6.104) 
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The Lagrangian (6.103) is therefore really the bosonized fermionic action regu- 
larized in the left-right scheme. Obviously, a similar prescription for the (V) and 
(LR) schemes can be applied to the right chiral boson. It is straightforward to 
show that the vector as well as the left-right actions are invariant under “curved 
space-time” Lorentz transformations as discussed above. 


6.4.4 Chiral WZW and coupling to non-abelian gauge fields 


The non-abelian bosonization of N Majorana or N Dirac fermions using WZW 
theories of SO(N) and U(N), respectively was described in Section 6.3. For the 
non-abelian bosonization of left chiral fermions we propose to generalize 
the action (6.78) into an action that describes a map to the group manifold 
of the form, 


S4 [u] = BO f BaT) + Swz. (6.105) 


In a similar manner to the abelian case this is a WZW action coupled to fictitious 
chiral gravity in the gauge hi, = —1. In fact we can consider a generalization 
of this action to the so-called k-level chiral WZW namely S4%[U] = kS, [u]. The 
equation of motion that follows from the variation of (6.105) with respect to the 
variation of u can be expressed as, 


d_(u-'d,u) =0 or A(ud_u') =0, (6.106) 


where each form can be obtained from the other. 

The global, chiral transformations u— Au and u— uB ! where A,B €G 
leave the action (6.105) invariant. However, out of the invariance under the two 
affine Lie algebra transformation of the original WZW action u — uB~!(a*) 
and u — A(x~)u, only the first survives. As for the abelian case the invariance 
under the second transformation is lost. The Noether currents associated with 
the left-right transformations of (6.105) are, 


iJ2k _ 
Ja = 0 Jo), = Oe u 1a 
Oik o j ME T 
Je) = zp t-u Jor) = -zz udu (6.107) 


The conservation of the left and right currents follow here simply from the equa- 
tions of motion. However, unlike the ordinary WZW action only the left current 
is holomorphically conserved a O_J(;) = 0; whereas 0, J(,) #0. Obviously this 
is a manifestation of the invariance of the action only under the left affine Lie 
algebra transformation ĝu = —iue(x*), discussed above. The left current trans- 
forms as follows Ji) = [ie(x*), Jay] + Vk e, leading to the O(N)(U(N)) affine 
Lie algebra with central charge equal to k. 
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The action $4 ;,[u] is invariant under the left affine transformation du = e(at )u. 
The corresponding energy momentum tensor has again a Sugawara form and 
Virasoro central charge which are, 

27 kdimG 
TW) = GaEw 2 Jola: e= oyp (6.108) 
where as usual Jo) = JT” and T° are hermitian matrices representing the alge- 
bra of the group, C2 is the second Casimir operator in the adjoint representation 
and dimG, is the dimension of the group. 

The coupling of non-abelian gauge fields to a chiral WZW action, is a straight- 
forward generalization of the coupling of the abelian gauge fields. Again there are 
several ways to couple gauge fields corresponding to the various regularization 
schemes in the fermionic theory. The bosonized action (for k = 1) related to the 
vector conserving regularization scheme is given by, 


Sy [u, A_, A+] = ult f aeons [uy A- +5 A+] 


- Cae — A_Aj], (6.109) 


where Jw) and J(,x) are constructed from the left and right currents of (6.107) 
in the usual way. Using the equation of motion one finds the conservation of the 
vector current and the anomalous divergence of the axial current, 


u LL 1 UV 
D, JC) )v =0 Dy (Tax) )V =g Fav (6.110) 


The coupling of a left non-abelian gauge field that corresponds to the fermionic 
description in the left-right regularization scheme is given by, 


2 1 
Sarlu, A~, Ar] = S4 [u] + ae J Eoman —A,)A_]. (6.111) 
27 27 
The associated current divergence is, 
LL, an 1 UV 
D, (Jy ur = D- ar) + D+ J lir) = a Fav- (6.112) 


This expression for the anomalous divergence of the left current is identical 
to the result of the loop calculation in the fermionic version regularized in the 
left-right scheme. 


6.5 Bosonization of systems of operators of 
high conformal dimension 


Can bosonization, the equivalence map between systems of dimension half 
fermions and dimension zero bosons, be extended also to systems made out 
of higher-dimensional operators? In particular can one map theories of odd and 
even fields of higher-dimensional operators to theories built from dimension zero 
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scalar fields. In this section it will be shown that indeed such a map exists for 
two families of theories, one with anti-commuting fields and the other with com- 
muting ones with arbitrary integer and half-integer dimensions. 

The bosonization of the b,c and 6, systems was introduced in [94] 


6.5.1 The bosonization of the “b,c” free CFT 
We first briefly describe the system. Consider a system built from a pair of 
anti-commuting fields b and c which is described by the action, 


1 245 
Sb.c = = fa zbdc. (6.113) 


It is easy to see that this action is invariant under conformal transformation 


z— a™!z b— aòb and c—a!~*¢, namely the b and c fields have conformal 


dimensions,® 


h =X he = (1-A). (6.114) 
The classical equations of motion, 
Ob(z,Z)=0 ðe(z, Zz) =0, (6.115) 


imply that both fields are holomorphic, namely b(z), c(z). Similar to the deriva- 
tion of the operator equations of motion using the path integral (1.55) for the 
scalar field we find for the (b,c) system that, 


Ob(z)c(0) = 2706 (z, Z). (6.116) 
This is compatible with the OPE, 
b(2)e(w) =: b(2)elw) : +- us —of2)b(w) =: (2)b(w) : +- = — (6.117) 


The OPEs b(z)b(w) and c(z)c(w) do not have singular parts when w it brought 
to z. To compute the energy-momentum tensor we use the Noether procedure. 
We vary the b and c fields as follows, 

ôb = €0b + A(E)b, 

dc = €0c + (1 — A)(OE)b. (6.118) 


For holomorphic é(z) this is a symmetry transformation. Taking now é(z, Z) we 
read the energy-momentum tensor from the variation of the action as follows, 


-1 fazðer= | | edearye— 
Ô Sb c = fa z0eT = = fa Oe[(Ob)c — AO(bc)]. (6.119) 


8 We denote by \ the dimension of b as is common in the literature. Obviously it has nothing 
to do with used in the previous section on chiral bosons. 
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Thus the energy-momentum tensor is, 
T = (0b)c — AO(bc). (6.120) 


It is straightforward to verify that the OPE of T with b and with c indeed yields 
the variation (6.118). From the OPE T(z)T(w) we read the Virasoro anomaly 
associated with the (b,c) system, 


c= —3(2A — 1)? +1. (6.121) 
The action (6.113) is also invariant under the fermion number transformation, 
bo eb coe Me, (6.122) 


Using again the Noether procedure we find that the corresponding conserved 
fermion number current is, 


j=:be: ðj=0. (6.123) 
From the basic OPE of b(z) and c(w) one finds that the OPE of the energy- 


momentum tensor and the fermion number current reads, 


1— 2A ilw) _ _Aj(w) 


T(z)j(w) = (z w} l (z= w)? ` (z= w) 


The (b(z),c(z)) conformal field theory is fully holomorphic. Needless to say 
that one can similarly write down an anti-holomorphic system 6(2), ¢(Z). In fact 
in Section 2.12 we have already discussed a special case of the b,c family. For 
A= j we get the Weyl spinor w of dimension j such that the Virasoro anomaly of 
the system is c = 1. Another “famous” case is that of the b and c ghosts associated 
with the covariant fixing of two-dimensional diffeomorphism. In this case \ = 2 
the dimensions of b and c are 2 and —1, respectively and the corresponding 


(6.124) 


Virasoro anomaly is —26. 

Now we raise again the question, can one describe the b,c system in terms of 
a scalar CFT? Since the w,~' is a special case of the b,c system and since we 
have already developed the bosonization rules for Dirac and Weyl spinors (see 
Section 6.1.1) we start with a similar ansatz for the bosonic version of b and c, 
namely, 


b(z) a: e n e(z) a: e 9) 5, (6.125) 


Comparing (6.18) and (6.117) it is evident that indeed this map reproduces the 
algebra of the (b,c) system. It is also easy to realize that the fermion number 
current has the following bosonic equivalent, 


: B(z)c(z) : 10¢(2). (6.126) 


What is left to determine is whether the energy-momentum tensors of the two 
theories and correspondingly the dimensions of the fields match. Obviously the 
free scalar action (6.1) which is the bosonic dual of the action of the Dirac 
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operator cannot describe the (b,c) systems which are a family of CFTs. We 
also need to identify a family characterized by the parameter A of scalar field 
theories. A simple way to achieve this is to realize that the energy-momentum 
of the general (b,c) system can be written in terms of the spin 1/2 fermion as 
follows, 


1 
Tt =TY = (a = z) O(be). (6.127) 
Thus following (6.126) the scalar energy momentum has to have the form, 
1 
TÝ =T? — Q — 5) 3o. (6.128) 


This is the energy-momentum of a scalar field with a background charge, or the 
linear dilaton theory with q = —i(A— +). The central charge of these theories 
was shown to be, 


ef =14 1297 =1 -32-1 =e. (6.129) 


Moreover using the fact that the dimension of an operator : e’*®(*) : was shown 
2 
to be E + ikq it is easy to check that, 


hes =A=hy hee =1—A=A,, (6.130) 


which verifies that the operators mapped by the bosonization indeed have the 
same conformal dimensions. 

The anti-commutative nature of the b, c system is obeyed also by their bosonic 
duals, just as for the case of spin 1/2 fields, namely, 


gil). eilw) = elole) olo); gib(w) a gible) = _ i etle) n gio) 


:, (6.131) 


at equal times, namely |z| = |w] since for that case [¢(z), ¢(w)] = ir. 


6.5.2 The bosonization of the B,y system 
The b, c system is built from anti-commuting fields which as we have just seen are 
describable in terms of a scalar field. In a complete analogy one would suspect 
that a similar bosonization also holds for a system built from commuting fields 
with the same structure of action. As we shall see shortly this is indeed the case. 
The so-called 3,7 system defined by the action (6.132), 


1 = 
Shy = se | 2220 (6.132) 


The fact that now the building blocks are commuting introduces of course a sign 
change with respect to the b,c system when one interchanges the fields, namely, 


B(z)y(w) = — V(2)B(w) = (6.133) 
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The energy-momentum tensor is the same as (6.120) when replacing b and c 
with 8 and y, respectively. For the Virasoro anomaly one has just to reverse 
the sign of that of the b,c system. A distinguished member of this family of 
conformal field theories is the case of A = 3/2 which describes the ghost system 
associated with the gauge fixing of the superdiffeomorphism. In this case the 
c= 11. As is well known this combined with c = —26 requires a contribution to 
the Virasoro anomaly of 15 of the non-ghost fields which requires ten dimensions 
for superstring theories. 

The bosonization of this commuting system is slightly more involved than that 
of the b, c system. It turns out that now one has to invoke two scalar fields ¢ and 
x with the OPEs, 


o(z)o(w) = -In(z-—w) +... x(z)x(w) =In(z-w) 4 ..., (6.134) 


where ... stands for non-singular terms. The corresponding scalar theories have a 
background charge of (A' — 1/2) for ¢ and i/2 for x so that the energy-momentum 
tensor of the full bosonic reads, 


1 1 1 1 
Tox = — 50600 + 5Ox0x + 5 (1 — 2N)P b+ 50 % (6.135) 


which yields the desired Virasoro anomaly c= 1 + 3(2\’ — 1)? = —c,,-. The 
bosonic operators that correspond to 8 and y are, 


B(z) ae txa y e cP, (6.136) 


which have the conformal dimensions hg = \’ and h, = 1 — X. 


6.5.3 The Wakimoto bosonization 


One application of the G,7 system enables us to transform the WZW model 
into a theory expressed in terms of free fields. Consider a combined system that 
includes a (\’ = 1,0) 8, y system and an additional scalar field with a background 
charge ~ aes This system is described by the following Lagrangian, 


Lwak = BO + BO7 + põ. (6.137) 


Alternatively, as was discussed in Section 6.4 one can add to this Lagrangian 


density also a term of the form ae The corresponding energy- 


momentum tensor T(z) is given by, 


T(z) = -80y Lað (6.138) 


i ip 
erg 


and the non-trivial OPEs of these field are given by, 


(2) 8(w) = — 


z& — w 


+O(z-w) ¢(z)p(w) = -ln(z —w) 4+ O(z — w). (6.139) 
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We define now the following holomorphic currents in terms of the 3,7 and ọ 
fields: 

J+ = p(z), 

J? = iy/2(k + 2Jðp(2) +2: ¥A(z) ;, 

J~ = -i/2(k + 2) : Avy: (2) — kðglz)— : Byy: (2). (6.140) 


Using the OPEs it is straightforward to determine the OPEs of the currents, 


O ORPEERN 

PEJ) =, 

PAPU) = i 

J? (2) J" (w) = a (6.141) 


which are the OPEs of the SU (2) affine current algebra, with level k. Furthermore 
the Sugawara energy-momentum tensor, 


1 
TO) = EF 


is identical to the energy-momentum tensor given in (6.138), and the associated 


1 
Fea ON a “4 al (6.142) 


Virasoro anomaly is, 


1 3k 
=2+1- 24 = 7 6.143 
mn Gacy) k+2 om) 
Since 8 has dimension one and y dimension zero, their mode expansion takes 
the form, 
Bae 3 NS ae (6.144) 
Substituting this into the expressions of the currents one finds, 
de >= Bn, 
J? = 44/2(k + 2)nyn + 250 DR Vey as 


m 


J, = —iv/2(k + 2) bs Nm In—m : —kNPn — 5 : Bim nete 


m lm 


(6.145) 
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The large N limit of two-dimensional models 


7.1 Introduction 


The number of approximation techniques in quantum field theory is very limited. 
Perturbation expansion in small interaction coupling, like agy = T of QED, is 
obviously the most important one. Other methods include dimensional expan- 
sion, high temperature expansion and large radius expansion. Quite surprisingly, 
one of the most useful approximation techniques is expansion in the number of 
degrees of freedom. A priori one would tend to think that the larger the number 
of degrees of freedom, the more complex the system. However, it turns out that 
theories with infinitely many degrees of freedom are much easier to solve than 
those with a finite number of degrees of freedom. Once the system with N — oo 
is known, a systematic expansion in + provides an approximation procedure for 
computing quantities that describe systems of finite N. 

Large N methods have been applied in a very wide range of physical sys- 
tems. Starting from non-critical phenomena in spin systems like the Heisenberg 
ferromagnet (discussed in Section 5.14), then SU(N) QCD theories in various 
dimensions, and later matrix models associated with either string models or 
two-dimensional models. 

The large N approximation in field theory or correspondingly the planar 
expansion of Feynman diagrams was introduced by ’t Hooft in his seminal paper 
[122]. 

In this book we will focus on four arenas where large N approximations are 
being used: 


(i) Two-dimensional quantum field theory models, which include the Gross- 
Neveu model and the CP models, will be addressed in this chapter. 

(ii) Quantum chromodynamics with large N SU(N) gauge theory in two dimen- 
sions. In Chapter 10 of Part 2 the solution of two-dimensional QCD, follow- 
ing ’t Hooft [124], will be described,! together with a certain generalization 
of it. 

(iii) The approach to four-dimensional QCD based on the + expansion. 

(iv) Baryons in large N QCD. 


! Known as the ’t Hooft model. 
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The last two topics will be described in the third part of the book in Chapters 
19 and 20. 

In Nature the number of colors is three, and thus one may wonder whether 
it makes sense to in expand a not-so-small parameter 1/3. Even though there 
is no general proof that this expansion is indeed reliable, a vast literature on 
the subject brings out a large amount of evidence that indeed this is the case. 
It turns out that for certain quantities the + term vanishes and the correction 
starts as HD and hence puts the approximation on a more solid base. 

As an example of the accuracy of the large N limit consider the Stirling formula 
for N, where the leading term is V20N(N/e)% for large N. But the correction 
is actually IEN as compared to 1, making it only an 8 percent correction even 
for N =1. 

In the next sections we describe the O(N) model, the Gross-Neveu model and 
the CP models. 

There are several review articles on large N expansions, for instance [46], [160], 
[165]. In this chapter we make use of [160]. 


7.2 The Gross—Neveu model 


The Gross-Neveu (GN) model, proposed in [117], describes a set of N Dirac 
fermions interacting via a four-fermi interaction. It turns out that one can solve 
the model, and prove that it is asymptotically free and admits a dynamical 
symmetry breaking, using 1/N expansion. The Lagrangian of the system can be 
written in the form, 


2 
Lan = i" aut + pye, (7.1) 


where a= 1...N and Ao is a bare coupling of dimension zero. The correspond- 
ing action is invariant under a continuous SU(N) global transformation and a 
discrete chiral transformation, 


W — gy geSU(N), Y> yy b* yy. (7.2) 


The discrete chiral symmetry forbids a mass term. In fact this is the most general 
action invariant under these symmetry transformations, with terms of dimension 
two or less, and hence it is a renormalizable action. 

Let us now check whether in this formulation of the Lagrangian, where Xo is 
fixed, one can make sense of a large N limit. Consider the scattering process of 
two fermions with flavor index a that turn into a pair of fermions with a different 
flavor index b. The leading Feynman diagrams that contribute to this process 
are given in Fig. 7.1. The first diagram which is the basic interaction vertex is 
of order ào, the second one is of order A2, the third is of order A3 N due to the 
N different flavors of the fermions that can run in the loop, and the last two 
diagrams are of order \3N?. It is thus clear that the perturbation expansion 
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Fig. 7.1. Leading order diagrams for the a + ā — b+ b scattering. 


expressed in terms of the fixed coupling A» does not have a sensible large N 
expansion. However, one can easily cure this problem by defining the coupling 
A = XN, which is taken to be fixed when N — oo. The Lagrangian now reads, 


-ha a À Taa 
Len = 1% gy + an? ye)’. (7.3) 
It is now straightforward to see that the + in front of the interaction term 
enables a well-defined large N limit. Consider again the diagrams in Fig. 7.1. 


The leading contribution is of order à and the loop corrections are now of order 


a x and < respectively. Hence it is obvious that the form of any scattering 
amplitude in perturbation theory is +A(A,1/N), which becomes 7 A(A,0) at 
the large N limit. 

To further analyze the system it is convenient to introduce the auxiliary field 


g, in terms of which the Lagrangian (7.3) can be written as, 
sha a Ja [yh N 2 
Len =i" gy + oy y — FU (7.4) 


Integrating over o or alternatively solving the classical equation of motion for o 
and substituting it into the action yields the Lagrangian (7.1). The introduction 
of the auxiliary field, which will soon acquire a physical interpretation, is a 
standard step in the large N procedure which enables a simplified counting of 
powers of +. 

The Feynman diagrams of the theory for this alternative formulation are then 
given in Fig. 7.2, with the full line representing the fermion propagator, and the 
dotted line that of o. 

Note that the only non-trivial interaction is the oW*w" term and that each o 
propagator contributes i, The diagrams Fig. 7.1 that contribute to the scatter- 
ing process are converted to those in Fig. 7.3. 
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Fig. 7.2. Feynman rules of the Gross-Neveu model. 


(a) (b) (c) 


Fig. 7.3. Leading diagrams that contribute to the two-to-two scattering. 


We would now like to integrate over the fermions and derive an effective 
Lagrangian, Lefrective(7). Since the Lagrangian is quadratic in the fermion fields, 
Lefective (a) is given by the sum of terms (Fig. 7.4). 

Note that all diagrams are with an even number of ø only, since ø is odd under 
the transformation (7.2). The first term is the tree level contribution — & 
the rest are the one loop contributions. Both are of order N, the latter due to the 
N fermions that can run in the loop. The N dependence of Lefrective therefore 


has the form, 


o° and 


Letfective(0, À, N) = N Legective (a, A). (7.5) 


This makes the counting of powers of + very easy. Consider a graph with E 
external o lines, J internal ø lines, V vertices and L independent loops. The 
parameters (£,J,V,L) are not independent. For each internal line there is a 
momentum integration and hence a loop. However each vertex introduces a delta 
function in momenta that cancels one momentum apart from an overall delta 
function associated with the momentum conservation. 

Thus one has, 


L=I-V+1. (7.6) 


Recall that each ø external or internal line carries a + factor, while each vertex 
contributes a factor of N. 
Thus the net power N of each graph is, 


N+ E — yn-#-L+1 (7.7) 
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Fig. 7.4. Diagrams of Leffective (0). 


It is obvious from this expression that adding loops and external ø lines sup- 


presses the corresponding contribution due to additional powers of x: Since the 
L 
For the purpose of investigating the possibility of spontaneous breaking of 
the discrete symmetry of (7.2), it is enough to compute the effective potential 
V (øo) rather than the effective action, namely, the limit where all the external 
lines carry zero momentum. The effective potential is given by the sum of the 


diagrams in Fig. 7.4: 
No? x 1 dp | — po g 
iV = —i N Tr : 
We DA >, 2n rf (27)? È +ie} ” Vo 


is the symmetry factor of the graph, N comes from summing over all 


minimal number of ø external lines is two the leading behavior is of order 


1 
2n 
possible flavors, —1 from the fermion loop and the expression in the bracket is the 


where 


product of the propagator and (ir) and the vertex (ic). Using the identity, 
OF z2” 1 

= —Llog(1 — 2” 7.9 

D g Tel) (7.9) 


and analytically continuing to the Euclidean space gives, 


A a 9) 


The momentum integral is logarithmically divergent so by introducing a cutoff 
on the Euclidean momentum p% < A? we find, 


o 1l; a 
= — — —o'|l => 1}. 7.11 
r E miles (GS) + | pia 
The effective potential can be rewritten in terms of the coupling A, , renormalized 


at a scale u, defined as, 


1 1@8V i.1, (#\.1 
Ey 1 7.12 
ye Nae? xt ae (Se) +2 oe 
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and substitute it into the V(c) to find, 


o? Lis o? 
REA E as 


The fact that the cutoff disappears obviously implies that the theory is indeed 
renormalizable. The @ function and the anomalous dimension can be determined 
by substituting the effective potential into the renormalization group equation 
(see Section 17.6), 


[uð, + B(Ar) Oy, = Yo (Ar )Oe] V(o) =0. (7.14) 


We thus find the exact (to all orders of à, ) expression of 3(A,.) and Yo (Ar), which 
take the form, 


Br) =- Yo (Ar) = 0. (7.15) 


Thus we have deduced that the Gross-Neveu model is asymptotically free, 
namely that the effective coupling goes to zero at high momenta. It turns out 
that the minus sign ensures this. 

Let us now examine whether the chiral symmetry of this theory is sponta- 
neously broken. For that we determine the extremum points of the potential. 
The vanishing points of the derivative, 


dV o o o? 
— =N it 2 7.16 
ao [stam a] g 
are at 
o=0 and o= +0 =+pe' >, (7.17) 
where 
a2 
V(0)=0 and V(a9)= SN <0. (7.18) 
Now since the potential vanishes at ø = 0 and it is negative at o = +0ọ, its 


global minima are at tog. Therefore the discrete chiral symmetry is broken and 
the massless fermions acquire mass which to the leading order is oo. 

A further interesting property of the model is the dimensional transmuta- 
tion. The bare theory depends on one continuous dimensionless parameter and 
the effective theory depends on one continuous parameter with dimensions, oo. 
Whereas one may anticipate that observables will depend on the dimensionless 
parameter in a complicated way, one finds a simple dependence on the parameter 
with dimensions which follows a dimensional analysis. 
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7.3 The CP’! model 


Another model that can be solved using the large N expansion is the CP ~! 
model. The model is an example of a non-linear sigma model where the fields 
live in a complex projective N — 1 space, 


; SU(N) 
CP = ; 7.19 
SU(N — 1) x U(1) ae) 
The Lagrangian of the model can be written as, 
A 
Lopn = ô ZZ — gu (7.20) 
where ZÝ = (z,...,2zn), namely, an N-dimensional “unit” vector of complex 
fields that obey the constraint, 
N 
ZiZ=—, (7.21) 
À 
and J,, is given by, 
J, = a [ztə, Z — (ə, Z*)Z] . (7.22) 


The Lagrangian describes a theory of massless particles with short range inter- 
action which originates from both the explicit JJ interaction as well as from the 
constraint. The number of degrees of freedom of the CPN! model is 2N — 2. 
This is the dimension of the CPNT! coset space, 

SU(N) 


dim [CP*~'] = dim SUN DUU 


=(N’-1)-((N-1)?-14+1)=2N-2. (7.23) 


Differently, we count N complex numbers Z;, namely 2N real degrees of freedom, 
minus one degree of freedom due to the constraint (7.21), minus one degree of 
freedom due to the U(1) local symmetry, 


Ze Z, (7.24) 


It is easy to verify that (7.20) is indeed invariant under this transformation upon 
the use of the constraint. In fact one can also write the Lagrangian in the form, 


Lopn = ô 010", (7.25) 


where © is a traceless hermitian matrix built from Z and ZÝ according to, 


b= rE [zz - ;| ; (7.26) 


It is clear that the local transformation of the above does not change ® and 
hence the Lagrangian is invariant under this transformation. 

The first step in the large N program is to eliminate the quartic interaction 
term, by introducing an auxiliary field in a similar manner to what was done 
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in the Gross-Neveu model. However, since the interaction has the form of a 
vector times a vector, the auxiliary field should also be a vector. This shifts the 
Lagrangian according to, 


À N NV 
Lopn =a Loren a N (4, Xa) 


II 


N 
ð ZOZ + 2J, A" + Sue 


= [(0, —iA,)Z"] [(3" +%A,)Z], (TIT) 


where in the third line we have used the constraint. It is clear from its last form 
that the Lagrangian is invariant under the U (1) local transformation, 


Z= zZ A, > Ay — Ona. (7.28) 


We now incorporate the fact that the Z are constraint variables by introducing 
another Lagrange multiplier into the Lagrangian, 


Lopn = [(O. —iAy)Z"] [(0" + iA,)Z] + 0 [zz = x] ; (7.29) 


Obviously the path integral over ø, or equivalently using its equation of motion, 
implies that ZZ = =. 

The action is now quadratic in Z, so we integrate out the Z fields similarly to 
what was done in the Gross-Neveu model. The Feynman diagrams that consti- 
tute the leading contributions to the effective action, which is now a functional 
of o and A,,, are drawn in Figure 7.5. 

These diagrams, which include pure ø, pure A, and mixed diagrams, are all 
proportional to N. The computation of V (ø) is similar to that in the GN model, 
leading to, 


V(o) = N[S+2 (log 1)], (7.30) 


where A is the cutoff. Again similar to the GN model the cutoff can be eliminated 
by performing a renormalization at a scale p, 


1 1dV, 1 1 u? 
= l . 
i> Weel ae a] oon) 
so that the potential takes the form, 
o o o 
V(o)=-N l 1]. 32 
(o)=-n |E 2 (toe -1)] (7.32) 


It is also evident that the model has a negative 8 function, or differently stated, 
for fixed A, and u, when A — oo, À vanishes, namely, the model is asymptotically 
free. 
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Fig. 7.5. Leading order contributions to the effective action. 


Again the model admits a dimensional transmutation. The original dimen- 
sionless coupling is traded with a parameter og with dimensions, at which the 
potential has a minimum, 


dv i i : 
=-N | ' (ox | =0, o= pei. (7.33) 
H 


da Ay 4n 
The following remarks about the model are relevant: 

(i) The model admits a dynamical generation of abelian gauge fields. From the 
diagrams on the third line of Fig. 7.5 we see that the contribution to Seffective 
quadratic in A,, is, 

(1 — 2x)? 
o? —p?a(1 — x) — ie 


iN 5 a 
aie EA UV — PY d 
— [Juv P? — PuPv| E 


Now for long range interaction, namely, for small momenta we ignore the p? 
term to obtain, 

iN 2 

zi T270 [use = PuPv), 

which corresponds to the following term in the effective action, 

N 


7 48709 


Soffective = Pek yk, (7.34) 


namely an action of an abelian gauge field. 
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(ii) The Z fields can be interpreted as bosonic “quarks” in the fundamental rep- 
resentation of the group, though transforming in a non-linear way. These Z 
quarks are confined due to the dynamically generated abelian gauge inter- 
action. As will be shown in Chapter 8, in two dimensions the abelian force 
between a quark anti-quark pair is linear in separation distance. 


PART II 


Two-dimensional non-perturbative 
gauge dynamics 


In the first part of the book we have developed several non-perturbative tools 
for analyzing two-dimensional field theories. These include methods associated 
with conformal invariance, with affine Lie algebras and in particular the WZW 
model, techniques of integrable massive theories including solitons, S-matrix and 
the Yang—Baxter equation, sets of infinitely many conserved charges, the thermal 
Bethe ansatz, methods of bosonization and the large N limit approximation. 

In this second part of the book the main idea is to implement those meth- 
ods in the context of two-dimensional gauge dynamics aiming at extraction of 
the mesonic and baryonic spectra of two-dimensional QCD, decoding the con- 
fining behavior, versus a screening one, and analyzing models with other quark 
representations and models of generalized QCD. 

The most important tool that will be used for this purpose will be bosoniza- 
tion. It will enable us to easily solve the Schwinger model, derive the baryonic 
spectrum of QCD» using a strong coupling limit, determine the screening nature 
of massless QCD models and compute the string tension for the massive ones. 
Using the large N approximation we will extract the mesonic spectrum of QCD. 

In two respects this part is an intermediate stage on the way to four- 
dimensional gauge dynamics. Firstly, as was just mentioned, we will gain expe- 
rience from applying non-perturbative methods on the simpler two-dimensional 
models, which will serve us when using them in the context of “real” physi- 
cal systems. Secondly, two-dimensional gauge systems will serve as a toy model 
laboratory of four-dimensional ones. As will be shown in the third part of the 
book, certain aspects of two-dimensional physics will survive the transition to 
four dimensions. Obviously the challenge will be to identify those phenomena 
and devise some additional tools to handle the other cases. 


8 


Gauge theories in two dimensions — basics 


As an introduction to the cast of characters of two-dimensional gauge theories, 
we briefly summarize here the basics of pure Maxwell theory, QED, pure YM 
theory and QCD. This includes the corresponding actions, symmetries, equations 
of motion and their solutions. 

The basics of gauge theories in two dimensions is “standard material” which 
appears in many books and review articles, for instance [66], [178], [1] and [2]. 
For treatment in non-covariant gauges see [28]. 


8.1 Pure Maxwell theory 


The simplest theory of gauge fields in two dimensions is obviously the abelian 
Maxwell theory defined by the classical action, 


1 
S= Ji l- P| (8.1) 
where the field strength 


Fav = O, Ay — Op A, (8.2) 


has, in two dimensions, only one non-trivial component FE, = Fio = —Fo, = 
0, Ap — 0p Ai. The action is invariant under the full global two-dimensional con- 
formal symmetry SO(2, 2), discussed in Section 2.1, which includes in particular 
the ISO(1,1), where J stands for inhomogeneous, namely adding the momenta, 
thus going over to the Poincare group from the Lorentz group. The action is by 
construction also invariant under the gauge transformation, 


A, (x,t) > A, (x,t) + 0, A(z, t). (8.3) 


The canonical dimension of A,, is clearly zero. The corresponding equation of 
motion reads, 


OM Fay =0 OF, = ô E =0 —> E = constant. (8.4) 


Thus we conclude that the two-dimensional Maxwell theory is an empty theory 
on an Rt! manifold. On such a space-time requiring finite energy implies that 
E; = 0. This is of course not surprising. In d-dimensional space-time the number 
of degrees of freedom of an abelian gauge field is d — 2 and hence there are no 
degrees of freedom in two dimensions. 
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8.2 QED, — Schwinger’s model 


Next we couple the two-dimensional abelian gauge fields to a Dirac fermion. The 
Lagrangian density of this model is given by,’ 


1 aoe 
L= -7E Ft +WU(id—eX —m)v 


= 5(0A- AA)? + Wty + dtd + evtyd + edthA -mbi + ty), 
(8.5) 


where in the second line the action is expressed in terms of the light-cone deriva- 
tives and components of the gauge fields, and the Dirac fermion is decomposed 
into its left and right chiral fermions, as discussed in Section 3.8. It is evident 
that with the gauge field having a vanishing dimension, the gauge coupling e has 
a dimension of mass. Thus the action is not invariant any more under the two- 
dimensional global conformal symmetry, but rather only under the [.SO(1,1) 
Poincare group. For the massless case, the action is classically invariant under 
the global transformations, 


Y> ely Yoey 
w ae tlta) w as elle—G) af, (8.6) 


In fact the left and right chiral transformations, for the massless case, can be 
lifted also into holomorphic and anti-holomorphic transformations, as was dis- 
cussed in Section 3.7.1. The corresponding vector and axial currents 


Jt = YY JË = Uy 
Japp J= 4th. (8.7) 


Again by construction the action is also invariant under the gauge transfor- 
mation, 


A, 1 
Coe “COD A (x,t) > A, (x,t) + zô Ala, t). (8.8) 


Quantum mechanically the axial current is not conserved even for the massless 
case due to an anomaly, 


U e U 
Oise = acne Ue. (8.9) 
We will derive this result using the bosonized version, see Section 9.1. Unlike 
Maxwell’s theory, this theory has non-trivial degrees of freedom. However, once 
again the gauge field is not dynamical. This phenomenon can be easily demon- 


strated in the axial gauge A; = 0, where the other component Ap can be solved 


1 The Schwinger model was introduced in [190] and further analyzed in [68] and [64]. 
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as a function of the electric current. The resulting electric field is, 


o 
E=- Gives =e h= a h=: WY :, (8.10) 


0 is a new parameter in the theory, the vacuum angle.” In Part 3 of the book 
we will describe its four-dimensional analog which is the vacuum angle due to 
QCD, instanton tunneling. 

The massless Schwinger model can easily be solved using the anomaly equa- 
tion combined with the equation of motion of the system. This will be done in 
Section 9.1 using the bosonized version where we also address the massive case. 
In Chapter 15 we determine the spectrum of the massless case using a BRST 
quantization approach. In Chapter 14 we analyze the nature of the system and 
determine when it confines and when it admits a screening behavior. 


8.3 Yang—Mills theory 


It is straightforward to generalize the action of the Maxwell theory (8.1) to the 
non-abelian case.” The gauge fields are now in the adjoint representation of a 
non-abelian gauge group G. We will mainly be interested in the groups SO(N-,), 
U(N,) and SU(N.). Thus A, is an Ne x N; either orthogonal, or hermitian or 
traceless hermitian matrix of the form A, = t? AB where t? are the generators 
of the group, B = 1,...,dimG and dimG is the dimension of the corresponding 
algebra [;.N.(N, — 1), N2 and N? — 1, respectively]. The field strength is now, 


Fiv = Op Ay >. Oy Aly a i[A,, Av] 
F;, =0A—0A+iA, A], (8.11) 


where again we write it out in light-cone coordinates. The action of two- 
dimensional Yang-Mills theory reads, 


1 uV 1 a auv 
Sy m2 = [ee -pE ) = [ee -F moet , (8.12) 


c 


and the corresponding equations of motions are, 
D, FY = 8, F”” +i[A,, F"”] = 0. (8.13) 


Note that we have rescaled the fields A by a factor of the gauge coupling, as 
compared with the abelian case. Note, however, that this does not affect the 
dynamical dimensions, namely the space-time behavior of Green’s functions. 

In this formulation A, has dimension one and so is the dimension of the color 
gauge coupling ee. Again since the coupling constant has a dimension of mass 
the classical theory is not invariant under the full global conformal symmetry, 


2 The @ angle was introduced by Lowenstein and Swieca [152] and also by Coleman [64]. 
3 The Yang-Mills non-abelian gauge theory was introduced in the seminal paper [229]. 
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but only with respect to the TSO(1,1) Poincare transformations. The action is 
invariant under a non-abelian gauge transformation, which in infinitesimal form 
is, 

A, > A, + Dy A = A, + O,A + i[A,, Al, (8.14) 


where A = t4A4. A priori this is not a free theory, but rather an interacting 
one. However, in a similar manner to Maxwell’s theory, this model too on an 
Rt! manifold has no dynamical degrees of freedom just as the abelian model. 
This can easily be seen by fixing a gauge, for instance Ay = 0. In this gauge the 
equations of motion read, 


OF =0 OF" 4+i[Ay, F°'] =0. (8.15) 


From the first we get that 054A, = 0, and thus A; = fi (a1) + zo f2(a1). Using 
the residual gauge invariance, of gauge transformations that depend only on z1, 
we can go to fı = 0, and then the second equation implies that fo is a constant 
C, which yields Fo, = C, and then again the requirement of finite energy results 
in C = 0. This will also be shown in a complicated way using a BRST approach 
in Chapter 15. 

When the underlying manifold has a non-trivial topology like that of a torus 
then the theory is not totaly empty but instead has topological degrees of free- 
dom. This will be described in Section 16. 

Finally, the non-abelian case is different from the abelian in higher dimensions, 
as the former is not free there. While the abelian case represents free photons, 
the non-abelian case represents interacting gluons, which turn to interacting glue 
balls in the physical space. 


8.4 Quantum chromodynamics 


The theory of non-abelian gauge fields coupled to Dirac quarks in the fundamen- 
tal representation of the gauge group, QC'Ds, is described by the action, 


Soop, = | Paf- rE E) -TGA +my¥),b. (8-16) 


The action is invariant under two-dimensional Poincare transformation and 
the non-abelian generalization of the gauge transformation of (8.8), which in 
infinitesimal form is, 


SVa = iA E A(z, t) = 3 AlE t) + iAA] (8.17) 


with the non-abelian A = A4T4. W is in the fundamental representation of 
the gauge group which we take to be SU(N.) where a= 1,...,N. denote 
the color indices. As was discussed in Section 6.3.4 flavor degrees of freedom 
have been included by assigning a flavor index to the Dirac fermion U;, i = 
1,..., Ny. For this case the theory is obviously invariant classically under a global 
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UL(N;) x Urn(Ny) symmetry. Here there is no anomaly, as in 2d the anomaly 
occurs via the abelian gauge field only. 

In a similar manner to the transition from the empty Maxwell theory to 
the dynamically viable Schwinger model, so is the transition from the two- 
dimensional pure Yang-Mills theory to QC'D2. The difference, however, is that 
in the non-abelian case, even for the massless case there is no simple way to 
solve the theory. Instead we will need to implement various different techniques 
developed in the first part of the book. In the next section we will describe both 
QED and QCD in two dimensions using the bosonization language. This will 
enable us to solve for the baryonic spectrum in the strong coupling limit. In 
Chapter 14 the string tension of several two-dimensional dynamical systems will 
be computed. An analysis of the spectrum of these theories will be derived using 
the BRST quantization approach in Chapter 15. In Chapter 10 we present the 
seminal ’t Hooft solution of two-dimensional QCD in the large N limit. A current 
algebra generalization of the latter approach will enable us to solve the mesonic 
spectra of certain models. Finally in Chapter 12 we will implement a discrete 
light-cone quantization approach to solve QCD in two dimensions with quarks 
in the fundamental as well as the adjoint representation. 
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Bosonized gauge theories 


Bosonization, the equivalence map between two-dimensional fermionic and 
bosonic operators, was developed in Chapter 6. In fact several such maps have 
been described. The simplest one has been the abelian bosonization that maps 
the free theory of a Dirac fermion into that of a single real scalar field. The map 
includes in particular an explicit bosonic expression for the left and right chiral 
fermions (6.19), the vector and axial abelian currents (6.3) and for a mass term 
(6.22). Using these transformations it is straightforward to write the bosonized 
Lagrangian or Hamiltonian that corresponds to two-dimensional QED and QCD. 
By its nature the abelian bosonization is more adequate to the abelian theory 
of QED. The bosonized version of QED will be discussed in the next section. 
We then apply this bosonization to QC D2. Though it is possible to write QC Də 
in an abelian bosonization formulation, it will turn out not to be very useful. 
Instead, we will use the non-abelian bosonization discussed in Section 6.3. For 
that purpose we will need to gauge the WZW action. Once this is done the 
bosonized version of massless flavored QCD» follows easily. The massive case 
requires more care, as was explained in Section 6.3.3. Using the results of that 
section the full bosonized theory that corresponds to massive flavored QC'D2 will 
be written down. 
References on bosonization were given in Chapter 6. 


9.1 QED, — The massive Schwinger model 
Recall that the fermionic Lagrangian of this model is given by, 
1 bs 
L=— FFF + Wid — eX —m)W. (9.1) 
The Hamiltonian density of the system in the A; = 0 gauge takes the form, 
- 1 
H= (iy ô + m)v + 5 (Foi) 

In bosonic variables, using (8, 10), the Hamiltonian becomes! 


H=: 2 ligg TË A e (1 6 le 
=: /57 4 5h 1%) = cos( 76) += (5-9) im, 


1 The treatment of the bosonized Schwinger model was done in [68] and [64]. 
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where c is the constant of bosonization and the normal ordering is with respect 
to the mass m, as was explained in Section 6.1.1. 
After a shift in the definition of ¢, 


1 0 
GON ore 


and normal ordering with respect to u = e/,/7, one finds, 


H =: (Gr + TOO i see TT cos(0 + 2/70)) 7 (9.2) 


From this expression the periodicity in 0 is manifest. The angle 0 is the conjugate 
to the winding number, appearing in two dimensions for the abelian case, since 
IL [U(1)] = Z (looking at a circle of large radius in the two-dimensional plane). 
Physics is invariant under @ > 0 + 27. From (8.10) it is clear that $4 corresponds 
to a background electric field. The periodicity is due to the ability to produce 
electron-positron pairs in the vacuum when |4| > te, and these pairs create 
their own electric field which reduces the original one. 

When we set m = 0 we discover that the massless Schwinger model is in fact 
a theory of one free bosonic field with a mass equal to w. 

In the strong coupling limit, the bosonized form of the Hamiltonian is very 
useful. The theory contains a meson of a mass that is approximately u, and the 
number of bound states depends on the value of 0. It can be shown that there 
are no bound states for |0| > 7/2. For 0 < |0| < 7/2 there is a stable two-body 
bound state, while for 0 = 0 there is also a three-body bound state. 

Note that even though the Hamiltonian density (9.2) resembles that of a sine- 
Gordon model, it does not admit soliton solutions due to the mass term iu’ g’. 
We will come back later to analyze this bosonized Hamiltonian, in the con- 
text of the question whether the system admits screening or confinement in 
Chapter 14. 

Finally, let us show how the anomaly arises in the bosonized version. The 
equation of motion for the electromagnetic field is, 


OM Fy = edy. (9.3) 
The vector fermion current, in bosonic version, is (6.9), 
1 
Jy = S600" Q. (9.4) 


Vit 


Taking the time component, we get, 


a! (Fi = o) =0. (9.5) 


From here, with the vanishing conditions at space infinity, 


Fio = —=¢. (9.6) 


R 
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Now, the axial current, in bosonic version, is (6.12), 


1 
JË = —— 0" ¢. 9.7 
For the case of a massless fermion, the scalar field is a free field of mass Tm and 
SO, 
1 2 
ô, JE = ne = a (9.8) 


which is the anomaly equation. 
Note that in the bosonic version, the anomaly is a result of the equations of 
motion, while in the fermionic one it is the result of one loop. 


9.2 Abelian bosonization of flavored QCD 2 


Let us now apply the prescription of flavored Dirac fermions for the analysis 
of QCD . It is convenient to start with the Hamiltonian of the theory in its 
fermionic formulation which we derive from (8.16), 


No J Nc Nr Nc Nr , 
H= (e)? XO (BB) +Y YO Tn (lita A) Wri MAON Ta, 
a,b=1 a,b=17=1 a=1i=1 
(9.9) 
in the gauge, 
Aj =0; A; =0 fora=b; E =0 fora#b. (9.10) 
The Gauss law of the system is ae by, 
Ny No 
ð Et = i[A, El? + owen aT (9.11) 
i=1 d=1 
Bosonizing now the various parts of the Hamiltonian one then gets,” 
H = HÌ}, + Hg — H! 
1 cm 
H} = Dai sin + (O:¢ai)?] + -E : (1 a cos(2V/7bai)) | 
2 
Be 
Hp => ai — Poi 
= giz [Dl ] 
y Qe? pu? pd 
H = 7 Bazo dij Kijab N, |cos V7 (Tai — Tay + Toj — Ti) (EAE 
2 —co 


[sin(V/70(bai + paj — Poj — b0i)(€))] pace = bn) ; (9.12) 


ab 


2 Abelian bosonization of two-dimensional QCD was discussed in [24] and [201] and was further 
elaborated in [62]. 
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H}, is the free “fermionic” part, after bosonization, thus in terms of bosonic 
variables; Hp is the first term of the Hamiltonian (9.9) rewritten in terms of the 
boson variables corresponding to the fermions, by eliminating the electric fields 
through the Gauss law. Thus although originally coming from the kinetic part of 
the gauge potentials, it actually involves the interactions. This is a result of the 
fact that there are no transverse vectors in 1 + 1 dimensions. Ke? is a properly 
generalized ordering operator.’ 

In the case of one flavor, i= j = 1, H? does not involve the m variables. 

The interaction involves non-local terms which relate to color non-singlets. 
For static and ee — œo approximations one finds that for Nr = 2 the interaction 
is field independent. For Np > 3, on the other hand, the limit is singular. This 
singularity should not be there in the predictions of physical quantities, but it 
renders any further treatment very complicated. 

It is thus clear that a different method of bosonization is required for the 
treatment of flavored QC Də. In the following it will be shown that the “non- 
abelian bosonization” , based on the WZW model discussed in Section 6.3, is an 
adequate tool for this purpose. 

Before proceeding to non-abelian bosonization and in particular to gauge the 
color symmetry group of the colored-flavored WZW model, we describe briefly 
another approach, in which the flavor sector appears in the form of a WZW 
model, but for the color degrees of freedom the gauged abelian bosonization is 
invoked. As we have seen above one can use the Gauss law to express the gauge 
fields in terms of the appropriate fermionic bilinear, which translate into bosonic 
group elements as, 


re. = X PTa = Tð, Trp (log ga), (9.13) 


where ga € U (Np) is one out of Nc such matrices, and ea = 2\/7E%, the diagonal 
element. One can also express A? for a Æ b in terms of fermion densities. Inserting 
these into the QCD Hamiltonian one gets, 


H=H +H! 


I (ee)? —1)\]2 2 Tr(Ga9,) 
= — ~~ |T l a m meaa ORAS 
. 2 gar? Ng [108 (ash )] ae Trlog(ga9p ') 


+X mep/NeTr(ga); (9.14) 
a 
H? includes the fermion kinetic term. For Np = 2 the potential is free from 
singularities, for Np > 3 it is not. In the case of Np = 2 the low lying baryonic 
spectrum can be extracted. Here we will not follow this approach further and 
instead will move on to the fully non-abelian bosonization. 


3 See Cohen et al. [62]. 


9.8 Non-abelian bosonization of QCD2 187 


9.3  Non-abelian bosonization of QCD, 


Whereas abelian bosonization has been very useful to address various abelian 
systems, we have seen in the last section that the implementation of this approach 
to QCD, is quite limited. Instead the natural approach is to make use non- 
abelian bosonization, namely, the WZW action.* Recall from Section 6.3 that 
the bosonized action of massless free colored flavored fermions can be expressed 
either using an SU(Nc) x SU(Ng) x U(1) scheme where it reads, 


1 
S = NoSlo] + Ne Sh] + 5 i d22d,,65", (9.15) 
or a U(Np x Nc) where the action takes the form, 
1 
Slu] = Nc S{g] + Nr S[h] + 5 | 20,004 + S{lj). (9.16) 


Note that l is still an SU(Nc Np) matrix while g and h are expressed now as 
SU(Np) and SU(Nc) matrices, respectively, but the matrix l involves only prod- 
ucts of color and flavor matrices (not any of them separately). For massive Dirac 
fermions we can use only the latter frame in which the mass term action reads, 


Sim lu] =m? Nn peer tut), (9.17) 


To determine the bosonized action of two-dimensional QC Də one needs to 
couple the colored degrees of freedom to the gauge fields. Thus, we first have to 
gauge the WZW model. 


9.3.1 Gauging the WZW action 


Since there are two possible bosonization schemes (for the massless case) we 
need to invoke a gauging procedure for both of them. We start first by gauging 
an SU(Nc) WZW model which is what is needed in the product scheme, we 
later adopt it also to the U(Np x Nc). Gauging the colored WZW is achieved 
by gauging the vector subgroup SUy (Nc) of SUr (Nc) x SUr(Nc). There are 
various methods to gauge the model. Here we present two of them. One is a trial 
and error method, and the other is by gauging via covariantizing the current. 
Those methods are applicable also in the U(Np Nc) bosonization scheme. 

The gauging of the WZW model and the full non-abelian bosonization of QCD 
in two dimensions was analyzed in [75] and [99]. Bosonization of QCD in two 
dimensions was reviewed in [101]. 


Trial and error Noether method 


The WZW action on the SU(Nc) group manifold is, as stated above, invariant 
under the global vector transformation h + UhU~!, where U C SU(Nc). Now 


4 The hybrid of abelian and non-abelian bosonizations was implemented in [107]. 
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we want to vary h with respect to the associated local infinitesimal transforma- 
tion U = 1+ ie(x) = 1 + iT4e4 (x), 


ôch =ile,h], Seh} = ife, ht]. (9.18) 
The variation of the action $() [h] = S[h] under such a transformation is, 
6.8 [h] = — [ ext," (9.19) 
where the Noether vector current is given by, 
J, = {hah + hô ht] — ep [h10 h — hð” hi}. (9.20) 


We introduce now the first correction term S$“) given by, 
gQ) = f eamas) 6.8 [h] = - | PaT" +J”). (9.21) 


The variation of S$“) is derived using the infinitesimal variation of the gauge field 
6A, =—D,e = —(0,€+%[A,, €]). J” is found to be, 


1 


—1 v v 
J= grah + hA h? — 24,] — Epu [h Ah — hA” ht]}. (9.22) 


The second iteration will be given by adding S°), where now J Hig replacing 
Jt 


gs?) = daTr(A J”), 6S [h] = -2 J d’eTr(3peJ ”). (9.23) 
It is therefore obvious that, 


bc fso +50) — Ta 


II 


0. (9.24) 


Hence the action we are looking for is S[h, A,] = [S + 8 — 5°], given by, 


1 
Sth, Au] = z / daTr(D,,hD"h") 
1 are 
= f dye Te(ht ah) (hta; h) (ht arh) 
TJB 
1 
=r f dzep Tri A” (hta h — hô” h? + ihtAvh)], (9.25) 


which can also be written in light-cone coordinates, 


S{h, A,, A_] = S[h] + a f Pom, hd_hi + A_h'A,h) 


J d’rTr(A hA-ht — A_A,). (9.26) 
T 


Gauging via covariantization of the Noether current 


In four space-time dimensions the current, in terms of bosonic matrices, involves 
up to third power gauge potentials. In D space-time dimensions the bare current 
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will contain (D-1) derivatives, and is gauged by replacing the ordinary derivatives 
with covariant derivatives and by adding terms which contain products of Fuy 
with powers of h and ht and also covariant derivatives D,h and D, hi. In two 
dimensions, however, there is no room for such terms in the gauge covariant 
current, as these involve €,,...., in D dimensions, with one free index and the 
others contracted with F,,s and D,s, and in two dimensions they cannot be 
constructed. Therefore the covariantized current is given by, 


J (h, Ay) = LAA Dyn + AD, h'] — ey, [ht Dh — hD” h?)}. (9.27) 


Knowing the current we deduce the action via, J, = ṣ ee , getting (9.26) directly. 

Finally, we combine the gauged WZW action of the color group manifold, the 
WZW of the flavor group manifold and the action term for the gauge fields, to 
get the bosonic form a the action of massless QCD. The well known fermionic 
form of the action is (a mass term will be added later), 


Srv, An) = | Poly FF) — OG KIWI}, (028) 


where ee is the coupling constant to the color potentials (note it has mass dimen- 
sions in 1+1 space-time), and, 


Fav = Oy, Ay — Oy Ay + iA, Av]. (9.29) 
The bosonized action is, 
1 
Slo, h, A+, A-] = No Slo] + NeSlh] + 5 je x O,¢0" 
N 

+ = i @aTr[i(A,hd_ht + A_htd,h) 

=(AchAch! 2A. As)| 
@arTrF,, Fe. (9.30) 


9,2 
2e? 


9.3.2 Multiflavor QCD, using the U(Np x No) scheme 


Let us now repeat the gauging of the SUy (Nc) subgroup in the framework of 
the U(Np x Nc) bosonization procedure. 

Using the gauging prescription discussed in Section 9.3.1 we first get the action 
in which the whole SU (Nc Nr) is gauged, namely, 


S[u, A4, A_] = Silt 5 f PeT Auð ul + A_uld,u) 
aes d?aTr(A,uA_ut — A_A,) 
Qn saa ee 


+m? Na fermu ul), (9.31) 
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where we have also added a mass term with m? = m,cm. Now since we are 
interested in gauging only the SU(Nc) subgroup of U( Np Nc), we take A, to 
be spanned by the generator T? C SU(Nc) via A, = ec AR TP. We then add 
to this action the kinetic term for the gauge fields Ere f @arTr(Fi, F"). The 
coupling e, is related to the color gauge coupling e, by e, = vV Npec, so that 
after taking the trace over flavor we get the expected kinetic term with coupling 
ec. The resulting action is invariant under local color and global flavor, 


u > V(xjuV ~! (x), Ap, VigiAg= ið )V T (a); V(x) C SUy (Nc) 


u—WuW!; W c U(Np). 


The symmetry group is now SUy (Nc) x U(Nr), just as for the gauged fermionic 


theory. We choose the gauge A_ = 0, so now the action takes the form, 
Slu, A4] = S[u] + ar f@xTr(O_A,)? + $ f ParTr(Ayud_ut) 
+m2Ma f @PaTr(ut ut). (9.32) 


Upon the decomposition u = gle iV were? we see that the current that cou- 
ples to A, is hO_At. In terms of u it is the color projection (uð-ut)c = 
Ny ltr [ud_ut — xo Toud_u'). Thus the coupling of the current to the gauge 
field = f d?2Tr(A,hd_ht). 

We can further manipulate the action to a form which will be convenient 
for taking the strong coupling limit (see Chapter 13). We define H(«) by 


ô- = ihd_h‘. We take the boundary conditions to be H(—oo,x_) = 0 and 
then integrate out A, obtaining, 


S[u] = S[u] — ($5) Nr f d?2Tr(H?) 
+m? Nm fd xTr(u + ut). (9.33) 
In Chapter 13 this form of action will constitute the starting point of determining 
the baryonic spectrum of QCD» in the strong coupling limit. In Chapter (14) 


we will use this action to analyze the string tension and the confining behavior 
of massive QC D2. 


10 
The ’t Hooft solution of 2d QCD 


Two-dimensional quantum chromodynamics involves an SU(N) symmetry 
group. We saw that models get simplified in the large N limit, and so we would 
like to examine the question of whether the large N limit QCD in two dimensions 
can be solved. This question was addressed by ’t Hooft who showed that indeed 
QCD» in this limit is almost exactly soluble. The simplest Green’s functions 
can be solved in closed forms and the meson spectrum can be extracted by a 
non-elaborate numerical computation. 

This was derived by ’t Hooft in his seminal paper [124], and it had many 
follow ups. In this chapter we consider only [56], which discusses the scattering 
properties of QCD in the large N model. 

Recall the action of a two-dimensional QCD, 


1 x 
Seco = =g Tel] +V D- m)WVi, (10.1) 


where the gauge fields are spanned by N x N Hermitian matrices T4 such that 
A, = Ai TA, Fv = 0,Ay — Oy Ay + ify lAn, A,], the covariant derivative D, = 
On + 1 
group and i=1,..., Np indicates the flavor degrees of freedom. There is a sum 
over the flavor indices. Note that the gauge coupling was chosen to be Tr 
obviously to accommodate a large N approximation with g fixed. 

It is convenient to impose the algebraic light-cone gauge. This gauge is advan- 
tageous at least for the following two reasons: 


Ap, the fermions V are in the fundamental representation of the color 


(i) The field strength F',— becomes linear in the gauge potential, 
At = A_ = 0 > F} = —O_A,. (10.2) 


ii) The theory after gauge fixing is still Lorentz invariant. This is obviously a 
y gaug 8 
property of two dimensions only. 


In this gauge the Lagrangian of the system becomes, 


VN 
Recall that in the light-cone gauge there are no ghost fields. 
The Feynman rules associated with this action in the so-called double line 
notation follow from Fig. 10.1, as explained below. 
In the following we shall be taking one flavor, for simplicity. 


L= —FTr(@_As)) + Ü, (a -mk — AA) Wy. (10.3) 
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1 1 
SS ee 
p? p? 
= m,— iy- k4 — iy+k- = —ik_ 
m? +2k4k- — i£ m? +2k,k_ — ie 


Pa “aye > %9 
i 


Fig. 10.1. The Feynman rules of QC Də in the light cone. 


-~O-- 


Fig. 10.2. The quark self-energy. 


The light-cone gamma matrices obey the relations, 


=H =0 ft} =2. (10.4) 
Since the vertex is proportional to y_, only that part of the propagator that is 
proportional to y+ can contribute. As a consequence we can eliminate all the + 
dependence from the Feynman diagrams. Thus the double line, representing the 
gluon propagator, is T the fermion line is ae and the coupling is 2g. 

Note that for the gauge field propagator one makes use of the principal value 


such that, 


1 1 1 1 
D =P = H . 10.5 
EN (=) 2 fe +ie)? (p-- z7 a 
The dressed quark propagator and the quark self-energy, given in terms of the 
diagrams in Fig. 10.2, obey the coupled equations, 
ip 
S — 
(p) 2p+p- — m? — p-X(p) + ie 


X(p) = 4g | S S(p—k)P (aoe): (10.6) 
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where X is the 7; part, the only part that appears in the self-energy in our gauge. 
If we shift the integration variables p} — ki — —kz we eliminate the dependence 
on p+. Hence © is only a function of p_. Due to its Lorentz structure it implies 
that © must be a constant times +, namely m? + p-¥ = M?. Thus in the 
leading large N the sole effect of the interaction, for the propagator, is to replace 
the quark mass m by a renormalized quark mass M. 

Integrating over k, we get, 


S= I [ak-senip- — Ep (z) a (10.7) 


and hence, 


M =m- -. (10.8) 
T 

In the original treatment of ’t Hooft, the regularization employed was not of 
principal value, but rather of a sharp cutoff, namely integrating over |p_| > A. 
This avoids the infrared divergence as well, but introduces a new scale, which is 
not gauge invariant. Obviously, one has to check that Green’s functions of gauge 


invariant operators are independent of A when A — 0. Thus we find that, 


2 
g“ (sgn(p) 1 
u(p) = U(p_) = 10.9 
W) =20-)=-£ (2 - =), (10.9) 
and correspondingly the dressed quark propagator is, 
S(p) = Pp, (10.10) 
2p p- me + E — SE tie 


Now the pole of the quark propagator is shifted towards k} — oo and hence 
there is no physical single quark state. 

Let us consider now the spectrum of the mesonic bound states. The propagator 
of the meson is given by the sum of diagrams as is shown in Fig. 10.3. 

This ladder sum is exact in the planar limit that follows from the large N 
approximation. If the propagator has a meson pole, then the ladder diagrams 
have to obey the Bethe-Salpeter equation as in Fig. 10.4. 

The “blob” is the Fourier transform of the matrix element, 


(p,q) = F.t. <meson|Te}(x)2(0)|0>, 


with external legs of a quark of mass m, momentum p, and an anti-quark of mass 
m and momentum p — q (for simplicity, we take one flavor, and so the same mass 
for the quark and anti-quark). The Bethe-Salpeter equation reads, 

z 9 d?k 1 E 

p.a) = -4i SP- 5) | Se? (gpp) t (10.11) 


Defining 


deae J dp, 60,4), 


194 The ’t Hooft solution of 2d QCD 


E A 
-2y 


Fig. 10.3. The Green’s function of the quark bilinear. 


O- 
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Fig. 10.4. The Bethe-Salpeter equation. 


we get, 
2 
nF 2 ee ae 
do-a) = -i5 | av. sip- as) f a-p (Gs) olka) (10.12) 
The integral over p, can be done explicitly 
p-.a) = f ap. S(p~ 9510) 
1 1 
= fo — —~=. (10.13) 
[2 q+) aii] 2p; -a 


If p_ is outside the interval [0,q_] then the two poles are on same side of the 
real axis, and the integral vanishes. When p_ is inside the interval, the integral 
is (taking q- > 0), 


M? M? 
—in laa. | , 
- (a-p) 
so that, 
2 M? q- 1 
2q4 | o(p_-,4) = -= dk- P ( z | $(k-,q). 
p- q--r-) 0 (k_ — p- 


The ’t Hooft solution of 2d QCD 195 


Defining x and y by, 


and, 


2q4q- =p", 


one finally gets ’t Hooft’s equation, 
M? M? 2i he 1 
oe)= [+ oE favo, (10.5) 
T Jo (x — y) 


x 1-2 


with ¢() defined on the interval [0, 1]. 

The equation cannot be solved analytically, but one can compute the wave- 
functions that correspond to the various states numerically. 

Before describing these solutions let us further discuss the equation. In fact 
one can derive the equation using a light-cone Schrodinger equation. In the light- 
cone coordinates a system is specified at x+, and its dynamics is generated by 
P,, the generator of translations of x*. Since the latter commutes with P_, 
the generator of translations of x7, it is useful to use the eigenspace of P_. 
For example, for a free single particle of mass M, 2P, = u Note however 
that unlike the ordinary Schrödinger formulation which is expressed in terms 
of a real line, the spectrum of Pı, in the light-cone case the spectrum of P_ is 
the positive half-line. For a system of two particles one can always choose to 
normalize the eigenvalue of P_ to be one, so that the eigenvalue of the oper- 
ator on one of the two particles is x and the on the other it is 1 — x, such 
that for two non-interacting particles 2P, = ue + w, This yields the first two 
terms in (10.15). The other term, the integral, is just a linear potential term. 
If we interpret temporarily x as a position operator, then the operator form of 
(10.15) is, 

2 2 


M 
eS et +9? |p|. (10.16) 


1-2 


This is the Hamiltonian of a massless particle moving in a potential and restricted 
to a box (0, 1]. This guarantees that the spectrum is discrete and there is no con- 
tinuum of two free particles. Moreover we can go further with this interpretation 
and argue that at least for high-level states the eigenstates are like those of a 
free particle in a box namely, 


dn ~ sin(nnz), u2 ~ gnn, (10.17) 


for n = 1,2,... These states furnish a linear “Regge trajectory” with no con- 
tinuum. We will verify shortly that for large n this is indeed the structure of 
the eigenstates and eigenvalues. Since the renormalized quark mass becomes 
tachyonic for large coupling constant g (eqn. 10.8) one may wonder whether the 
mesonic bound states can also be tachyonic. It turns out that this cannot occur. 
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From (10.15) it follows that, 


12 [| Boan f oe [E ral ae 
ff ax f ayh dy sleg wl (10.18) 


To solve the ’t Hooft equation (10.15) we need to is the boundary condi- 
tions. 
At x =0 (x = 1) the solution may behave like x*° ((1 — x)**) with, 


2 
nB cot g(mB) + Tr =0. (10.19) 


Let us define the “Hamiltonian” of the system as the right-hand side of equation 
(10.15), namely, 


nos [E A oo- S ar oyo — 020) 


x l-r 


This Hamiltonian is Hermitian only when acting on the space of functions that 
vanish on the boundary, as can be seen from (10.18). Using the latter one can 
show that ¢, with n (0) = n (1) = 0 constitute a complete orthonormal set, 


2 ale) n(x) = 6(a@ — x’) 


T bn (2)bm(x)dx = nm- (10.21) 


Since the integral in (10.15) gets its main contribution from y close to x and 
since for a periodic function we have, 


p([ = ay) P(S a ay) |wļe" (10.22) 
— dy] >~ — dy ] = —7|wle’”*, i 
o (@—y)? -œ (x — y)? 


then the configurations given in (10.17) are a good approximation of the eigen- 
states of the system. The numerical solutions of eqn. (10.15) are drawn in 
Fig. 10.5. 

In this figure the mass spectrum of mesons is shown for various values of quark 
mass. In cases when the mass of the cue and ena s are not equal, the term 
Le + u’ ji in (10.15) is replaced by [4 2], 

The masses and wavefunctions Sanne be determined in general in an analytic 


form. However in certain limits one can write down approximate expressions. In 
[52] it was shown that the highly excited states n >> 1, where n is the excitation 
number have masses given by, 


1) + (me, + my, )in(n) + C(mg,) + O(m) + o(7 


(Mines), ~ ng’ N (n+ Fi 
(10.23) 
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Fig. 10.5. The spectrum of mesons. The squared masses are in units of ge [124]. 


where mq, are the masses of the quark and anti-quark and where the functions 
C (m?) are given in [52]. 

The opposite limit of low-lying states and in particular the ground state can 
be deduced in the limit of large quark masses, namely m, >> g and small quark 
masses g >> mq. For the ground state in the former limit one finds, 

M? 


mes 


X Mg + Mg- (10.24) 


In the opposite limit of m, < g, 


m JN: 
(Mpe) = 3 — (mı t mz). (10.25) 


For the special case of massless quarks we find a massless meson. 
In Fig. 10.6 the spectrum of meson nonets built from two triplets of flavor 
with masses 


(a)m, =0 my. =0.2 m =0.4 
(b) m =0.8 m=1.0 m3 =12 (10.26) 
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Fig. 10.6. Meson nonets for N. = 3. In case (a) the masses of the triplet 
are mı = 0.00, m2 = 0.20,m3 = 0.4 and in (b) mı = 0.80, m2 = 1.00, m3 = 1.2 
[124]. 


is shown, in units of “=. Then the ground state is at 2.7, the first excited state 
at 4.16, and level n = 10 i is at 20.55. It is obvious from these cases that for larger 
n, the wavefunction gets more and more sharply picked around x = 0.5. For the 
case of unequal masses, the wavefunction ceases to be symmetric, as can be seen 
from Fig. 10.7 for mı = 1,m2 = 5. 


10.1 Scattering of mesons 


In the previous section we have described the equation that governs the formation 
of mesonic bound states, and the corresponding meson spectrum follows from a 
homogeneous Bethe-Salpeter equation. This can be generalized to the equation 
for full quark anti-quark scattering amplitude, which takes the form of the non- 
homogeneous equation of Fig. 10.8. 

The scattering amplitude has the following structure, 


Tagas = lay (y-)esT (4, 9’, p). (10.27) 
The undressed amplitude T(q, q’,p) takes the form, 
” yt Pee a p) 
k- — q- 


a (10.28) 


T(q,q', p) = 
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Fig. 10.8. The Bethe-Salpeter equation for quark anti-quark scattering. 
where, 
6la-sa.v) = f das Sel) Sela- Tad): (10.29) 


Similar to the equation for the “wave function” (x) we now get the generaliza- 
tion to (x, x',p) which reads, 


E M? 


polz, z, p) = BI | olx, 2’, p) 
— T 


| f dy [o(x, x’, p) = oly, 2’, p)| i 
0 (z -= y)? 


(10.30) 
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It is now straightforward to express (x, x’, p) in terms of (x) as, 
g 


2 1 
ng? 1l n(@)b *n (Y) 
d(x, 2',p) = ni dy 10.31) 
( ) Dp rr 0 (z -= y)’ l 
and substituting this into (10.28) we find the scattering amplitude, 
2 eo ee. 
rp _ 1 ig*(g° N) 1 

Tes) = EA n 2 Pap 


n 


: i 1 Only) *n (y) _ ig? 1 
x j. a f dy (a — y}(x — y')? ~ pt (a! — a2)? D 


n fe 


* 29 gN 1 1\\ | À a a! 
hren EN (owa -a (AES 2) 
x 


where q; for i = 1,2 are ri. 


This clarifies the dynamics of the confinement. The infinite self-mass quark is 
cancelled by the quark anti-quark interaction producing finite mass color singlet 
bound states, whose mass squared, as we have seen above, increases linearly for 
high excited states. The infrared behavior is determined by the dependence on 
A as in (10.9). The bound state wave function is of order + as A — 0. The fact 
that the amplitude for a bound state to decay into quarks is infinite as À — 0 
compensates for the vanishing quark propagator in this limit to produce finite 
bound state amplitudes, which contain no multiquark discontinuities. 

To test the consistency of the model one has to examine also the hadronic 
scattering processes. One has to check that these are finite in the limit of A — 0, 
unitary and Lorentz invariant. A consequence of the unitarity is the absence of 
long range forces among the color singlets. 

In Fig. 10.9 the three-particle vertex function and the two-particle scattering 
are drawn. The three-particle vertex function, Fig. 10.9(a), is of order g ~ Tr: 
Each quark propagator is of order A. The k, loop momentum is of order + since 
it is dominated by the pole at L, From the three bound state wave functions 
we get a factor of (+) since at least one wave function must be of order unity 
to conserve momentum. So altogether the factors of À cancel out and we get a 
finite result in the limit of A — 0. 

The two-particle scattering is described in Fig. 10.9(b) and 10.9(c). The for- 
mer describes a hadronic exchange and the latter a quark exchange. The quark 
exchange may seem to be infinite in the limit A — 0 since now the quark and 
anti-quark can move in the same direction with an amplitude that behaves like L, 
The total dependence on A is as follows: \* from quark propagators, + from the 
wave functions and + from the loop momentum integration. However it can be 
shown that when one adds all diagrams that contribute to + order, the terms of 
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Fig. 10.9. (a) Three-particle vertex function. (b) Hadronic exchange contribu- 
tion to two-particle scattering amplitude. (c) Quark exchange contribution to 
two-particle scattering amplitude. 


order + cancel, leaving a finite remainder. In this way we have verified unitarity 
of the model to the first non-trivial order. 


10.2 Higher 1/N corrections 
At N = œ the mesons are stable since their decay rate, as will be shown shortly, 


is proportional to +. Going to the + corrections, a meson has the following 


amplitude to decay into two mesons! 


2 w E 
ATE ‘ays >] dag; (x) Gy, (=) P; (=) 


if dx;(x)® y, (=) brh (F==)}. (10.33) 


1 The 1/N corrections were evaluated in [144]. 
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where Qi, ¢F,, Ofa are the wave functions of the initial meson and first and second 
final mesons, respectively. The quark ends up being in the second final meson and 
the anti-quark in the first final meson. The vertex function ®(x), with x not € 
(0, 1], is related to the wave function as, 


l 1 
D(a) = T dy — OW). (10.34) 


The kinematic parameter w takes the values, 


HE + Hh = HF yf ad +, = Hh)? = Ae, 
E 2p; 
where w} and w_ correspond to the right and left moving final state fı. The 
decay can take place only provided u; > uf, + py,. It is clear that for fixed g? N 


the amplitude is of order A ~ O( Fz). The amplitude (10.33) is for a partial 
decay and for full-on shell amplitude one has to add the partial decays 


A= (1 = (Sho ian MAC, Fis fz; w+) + Ali, fi, fa; w_)), (10.36) 


W+ 


i (10.35) 


with o, for even parity state and o_ for odd parity state. It was found that 
numerically these amplitudes for various excited states do not vanish. This also 
shows that the model is not integrable. 

It was further found that the amplitudes for mesons made out of massless quark 
anti-quark pairs differ significantly from those of mesons made out of massive 
ones. An interesting result that follows from the computations of these ampli- 
tudes is that the amplitude for decay of an exited meson into a pion and another 
meson vanishes, in the case of massless quarks. This is actually to be expected, 
as for massless quarks the two-dimensional pion is massless and decoupled, since 
there is no chiral symmetry breaking in two dimensions. 
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Mesonic spectrum from current algebra 


11.1 Introduction 


In this chapter we study the mesonic spectrum of various QC D2 theories. The 
main idea is to use the current algebra of the underlying ungauged theories. In 
addition we combine the bosonization techniques developed in Chapter 6 with 
that of a large N expansion of Chapter 7 and a light-front quantization as in 
Chapter 10. We will focus our attention on the massive mesonic spectrum of con- 
formal field theories coupled to non-abelian gauge fields. In particular massless 
multi-flavor fundamental quarks and adjoint quarks that will be shown to 
correspond to the particular case of Ny = Ne. 

First a universality theorem, that states that the massive mesonic spectrum 
does not depend on the representation of the matter field but rather only on its 
ALA level, will be derived, following Kutasov and Schwimmer [148]. 

We then present a detailed determination of the massive mesonic spectrum 
using a ’t Hooft-like equation for the wave functions of “currentballs” states. We 
will discuss in particular the special cases of Ny = 1, Np = N. and Ny > Ne. The 
last section is devoted to the spectrum of states built by the action of a single 
current creation operator on the adjoint vacuum. In both cases it will be shown 
that the bosonization approach leads to the introduction of current quanta as 
the basic degrees of freedom. Once the mass operator P+ P~ = M? is expressed 
in terms of the current quanta, the bosonization has already left the scene. 

The main content of this chapter, the mesonic spectrum from current algebra, 
is based on [17].! The spectrum based on the adjoint vacuum was introduced 
in [3]. 


11.2 Universality of conformal field theories coupled to YM, 


So far we have mainly discussed the coupling of matter in the fundamental 
representation to the two-dimensional Y M fields. Obviously one can also couple 
other matter fields to these non-abelian gauge fields. A natural class of matter 
theories that one would like to gauge are the conformal field theories which admit 
on top of the Virasoro algebra also an affine Lie algebra structure. These theories 
which are characterized by the corresponding Lie algebra G and the level k of the 


1 This was previously also discussed in [18]. 
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affine Lie algebra, are candidates for coupling to non-abelian gauge fields of the 
group G. A particular family of such theories are the WZW models, invariant 
under G x G of level k. We have discussed in Chapter 6 the gauging of such 
models. In this chapter we would like to address the issue of the spectrum of 
such gauged conformal field theories, and in particular the massive sector of the 
spectrum. In general the Lagrangian density of such a theory reads, 


1 
L= LOFT = za [F3] Sit Lr 
1 2 
= Lorr = za Tt [(3- A+) | + Tr [A, J_| 
e 1 e 1 
=Lorr- alt DE =Lorr— zT Ea ; (11.1) 
where we have used the light-cone gauge A_ = 0. We will be using the notation 


of J for J_ and J for J}, and similar for other holomorphic and anti-holomorphic 
quantities. 

A conformal field theory invariant under the symmetry generated by a G 
ALA has holomorphic currents J® in the adjoint representation of G, as well 
as anti-holomorphic currents also in the adjoint representation of G. In general 
the holomorphic currents obey an ALA with level k and the anti-holomorphic 


currents an ALA of level k. However, gauging the conformal theory requires 
vanishing of the chiral anomaly, namely it requires that, 


k=k. (11.2) 


Next we quantize the system on the light-front. This framework is very conve- 
nient since both momenta P~ and P+, or equivalently P and P, can be expressed 
in terms of J only (with no reference to J). This decoupling of one sector (the 
anti-holomorphic one) can be attributed to the fact that in a frame moving to the 
right with the speed of light there is no way to interact with massless left-moving 
particles. The light-cone Hamiltonian is given by, 


1 
Pt = ——__ |dzx:J* JS 
DETE | oe EOE) 
< 1 a a 
= Jin Ins (11.3) 
n=1 
where in the last line we have assumed that the light-cone space direction x7 = z 


has been put on a circle. Thus the Hamiltonian acts inside current blocks, and 
the problem of finding the massive spectrum splits into diagonalizing the decou- 
pled blocks of P* on global G singlets. We want to emphasize again that the 
light-front dynamics is fully independent of the anti-holomorphic sector, apart 
from the constraint that k =k. This clearly means that we can replace the 
anti-holomorphic sector with another anti-holomorphic sector, provided that 
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the latter has a level that equals k. Obviously we could have fixed the oppo- 
site gauge A, = 0, leaving only the anti-holomorphic sector with currents J. In 
that gauge we could have replaced the holomorphic sector with another one, 
again provided that it has level k. Thus we conclude that the massive spectrum 
does not depend on the representations r and T, but only on the gauge group G 
and the level k. 

We would like to demonstrate this universality in the context of a gen- 
eralization of Schwinger’s model, which contains n® right moving fermions 
wR i=1...n® and nt left-moving fermions Y! i = 1...n% [120]. Both the right- 
and left-moving fermions are charged with respect to an abelian U(1) gauge 
symmetry with charges g® and q! respectively. The system is described by the 
Lagrangian density, 


c= uk + wh lauk + Ar pr (0A), (11.4) 


R 
where J = >> gh pk lyk and we are using the gauge A = 0. Upon integrating 
A we get, 
1 
a2 
We can now bosonize the system. Note that the fermions at hand are not Dirac 


fermions but rather n? right and n! left chiral fermions. The system is consistent 
in the sense that there is no chiral anomaly when, 


Lave OYE + laut eJ. (11.5) 


N? Nt 
=X GR way Bak =k. (11.6) 
i=1 i=1 


One can use the prescription for chiral bosonization described in Section 6.4. 
In fact it is enough to note that the interaction term takes the form, 


Lin = -e Ia, J = e ($), (11.7) 


where ¢ = se grok 5 q! o! and ¢ and ¢" are the right and left chiral 
bosons that corresponds to the right and left chiral fermions. Thus we conclude 
that the spectrum includes one massive mode corresponding to ¢ plus n? — 1 and 
n! — 1 massless right- and left-moving particles, respectively. It is now evident 
that indeed in accordance with the universality theorem, the massive sector 
does not depend on the explicit sequence of charges qÈ? and q} but only on the 
combination expressed in @. 

Another example of the universality theorem is the case of adjoint fermions. 
The ALA associated with the currents built from the adjoint fermions J*’ = 
wre is of level Ne. The CFT based on a WZW model of SU(N.) of level 
k = Ne is another theory with the same ALA, and hence the massive sector of 
the spectrum of these theories should, according to the theorem, be the same. 
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In the next section we describe the massive spectrum of such models based on a 
’t Hooft-like equation for the currents. 


11.3 Mesonic spectra of two-current states 


In this section we derive the massive meson spectrum built from two current 
creation operators acting on the vacuum. In the next section we will discuss 
states constructed from a single current acting on the adjoint vacuum. 

The first step in the determination of the spectrum is the derivation of a ’t 
Hooft-like equation for the wave functions of the “currentball” states, at arbitrary 
level Ny. This equation should interpolate between the description of a single 
flavor (t Hooft model), the model Ny = N. equivalent to adjoint fermions and 
the large Ny limit. We will argue that the equation obtained suggests that the 
underlying degrees of freedom in the problem are interacting “gluons” with mass 
oN Actually, these are related to the color currents, but are color singlets. 

Then we will solve the equation for the lowest massive state. Whereas the ’t 
Hooft model N; = 1 is exactly solvable, the multi-flavor case with Ny > 1 is not 
solvable even in the Veneziano limit when both N. and Ny are taken to infinity 
(with a fixed ratio), since pair creation and annihilation are not suppressed. 

For the case of the adjoint quarks, the results derived using the current quanta 
will be shown to be compatible with those computed with fermions as the basic 
degrees of freedom discussed in Chapter 12. For large Ny it will be shown that the 


exact massive spectrum is a single particle with M? = aus This phenomenon 
is explained by the fact that this limit can be viewed as an “abelianization” of 


the model. 


11.3.1 The basic setup 


We now establish the basic setup. We start with the fermionic formulation of the 
various theories, impose the light-cone gauge, introduce the bosonized version 
and finally write down the mass operator. 

In Section 8.4 the classical theory of QC Dy with Dirac fermions in the fun- 
damental representation was described. Here we will address this case as well 
as massless Majorana fermions in the adjoint representation. Recall that these 
theories are described by the following classical Lagrangian: 

= —Tr R +ib pY], (11.8) 
where F),, = 0, A, — 0,A, + i[A,, A,] and the trace is over the color and fla- 
vor indices. For case (i) Ų has the group structure W;, where i =1,...,N. 
and a=1,...,Ny with D, = 0, —iA,, whereas for case (ii) Y = vi and D, = 


ô, — i[A,, ]. In both cases W is two-spinor parametrized as Y = G ). 
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As we have seen in Chapter 10 it is useful to handle these models in the frame- 
work of light-front quantization, namely, to use light-cone space-time coordinates 
and to choose the chiral gauge A_ = 0. In this scheme the Lagrangian takes the 
form, 


L= -00-A + ita t aad + ALT, (11.9) 


where color and flavor indices were omitted and Jt denotes the + component of 
the color current J+ = yty. This Lagrangian density is identical to (11.4) when 
one replaces the complex coordinates with light-cone ones. 

By choosing «+ to be the ‘time’ coordinate it is clear that A, and 7 are non- 
dynamical degrees of freedom. In fact, w are decoupled from the other fields, 
so in order to extract the physics of the dynamical degrees of freedom, one has 
to functionally integrate over A,. The result of this integration is the following 
simplified Lagrangian, 


2 
L= Lo + Lr =a +iptap— ist ast. (11.10) 


Since our basic idea is to solve the system in terms of the “quanta” of the col- 
ored currents, it is natural to introduce bosonization descriptions of the various 
fields. 

(i) As was discussed in Section (9.3.2), the bosonized action of colored-flavored 
Dirac fermions in the fundamental representation is expressed in terms of a WZW 
action of a group element u € U(N, x Np), with an additional mass term that 
couples the color, flavor and baryon number sectors. In the massless case when 
the latter term is missing, the action takes the form, 


Serer A 1 
sEm = oe (g) + Sea (h) + 5 | a200,.00" 6, (11.11) 


where g € SU(N.), h € SU(Ny) and e iy rei € Ug(1), with Ug (1) denoting 
the baryon number symmetry, and the WZW action was given in Section 4.1. 

(ii) The current structure of free Majorana fermions in the adjoint repre- 
sentation can be recast in terms of a WZW action of level k = N., namely 
j= Six’ (g ), where now g is in the adjoint representation of SU(N.), so 
that it carries a conformal dimension of Ł. Multi-flavor adjoint fermions can be 
described as SY“ (g) + SN (h ) where g € SO(N? — 1) and h € SO(Ny). I 
the present work we discuss only gauging of SU(N.) WZW so the latter oll 
would not be considered. 

Substituting now Sine or set for So the action that corresponds to 11.10 
becomes, 


2 
S=S)- S [test es, (11.12) 
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where the current J+ now reads J+ = i#.gd_g', and the level k = Ny and k = 
N. for the multi-flavor fundamental and adjoint cases, respectively. 

The light-front quantization scheme is very convenient because the correspond- 
ing momenta generators Pt and P~ can be expressed only in terms of J+. We 
would like to emphasize that this holds only for the massless case. 

Using the Sugawara construction, the contribution of the colored currents to 
the momentum operator P* takes the simple form, 


1 =. fifa- lm) 
-yafe : Ji(æ7)J} (x7) :, (11.13) 


where J = /aJ*, N. in the denominator is the second Casimir operator of 
the adjoint representation and the level k takes the values mentioned above. 
Note that for future purposes we have added the color indices 7,7 = 1... Ne to 
the currents. In the absence of the interaction with the gauge fields the second 
momentum operator P~ vanishes. For the various QC' D2 models it is given by, 


poa-& fa :Ji(x a afi fig ate (11.14) 


In order to find the massive spectrum of the model we should diagonalize 
the mass operator M? = 2P*+ P7. Our task is therefore to solve the eigenvalue 
equation, 


2Pt P~ |b) = M? |). (11.15) 
We write P+ and P7 in term of the Fourier transform of J(x7), defined by, 


dx 
y n 


Normal ordering in the expressions of P* and P~ are naturally with respect 
to p, where p < 0 denotes a creation operator, and to simplify the notation we 
will write from here on p instead of p*. In terms of these variables the momenta 


J(p") = EEI 


generators are, 


Pt = x74 Jo” dpJi(—p) J (p) 


P- = © fy dp} Ji (—p) J} (p). (11:16) 

Recall that the light-cone currents Ji (p) obey a level k, SU(N.) affine Lie algebra, 
C n 1 n 1 n 1 n n 

[EO W = Sho (824 —5,58aP) op) (I pp at ty) 

(11.17) 


We can now construct the Hilbert space. The vacuum |0, R} is defined by the 
annihilation property, 


Vp > 0, J(p)|0, R) = 0, (11.18) 
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where R is an “allowed” representation depending on the level. Thus, a physical 
state in Hilbert space is, 


Tr J(—p1)...J(—pn)|0, R). 


Note that this basis is not orthogonal. 


11.3.2 ’t Hooft-like equation for the two-current wave function 
We restrict ourselves to the simplest case of the two-current sector of the Hilbert 
space, (in Section 11.4 we will also mention the special case of one current on an 
adjoint vacuum), 

o 1l 
— NN f 


|) A dk ®(k)J*(—k)J*(k — 1)|0), (11.19) 


namely to states which are color singlets of two currents with total Pt =1 
momentum and a distribution of P7 momentum ®(k). Note that ® is a sym- 
metric function, 


(k) = O(1—k). (11.20) 


Our task now is to find the eigenvalue (Schrödinger) equation for the wave 
function ®(k). Let us start by the action of the “Hamiltonian” P~ on the state 
|®). 

The commutator of P~ with a current J’(—k) yields the result, 


ja P yep)" o), J | (Gw N) EANA) J’ (=k) 
+f % (> i s) if" (p) J (p — k) 


P (p-k? 


k 
+f Farso- iIo) (11.21) 
0 P 


We introduced € as an IR cutoff, namely, the lower limit of integration. This is 
the analog of À in the derivation of the ’t Hooft equation of Chapter 10. We take 
€ to go to zero at the end of the calculation. 

The above expression (11.21) contains three terms on the right-hand side The 
first term contains a single creation operator. The second term contains an anni- 
hilation current and therefore should again be commuted with J’ (k — 1). The 
third term contains two creation currents and it would lead to a three-current 
state. This is a manifestation of the fact that pair creation is, generically, not 
suppressed in multi-flavor QCD». 

Note that while deriving eqn (11.21) we get an “infinite” contribution 
N.+J°(—k). This contribution will be cancelled by a counter contribution which 
comes from the regime p ~ k in the first integral on the right-hand side of (11.21), 
as below. 
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The commutator of the second term on the right-hand side of (11.21) with 
J’ (k — 1) yields, 


f = (p pp Jao- I= 1) (11.22) 


=n. [a(S - cps) Op- - p-a- p- D) 


Our results can be summarized by the following set of equations, 


1 


M?|®) = —k)J*(k —1)|0) 4 (Wan)! (11.23) 
a dk dp dl 6(k +p+1—1)U(k, p, Dif: J? (—k) J°(—p) J°(—1)|0), 

with, 
U(k,p,l) = NN: (e z), (11.24) 

and, 
(k) = a (w; N.) : t a z) (k) + 2Ne 5 (i) (11.25) 
Nf ap k J% C ae) [ 00) 


Ignoring the three-current term (see below), we get that ®(k) obeys the eigen- 
value equation, 
M? 1 1 


BTR) = (Ny — N.) G ae z) ®(k) (11.26) 


-np fap 20), HN (Ga ae ia) f dp ®(p 


We assumed that He dp ®(p) = 0, which we will justify shortly. 

For general N, and Np, discarding the three-current term is unjustified. How- 
ever, since the length of Y is |W(k,p,l)|~ e (N.N;)?, in the limit of large Ne 
with fixed e?N, and fixed Ny, or large Ny with fixed e?Ny and fixed N., the 
three-current contribution is indeed negligible, as compared with the two-current 
term, the latter being of order 1. 

The first integral in eqn. (11.26) should be calculated as a principal value 
integral (denoted by P). The divergent part of this integral (arising from the 
regime p ~ k) cancels the previously mentioned infinity. In order to make contact 
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with the ordinary ’t Hooft equation, it is useful to integrate eqn. (11.26) with 
respect to k and rewrite it in terms of y(k) = H dp ®(p), to get, 


FRO = 4 Na (+z) oH) N:P | a ee 
p(p) 


k 1 
plp) 
+N I dp +N f ipar E 11.27 
é 0 p , k (=p)? ( ) 


The derivation goes as follows. First, integrating eqn. (11.20) we get y(k) = 
—y(1 — k) + const. Then taking y(1) = 0 we get, 


y(k) = —y(1 — k). (11.28) 

Now y(1) = 0 implies f dk®(k) = 0, which was our assumption above. Then, 

differentiating (11.27) we do get (11.26), and by the last equation we also get 
that there is no extra integration constant. 

We would like to comment on the issue of the Hermiticity of the “Hamiltonian” 


M?. Naively, it seems that M? is not Hermitian with respect to the scalar product 
<y|p> = fe dkw* (k) p(k), since the Hermitian conjugate of (11.27) is, 


(E) ew- (t+ 1) oe 
-np f oe Ny 5 a dpy(p) -Ni gp f ape 


(11.29) 


However, as we shall see in the next subsection, the numerical solution yields 
real eigenvalues and eigenfunctions. Therefore, at least on the subspace which is 
spanned by the eigenfunctions, namely real functions that are zero at k = 0, 1 and 
anti-symmetric with respect to k = 5, the operator M? is Hermitian. Note that 
(11.29) is “more regular” than (11.27), as in (11.27) it is y(p)/p? that appears 
in the integration from zero. 

Equation (11.27) is similar to the ’t Hooft equation for a massive single flavor 
large Ne QCD,, with m? = os, It differs from ’t Hooft’s equation by having two 
additional terms (the two last terms in (11.27)). It suggests that the dynamics 
that governs the lowest state of the multi-flavor model is given, approximately, by 
a model of a massive “glueball” with an SU(N.) gauge interaction and additional 
terms which are proportional to Nr. 

Before we present our solution of (11.27) it is important to note that it is only 
an approximate solution. We neglected the three-current state with, a priori, no 
justification. We shall see, however, that the restriction to the truncated two- 
current sector is an excellent approximation for the lowest massive meson. 
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11.3.3 The two-current mesonic spectrum 


The most convenient way to solve (11.27) is to expand y(k) in the basis, 
k) = Ai lk- =] [k0 - k]. 11.30 
(k) > ( 5) [k(1 — k)] (11.30) 


The value of 8 is chosen so that the Hamiltonian will not be singular near k — 0 
or k — 1. This consideration leads to the equation, 
Ny N;/Ne 
& 1) = + Brcot bx = 0, (11.31) 

as derived from eqn. (11.29). Had we started with (11.27), it would have been 
—G replacing @ in (11.31), and constrained to @ larger than 1. 

Upon truncating the infinite sum in (11.30) to a finite sum, the eigenvalue 
problem reduces to a diagonalization of a matrix. So, the problem can be 
reformulated as, 


ANij Aj = Hi Aj, (11.32) 
with, 


Nj; = T dk (i = a (kl KJET, (11.33) 


f à -gbt 1 _ hts 
E | drap ŻE a 2) PU = P)) (11.34) 
: p 
Hence, 
_ B(QB+i+j+2,286+i+j+2) 
Nys 2228 +i+j+1) l a 
and, 
H, =(% 1) B(26 +i+j+1,28+i+j +1) 
ij = b+ 9 
N. 2(28 +i + j) 
N; B(2B+i+j+1,28+i+j+1) 
N.  U2B+i+i(B+i+1) 
 (B+(B+IBB+i B+) B+B) (11.36) 
i B26 +i+j)(26+i+ j+ 1) | 
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Table 11.1. The mass of the lowest massive meson, 
Tair 
in units of Œ, as a function of N/N. and B. 


M 


B N/N: M? 
0.0000 0 5.88 
0.0573 0.2 6.91 
0.1088 0.4 7.91 
0.1552 0.6 8.91 
0.1978 0.8 9.89 
0.2366 1.0 10.86 
0.2725 1.2 11.83 
0.3050 1.4 12.77 
0.3360 1.6 13.73 
0.3645 1.8 14.67 


where B(x, y) is the beta function, 


T(x) (y) 


P(t) = Tety) 


(11.37) 


In practice, the process converges rapidly and a 5 x 5 matrix yields the ‘contin- 
uum’ results. 

The lowest eigenvalues of (11.27) as a function of the ratio x are listed in 
Table 11.1 (see also Fig. 11.1). Note that by 6 = 0, N/N. = 0 we mean the limit 
B —0,N;/N. > 0. 

These values are in excellent agreement with recent DLCQ calculations, as 
will be given in the next chapter. 

The typical error is less than 0.1 %. 

An interesting observation is that the eigenvalues depend linearly on Ny, 


Fig. 11.1. The dependence is, 


2N; N; 
M? =E (5884+52). 11.38 
T ( = Ne ( ) 


We do not have a good understanding of this observation. It is not clear why the 
lowest eigenvalue sits on a straight line. 
In the following sections we will consider some special cases. 


11.3.4 Special cases: Np af Nf = Ne and N> Ne 
We now discuss three special cases, the massless °t Hooft model where the 
fermions are in the fundamental representation with N; = 1, the case of adjoint 
fermions namely Ny = Ne and the “abelianized” model of large Ny >> Ne. 
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Mass Eigenvalues 
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Fig. 11.1. The Green’s function of the quark bilinear. 


N; = 1, currentized massless ’t Hooft model 


The limit N. — œœ with e? N. fixed and Ny < N. corresponds to the well-known 
’t Hooft model. In this limit QCD, was solved exactly by ’t Hooft [124] (see 
Chapter 10), using the fermionic basis. Let us see how our approach looks in the 
fermionic basis in this case. In the limit Ny < N. we can neglect terms which 
are proportional to N;. Equation (11.27) takes the form, 


Rel) n. (+ =) p(k) Nep | ap (11.39) 


which is just the ’t Hooft equation for the massless case. Note that (11.39) is 
exact, since in the small Ny limit the three-current state is suppressed by Ne ? 
with respect to the two-current state and therefore we can neglect it. Note also 
that in this eqn. (11.29) looks the same too. 

Since the wave function y(k) is anti-symmetric, we will recover only the odd 
states in the spectrum of QCD, (the even states can be recovered by considering 
other sectors of the Hilbert space which decouple from the two-current state). 

Though eqn. (11.39) is formally the same as the ’t Hooft equation, the interpre- 
tation of y(k) should be different. It is the integral of the function ®(k&) which 
corresponds to the two-current state, namely to a mixture of 4-fermions and 


11.3 Mesonic spectra of two-current states 215 


2-fermions. What is the relation between the states that we find here and the 
mesons in ’t Hooft’s model? 

In order to answer this question let us expand the currents in terms of fermions. 
It is useful to denote the current in double index notation 


LOIA = faa (WOE) - 55H MAE a)) 0140) 


We do not bother about normal ordering, as no problem for k non zero, and we 
have to treat the k = 0 part in a limiting way. The state |®) can be written as, 


|b) = a i dk (k) J} (—k) J] (k — 1)|0) (11.41) 


= =f dat) f” dado (8-99 e+ o-i iTv ka) 


x (ioue +p 1) Zot pyva(k-+~1)) |0). 


Note that the above expression (11.41) contains creation and annihilation 
fermionic operators. Written in terms of creation operators only; (11.41) reads, 


1 k 1—k 
E A ak f a f dp B(k)' (—q)Y;(—k + q)W (—p) Y; (k+p—1)|0) 


1 k 1-k 
oil a f a f dp ®(k)V'(—q);(—k + q)W (—p) Vj (k + p — 1)|0) 


1 1 k _. 
— J ak f dq ®(k)W'(—q)W;(¢ — 1)|0). (11.42) 
NÈJ Jo 0 
The last term in (11.42) corresponds to a meson. It can be written also as, 
1 1 
| uf wtona- =~ [aa otoa- no, 

0 q 

(11.43) 


which is exactly the *t Hooft meson. We conclude that the two-current state has 
an overlap with the ’t Hooft meson and this is why (11.27) reproduces exactly 
the (odd part of the) spectrum of the ’t Hooft model. 


Large Ny > N, limit 


In the limit Ny > Ne, with e? Ny fixed, the truncation to two-current state 
should again predict exact results. The reason is that the three-current state 
1 


is suppressed by N A 2 with respect to the two-current state. 
In this limit eqn. (11.26) takes the form, 


2N; (1 1 
M =f L( ). (11.44) 


T 
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e? Np 
=a 
The interpretation is clear: in this limit the spectrum of the theory reduces to a 


single non-interacting meson (or “currentball”) with mass m. 


It describes a continuum of states with masses above 2m, where m? = 


Ns = Ne, The Adjoint Fermions Model 


The case Ny = Ne is the most interesting one. It was shown that the massive 
spectrum of this model is equivalent to the massive spectrum of a model with a 
single adjoint fermion, due to ‘universality’ [148]. Since this model is not exactly 
solvable, it is interesting to see how our approach reproduces, almost accurately, 
previous numerical results. 

The mass of the lowest massive meson, predicted by (11.27), is M? = 10.86 x 
ËN.. The values reported from DLCQ calculations are M? = 10.8 and M? = 
10.84, in units of N., as will be detailed in the next chapter. 

This agreement is very surprising. In the regime Ny ~ Ne, the three-current 
state is not suppressed by factors of color or flavor with respect to the two- 
current state. Why, therefore, is our approach so successful? The reason seems 
to be that as in the fermionic basis [38], the lowest massive state is an almost 
pure two-current state. However, the present approach is much more successful 
than the fermionic basis, where the prediction for the mass of the lowest massive 
boson of the adjoint model is twice as much as the lowest massive boson of the 
’t Hooft model. It seems that the “correct” underlying degrees of freedom are 
currents and not fermions, as predicted by the authors of [148]. 

To summarize, we have used a description of massless QCD, in terms of cur- 
rents. With this basis we wrote down a ’t Hooft-like equation (11.27) for the 
wave function of the two-current states. 

The equation interpolates smoothly between the description of a single flavor 
model with large N, (’t Hooft model), the adjoint fermions model N; = N, and 
the large Ny model. The equation is derived by using an a-priori unjustified 
suppression of the three-current coupling. Nevertheless, we observe an excellent 
agreement with the DLCQ results for the first excited state. For higher excited 
states the agreement deteriorates and it is of the order of 20%. 

The accuracy of the results for the first excited state, which implies that for 
this state the truncation of the “pair creation terms” is harmless, deserves further 
investigation. 


11.4 The adjoint vacuum and its one-current state 


Next we construct the spectrum of states, which is obtained by the action of a 
current on the “adjoint vacuum”, in the color singlet combination. This way we 
get physical states, which are in a sense “one-current” states. 
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The “adjoint vacuum” is created from the singlet vacuum by applying the 
adjoint zero mode, which is taken as the limit € — 0 of the product of quark and 
anti-quark creation operators, each one at momentum e. Hence in our case, 


|0, R) = lim $1 (244, ;(©) |0), (11.45) 


where y’; and we 1,; are the creation operators of a quark and anti-quark respec- 
tively. We can represent the action of the above adjoint zero mode on the vacuum 
by the derivative of a creation current taken at zero momentum. Differentiating 
the current with respect to k, and acting on the vacuum we get, 


m d oo oo : 
Jj’ (k) |0),0- = Via a f dqô(k + p + qv" i (p)vt, la) [0)k=0- 


= SEO Oeo. (11.46) 


As the currents are traceless, we have to subtract the trace part for i = j. The 
latter can be neglected for large Ne. For any given N., results that follow are 
also the same after the trace is subtracted. 

The adjoint vacuum we have is a bosonic one, constructed from fermion- 
antifermion zero modes, and as we show it can be written as the derivative 
of the current acting on the singlet vacuum. In the case of adjoint fermions there 
is another adjoint vacuum, a fermionic one, obtained by applying the adjoint 
fermion zero mode on the singlet vacuum. 

As we showed already, (J?) (0) |0} represents the adjoint zero mode 
bi (0)d' (0) |0) (indices suppressed), for any Ny and N., so in particular also 
for Ny = Ne. But in the latter case the theory is equivalent to that of adjoint 
fermions, as follows from the equivalence theorem discussed in Section 11.2. As 
also stated there, states built on the adjoint vacuum above, cannot be distin- 
guished from those built on the fermionic adjoint vacuum, the latter obtained 
by applying the adjoint fermions on the singlet vacuum. 

The adjoint bosonic vacuum can also have flavor quantum numbers, when the 
fermion has flavor. This does not change our results about the mass of the new 
state we have. Our “currentball” will have flavor too in such a case. In our scheme 
of bosonization, which is the “product scheme”, especially convenient when the 
quarks are massless, the flavor sector is decoupled, and so the flavor multiplets 
are given by the action of flavor zero modes, not changing the mass values. 

Let us introduce the notation, 


The state we have in mind is, 


lk) = J°(—k)Z"|0). 
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This state is obviously a global color singlet, but in our light-cone gauge A_ = 0 
it is also a local color singlet, as the appropriate line integral vanishes. 
Now, 


VE OZ] = Nera) FO), 014) 


and thus, for p > 0, 


J” (p)Z*|0) = Z’ J*(p)|0) — Zro =0. 


Hence the state Z°|0) is annihilated by all the annihilation currents, and so it is 
indeed a colored vacuum. 
Using, 
[Pt , J’ (—k)] = kJ?(-k), (11.48) 
we get that our state |k} is indeed of momentum k. 
Note that when quantizing on a circle of radius R, the adjoint vacuum would 


be an eigenstate of P* with eigenvalue N./R. As we work in the continuum 
limit, we get zero. 


11.4.1 The action of MÊ on the one-current states 
First, we evaluate the commutator of P~ with a creation current, 


le Awol) I (=p) (p), P) 


0 
o1 
9 


iste I E SE A — fi, 


1 b : fabe i a c 
NIOR tis | dpo) o- t) 


note that in P~ (and in P7) we ignore contributions from zero-mode states, that 
is, we cut the integrals at €, and then take the limit. 

As P* and P% act on a singlet state, and as J“ (0), being the color charge, 
annihilates this state, the contribution from the zero modes in both P* and P7 
is zero. Therefore it is legitimate to cut the integration limit above the zero mode 
and then take the cutoff to zero, as we have done. Note also that the integral 
of ọ(p) around p = 0 is finite, and in fact zero when integrating over the whole 
line, therefore there are no divergences when we take the limit. 

It is important, however, to remember that the zero mode does contribute 
when we act upon non singlet states, like the adjoint vacuum Z°|0> itself. 
When quantizing on a circle of radius R one gets that P* is of order 1/R. 
And then, with P~ of order e?R, M? is R independent, and so remains finite 
in the continuum limit. However, this is subtle, as P~ becomes IR divergent in 
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the continuum and needs to be regularized. This subtlety does not affect our 
calculation as we work in the singlet sector only. 

Actually, the argument connected with P~ acting on singlets should be some- 
what sharpened. Let us put the lower limit at €, and let it go to zero at the end. 
This IR cutoff is similar to the one introduced in the derivation of ’t Hooft’s 
model discussed in Section 10. Then J(e), when acting on a singlet, would go 
like e. We have two currents in the integral, so we get €?. But then we have 1/e? 
from the denominator, so a finite integrant. But the region for integration is of 
order €, so indeed the total contribution goes to zero. 

Now apply P~ on our state, 


P~J°(—k)Z"|0) = [P7, J’ (—k)] 2°|0), (11.49) 


as the Hamiltonian annihilates the color vacuum as well. 
Using the commutator of the Hamiltonian with a current, we get, 


ZPJ (-k)Z*l0) = ÍN 2J (-k)Z’l0) 
k 
+is f dpo) I (DI p- k)Z'10). 


Note that we use the fact that annihilation currents do annihilate the colored 
vacuum also. 
Let us apply the operator M? to our one-current state, 


M? J’ (—k) Z0) = 2P7 P+ J” (—k) Z’ |0)2k P7 J’ (—k) Z? |0) 


e Ny b b 2e? ; cabe i a c b 
= (XP) rinzo + (k)i f aeoo- wzo. 
0 
(11.50) 
So it seems that, in the large Ny limit, the state J?(—k)Z°|0) is an (approximate) 


: P f e Nfs 
eigenstate, with eigenvalue —~. 

To see the exact dependence of the two terms in the equation above (the 
one- and two-current states) on Ny and Ne, we should normalize them. The 


normalization of J’(—k)Z°|0) is, 


(0| 2°. J" (k) J?(—k)Z” |0) = (0| Z° [J*(k), J?(—k)] Z° |0) 


II 


5 Nrk6(0) (0| Z? Z? |0) + if: (0| Z*.7°(0)Z? |0) (11.51) 


II 


5 Nrk6(0) (0| Z? Z? |0) + Ne (0| Z°Z? |0) . 


The second term in the last line can be neglected compared with the first, as it 
is a constant to be compared with 6(0) [the space volume divided by 27]. 
Now, 


(0|Z°Z?|0) = (N2 — 1)(0|Z* Z*|0), 
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and the factor kd(0) is the normalization of a plane wave of momentum k. So 
the normalized state is, for Ne > 1, 


: J”(—k)Z?|0), (11.52) 


relative to (0|Z!Z'|0). 

The normalization of the second term is more complicated. A lengthy but 
straightforward calculation gives, 
2 


: k 
| (sem | dqB(q) I"(—g) I! (q— v) Z“ 10) 


= N. (N? — 1) (axr) o (0 |Z'Z"|0) (11.53) 


k k k—p 
af | imk- eo-a- — 5 f w f aao). 


Using the following relations, 


pope pang = Tr(T°T?) = NSt 
fabe fabe paoa: foed = Ter mr Tr) 
1 
= if’ Tr(T°T’T?) + at ALS a = SNe — 1), 
we have evaluated only the terms proportional to 6(0) as they are the dominant 
ones. 

The various momentum integrals (including the ones for the non dominant 
terms) are divergent for e — 0, thus they should be regulated. We leave this 
problem for now, and assume henceforth that they are regulated and finite. For 
simplicity the integrals (including the factor k) appearing in the two dominant 
terms will be denoted R, and —Rə in the following expressions. Note that we 

2 
have + and i divergences and also In( E>). It seems that these are cancelled in 
Ro. 
Define now the normalized states, 


|51) = Cı (J?(-k)Z? |0)) (11.54) 
k 
|S2) = icone f dp®(p).J*(—p) J°(p — k) Z’ |0) , (11.55) 
where, 
Se SUSIE: =. (11.56) 


1 
Cc; ——, G =: 
Nel 5 Ny yf fa + Ro xt 
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The mass eigenvalue equation of the normalized states is, 


e eN. Ne 
M?|S1) = —Ny|S1) + — v2 Rise + RalS2), (11.57) 


thus, we see that in the large flavor limit, our state |S;) is an eigenstate with 
mass 


e? Ny 


M= i 
2T 


(11.58) 


In the large color limit, however, we actually get that the second term dominates 
by a factor of Ne. Moreover, while the first term goes to zero in the large Ne 
limit, due to the factor of e?, the second term survives in that limit. 
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DLCQ and the spectra of QCD with fundamental 
and adjoint fermions 


12.1 Discretized light-cone quantization 


So far we have analyzed the mesonic spectra of QCD in low dimensions using the 
methods of the large N. limit (’t Hooft model), and bosonization or currentiza- 
tion. In both these methods we have chosen a light-cone gauge and implemented 
a correlated light-front quantization. To get a broader perspective of the spec- 
tra in this framework, and in particular to extract the mesonic spectra using 
fermionic degrees of freedom with finite N., we now invoke another tool, the 
discrete light-cone quantization. We first describe the method and then apply it 
to both QCD with fundamental quarks and with adjoint quarks. 

The discretized light-cone quantization (DLCQ) is a method devised to com- 
pute spectra and wave functions of physical states of quantum field theories.! It 
is based on the following ingredients: 


e A Hamiltonian formulation of the theory. 

¢ Calculations in momentum representation. 

e Periodic boundary conditions and hence discretized momenta. 
e Light-front quantization. 


The Hamiltonian approach is used since it is more convenient for analyzing 
the structure of bound states. The periodic boundary conditions assure that 
charges associated with symmetries are strictly conserved. For a conserved cur- 
rent ðt J, +07- J_ = 0 the light-front charge is conserved, 


L + 
Q(x*) =f ae rea) sole Vig (12.1) 
provided that, 
J* (at, +L) — Jt (at,-L) =0, (12.2) 


which is guaranteed by the periodic boundary conditions. 

Note that, the light-front plane of constant xt, serving as “time”, is gener- 
ally called “light-cone quantization”, although the plane is only tangential to 
the light cone. In general d-dimensional space-time one may view the DLCQ 


1 For reviews see [48] and [47]. 
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approach as a projection into non-relativistic dynamics since for a fixed light-cone 
momentum P* the Hamiltonian H = P7 is quadratic in the transverse momenta 
H= na + u- where P’ are the transverse momenta. 

In spite of a lot of progress in handling problems faced by the DLCQ there 
are still several unresolved issues such as: 


e There is no proof that the light-front dynamics is fully equivalent to that of 
ordinary time evolution, in particular for massless chiral fermions. 

e There are subtleties with the renormalization of a Hamiltonian matrix with a 
cutoff such that all physical results are independent of the cutoff. 

e The implementation of a proper quantization for the system, with constraints 
which emerge from gauge fixing. 


12.2 Application of DLCQ to QCD, with fundamental fermions 


Instead of describing the method in general, we demonstrate the application 
of the DLCQ method to the case of QCD, with fundamental fermions. The 
light-front action of two-dimensional SU(N) YM gauge fields coupled to Dirac 
fermions in the fundamental representation of the gauge group in the light-cone 
gauge At = 0 reads,” 


Socp, = farar sik [(e-awy? +0 (: J-m- 74x) v) , (12.3) 
VL 
UR 


color indices which are not written explicitly. To simplify the analysis we restrict 


where VU = ( j with wz and wr are Weyl fermions, the trace is over the 


ourselves to the case of a single flavor. 
The corresponding equations of motion take the form, 


Ovi =m, (10, +94,)vR= mb, PAL =gvhT*br. (12-4) 


One can then express Wy and A, in terms of wp only, 


o; +L 
plaat) = Payee — nla) 
g +L 
Aaa E S aye AT) (128) 
ZÑ 


where e(a~ — y7) is +1 for positive argument and —1 for negative. 


2 The application of the discrete light-front quantization to two-dimensional QCD was done 
in [128] and in [127]. 
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The light-cone momentum and energy are given by, 


+L 
pre dT Wh iO_vp(2* , 27) 
Hae g EL +L 
P-= > ih dx” dy wh (x jez” — y7 )dr(y) 
hy =, 


2 +L +L 
a T tae I WTR ETT e (ET) = WRT on). 
(12.6) 


When one substitutes into these expressions the expansion of the fields in anti- 
commuting modes, subjected to anti-periodic boundary conditions, one gets, 


27 
T i il 
pra XO nba + didn), (12.7) 
n=7; Fy 
where, 
1 He knc 
prl) = -= bre! i +de a : (12.8) 
FE 2 | 


The creation and annihilation operators bt ,d',b,,,d, are all taken to be in the 


non? 


fundamental representation of SU(N) and obey the usual algebra, 


{bi bm} = ônm Gah , dm} = ônm. (12.9) 
Since the eigenvalues of the momentum are proportional to 2m it is natural to 
define a dimensionless momentum, 
L 
K = — Pr. 12.10 
ie (12.10) 


Similarly one defines a dimensionless Hamiltonian, 


271- å? i 1 
gyan ipaya (12.11) 
L m2 1+ oe 
g 


where we introduce the dimensionless coupling Â. The rationale behind this 
parameterization is that the spectrum and wave function depend, apart from 
an overall mass scale, only on the ratio of 4. The Hamiltonian H is decomposed 
into a free kinetic term Hp and the potential V, 


H = (1 — Â?) Ho + °V, (12.12) 
where, 


1 
Hm= X, Oion + didn), (12.13) 


Zig 
n=7; Fy 
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and, 
S J" (k ao (-k), k#0 (12.14) 
Ure es 
with the currents given by, 
I°(k) = XO [Pnb + 0(—n)d,JT* [O(n — k)bh_, +O(k —n)dy—n]. (12.15) 
k=—oco 


We already have the expression for the potential (11.16). 

Note that there is no contribution from k = 0, since we apply the Hamiltonian 
P- only on singlet states, and j“(0) on these vanishes. Normal ordering of the 
potential gives, 


y. Oe In opt i 
V=V: + 2 = (bf bn + dh dn); (12.16) 


where Cf = N 
tion, and I, is the self-induced inertia I, = — + + pier i ay . The self-induced 
inertia terms cancel the infrared singularity in the interaction term in the con- 


is the second Casimir SN in the fundamental representa- 


tinuum limit. : V : involves a sum of eight quartic terms in the fermionic creation 
and annihilation operators. For instance one such term is, 


-Z (Nag ges — si ae) a L ainn e Oly Dine Oceans A217 
where c; are the color indices that have been suppressed before and there is an 
implicit summation over the half integers n; such that the momentum is con- 
served. Now since P~ and P+ (or H and K) commute they can be diagonalized 
simultaneously. One fixes the value of K = 1, 2,3... and the corresponding Fock 
space is finite dimensional. One then diagonalizes H in the restricted subspace 
of gauge singlets such that the masses are given by, 


M? = 2P+ P- = (=e (12.18) 


Notice that the dependence of the invariant masses on L the size of the space 
drops out. 

In Fig. 12.1 the DLCQ spectrum of low-lying mesons is drawn as a function 
of m/g for N = 2,3,4 and compared with the t’ Hooft large N calculation. A 
comparison with lattice calculation is presented in Fig. 12.2. 

In performing these calculations it was found that, except for very small quark 
masses, there is a quick convergence of the numerics. This is a manifestation of 
the fact that the lowest Fock states dominate the hadronic state. It was found 
out that typically the momentum carried by sea quarks is less than one percent. 
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Fig. 12.1. Comparison of the DLCQ meson spectra for N = 2,3,4 and the 
spectrum derived from lattice calculations [127]. 
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Fig. 12.2. Comparison of the DLCQ meson spectra for N = 2,3,4 and the 
’t Hooft large N spectrum [127]. 
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Several further properties were extracted from the DLCQ spectrum and wave 
functions: 


e The scaling of the lightest mesonic and baryonic masses with N. It was found 
that there is fair agreement with the result deduced from bosonization for small 
TE namely, that 

Mmeson _ agin ar . (12.19) 
Mbaryon 2(2N — 1) 
The results “measured” were found to be 1, .62(5),.46(4) for N = 2,3,4 com- 
paring with bosonization result 1,.618,.445. In the large N limit this result 
implies that the baryon mass is proportional to N times the mass of the meson. 

e The mesonic form factors were shown to be in accordance with analytical work. 

e The “deuteron”, a loosely bound state of two nucleons, was shown to be stable, 
in QCD, with two colors and two flavors. 

e The “anti Pauli-blocking” effect, for which the sea quarks with the same flavor 
as that of the majority of the valence ones, are not suppressed in spite of their 
fermionic nature. 


12.3 The spectrum of QCD, with adjoint fermions 


Our starting point is the action of two-dimensional SU(N) YM theory coupled 
to Majorana fermions in the adjoint representation.” The latter is expressed in 
terms of a traceless Hermitian matrix pij. The action reads, 


1 
Sadj z ferr vt ot Daw = mp ap = Tarare | 
g 


= foram hiway + bd_) — iV 2mpy + ga (0-A) + 4A, z f 
(12.20) 


where we have parameterized the Majorana fermions as follows, 


1 m 
Pij = To (2) Ji, = Qin Pry, (12.21) 
where 7 and 7 are Weyl Majorana spinors written as N x N traceless Hermitian 
matrices. In the second line we have imposed the light-cone gauge AL = At =0 
and used 7° = ay and y! =io,. Note that the action does not include time 
(a+) derivatives of A, and of y and hence both of them are non-dynamical. The 
equal time (xt) anti-commutation relation for the dynamical Majorana fermions 
is given by, 


{vi a), Ya) = soln — y7) (583 - Audu) : (12.22) 


3 Two-dimensional QCD with adjoint fermions was analyzed in several papers. Here we follow 
[38], [72], [147]. 
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In analogy to the expression of P* and P- given for the fundamental fermions 
in Section 12.2 and for the bosonized case in Section 11.3, we have now, 


BM = J amiyos 


—im? 1 1 1 
P- = | dsrT 2It = JT. 12.23 

f e | I aT (1228 
Denoting by ® the physical states of the system, that obey the zero charge 
condition, 


fagta =0, (12.24) 


which is simultaneously an eigenstate of both Pt and P7 since [P*, P7] = 0, 
the spectrum is then determined as usual in the light-cone quantization via, 


2P+ P-|>= M’ |>. (12.25) 


Next we introduce the mode expansion and transform the expressions from 
the configuration space to the space of momenta. In Section 12.2 we have done 
this directly in the discretized formalism. Here for completeness we first consider 
a continuous momentum and then perform the discretization. 

The mode expansion reads, 


= 1 id + CS en ae T +) ikt 27 
Wye) = ae fats + Bee], (122) 
and the non-trivial part of the algebra of the creation and annihilation operators 
is given by, 
1 1 
{biz (k+), brila )} = ike =q") (563 = xii : (12.27) 


From here on we will omit the + of kt and denote it as k. Plugging the mode 
expansion into (12.23) we get, 


Pt =f dk kb], (k)bi;(k), (12.28) 
and 


m? f° dk PN ø” 
pra bt (k)b;; SA + (hb... 
: i Bt (kD bis (ke) + I A&C (Kb! (k)bi; (k) 
pan [> 
27 Jo 

+ B(ki)ðô(kı + k2 + kz — ka)(Oh,; (kg) byt (Kx ) bri (Ke ) bi; (k3) 


— b}, (ker) bE, (Heo) bj (ka ) bes (ka))], (12.29) 


dkıdkədkzdk4[A(k:)ð(kı + ky — ks — keg )bj; (hes )b!; (Kes) Der (Fr ) bri (k2) 
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where 
1 1 
A k; = ’ 
(Bi) (ka — ky)? (ki + ke)? 
1 1 
B(k;) = ; 
(Ri) = ee (ki + k2)? 
ge Pom (12.30) 
(p — y 


From these expressions of P+ and P7 it is obvious that the vacuum is annihilated 
by both Pt and P7, 


P*\0>=0 P-|0>=0. (12.31) 


The bosonic and fermionic states of the system take the following form, 


hed Pa 2j 
j=1"° i=l 


fog (ki, ko, ---kajy)N7? Tr[b! (ky)... b? (ke; )]|O>, 


œo Pt 2j 
j=1 "° i=1 
fo (Ka, ka, . + kzj) N-I Tr[b? (ki)... bt (kaj+1)]l0>, (12.32) 


where the wave functions obey the cyclicity relation due to the fermionic nature 
of the creation and annihilation operators, 


fi(k2, ks, Saian ki, kı) = (—1)'"" filka, k2, cere ki). (12.33) 


Unlike the case of fundamental fermions, pairs of adjoint fermions are not sup- 
pressed by additional factor of + and hence the eigenstates are generated by 
applying operators on the vacuum with a mixture of different numbers of cre- 
ation operators. This renders the extraction of the spectrum for adjoint fermions 
much harder to determine than that of the fundamental ones. These states are 
obviously eigenstates of P+. We will have to ensure that they are also eigenstates 
of P~. Following the same procedure as for ’t Hooft’s model of Chapter 10 and 
of Chapter 11 one derives a set of equations for the wavefunctions f; by applying 
(12.25) on the bosonic and fermionic eigenstates which take the form, 
ma 


M? fil£1, £2, ... £i) = z fL Ba, 2) 
1 


gN ti ttz 
)2 i dy fi(y, v1 + £2 — Y, £3, ... xi) 
0 


ma, + T2 


gN zıtta 
| (ay — yj OnT ti) = Files + B2 — Y%3,---24)] 
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2 ry xı —y 
g u i 1 1 
—— d dzfi „Z, £1 — Y — Z, £2, .. . Li 
fade, dy. TOE a Gag 
1 1 
+ li 12.34 
en wear | Sens (284) 


where x; = LS and the last term of the equation stands for cyclic permutations 
of (@1,%2,...,2;) which for odd i comes with a + sign and for even i with 
alternating signs. Similar to what happens in the ’t Hooft model, the equation 
does not have an ambiguity once we incorporate a principal value prescription 
to the Coulomb double pole since at x; = y the numerator also vanishes. 

At this point we implement the idea of discretizing the light-cone momenta in 
the following way, 

K 


1 
2 
B [wg Sy (12.35) 


odd n>0 


where n is an odd positive integer and K — oo is the continuum limit. The 
constraint ye , £j = 1 eliminates all states with over K partons, where a par- 
ton is a state created from the vacuum by a single creation operator. In this 
way the discretized eigenvalue problem becomes finite dimensional. With this 
discretization the Fourier transform (12.26) translates into a sum, 


Wy) = 5 do bylae + ol (ne ], (12.36) 


odd n>0 


Similar to (12.8), the creation and annihilation operators of (12.27) also take 
discretized values, and obviously the Dirac delta function in (12.27) is replaced 
by a Kronecker delta function. The eigenvalue problem now reads, 


2N 
2P+P- =K [r+ mv] , (12.37) 
where the mass term is given by, 
1 
V =>) =o (m)bis(n), (12.38) 
and, 
T=4 Enb AEn Game t 


i Onin mi ti [e — bj. (n) bi; (n)bri(n)bu (n) 


1 1 
+ Oni ens Rachie ace aie] 
bÌ (ma) ber(m1)bri (m2) bij (na) — Bf; (n1)bt,(na)bl; (ns )bei(m4)}, (12.39) 


where all the summations are over positive odd integers. 
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Fig. 12.3. The spectrum of fermionic states for K = 25, m = 0 [38]. 


One chooses a basis of states normalized to 1 in the large N limit, 


1 


wee (m) ...b1(n;)]|O> 2 ny = K. (12.40) 


The states are defined by ordered partitions of K into i positive odd integers, 
modulo cyclic permutations. If (n1, n2,...,n;) is taken into itself by s out of i 
possible cyclic permutations, then the corresponding state receives a normaliza- 
tion factor +. Otherwise s = 1. For even i, however, all partitions of K where 
i/s is odd do not give rise to states. 

Using the discretized Hamiltonian and the basis of states (12.40) one can 
diagonalize the Hamiltonian and compute the spectrum for a range of values 
of K and then extrapolate the results to infinite K, the continuum limit. One 
can extract certain properties of the spectrum also from the results at a fixed 
large K. In particular the dependence of the spectrum on the mass of the adjoint 
quark m is also of interest and the special cases of m = 0 and m? = g? N/7 where 
the model is supersymmetric. 

The fermionic spectrum found by diagonalizing the system with K = 25 for 
the massless case and for m? = ou is described in Figs. 12.3 and 12.4 in the 
form of the mass of the bound state as a function of the expectation value of 
the parton number. The bosonic spectrum using K = 24 for the two masses is 
drawn in Figs. 12.5 and 12.6. 
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Fig. 12.4. The spectrum of fermionic states for K = 25, m°? = g’ /7 [38]. 
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Fig. 12.5. The spectrum of bosonic states for K = 25, m = 0 [38]. 


The characteristic features of the spectra are the following: 


e The density of states increases rapidly with the mass, and almost all the states 
lie within a band bounded by two < N >~ M lines. The system admits a 
Hagedorn behavior, 


p(m) ~ m%e8™, (12.41) 


where p(m) is the density and from the data it follows that 8 ~ 0.7, | ty: 
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Fig. 12.6. The spectrum of bosonic states for K = 25, m? = g° /n [38]. 


The mass increases roughly linearly with the average number of partons. Such a 
behavior characterizes a system of large N non-relativistic particles connected 
into a closed string by harmonic springs. 

For the low-lying states the wave function strongly peaks on states with a 
definite number of partons. For instance, for K = 25 the ground state has a 
probability of 0.9993 of consisting of 3 partons, and the first excited state has 
a probability of 0.99443 of consisting of 5 partons. 

Thus the low-lying states can be well approximated by truncating the diago- 
nalization to a single parton number sector. For instance the bosonic ground 
state can be derived from a truncation of (12.34) to a two-parton sector which 
yields the following equation, 


2 -meola 1 1 _ 29°N j (x) — p(y) 
M62) = mola) (+ a) +7 S tO, aan) 


x l-r x)? 


with ¢(x) = f2(x,1 — x). Note that this equation is the ’t Hooft equation dis- 
cussed in Chapter 10 with the replacement of g? — 2g. This difference stems 
from the fact that unlike for mesons built from fundamental quarks, here there 
are two color flux tubes connecting two partons. 

Due to the fermionic statistics d(x) = —¢(1 — x) half of the states of the ’t 
Hooft model including the ground state are now excluded. In particular for 
m=0 the state ¢(x) =1 which associates with a massless bound state is 
missing. The absence of a massless ground state even in the limit of m— 0 
can be explained huristically as follows. For m = 0 the mass of the states is 
measured in units of the coupling constant g and hence the massless limit can 
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be achieved in the strong coupling limit g — oo for which the action takes the 
form, 


S= J Pentia "9,0 +A, J"). (12.43) 


Now the left and right currents J;; constitute two independent level N affine 
Lie algebras for which we have seen in Chapter 3 the corresponding Virasoro 
anomaly is, 

k N?-1 2 k 
k+N 22 iN EN? 
where co is the central charge before gauging and k is the ALA level. Since 
k = N it is obvious that c = 0 and hence there is no massless bound state. For 
fundamental quarks in the same limit we get, by taking k=1 and co =N, 
that c = 1, which means that for this case there is a massless bound state. 


c= —(N*-1) 


(12.44) 


13 


The baryonic spectrum of multiflavor QCD» 
in the strong coupling limit 


We are now going to compute the baryonic spectrum of QCD2, for which as 
it turns out the bosonic formulation is very convenient. The mesonic spectrum 
was found earlier, using large N with quark fields as variables in Chapter 10, 
as well as using currents as building blocks in Section 11.3. For the baryon 
spectrum, however, the large N limit, in terms of fermionic fields, is not the 
natural framework to use since in such a picture the baryon is a bound state of 
a large number N of constituents. Instead, it will be shown in this chapter that 
the bosonized version of QC D» in the strong coupling limit provides an effective 
description of the baryons.! We will start by deriving the effective action at 
the strong coupling limit. It will be argued that for the purpose of extracting 
the low-lying baryons, one can in fact use the product scheme instead of the 
U(N. x N.) scheme, with the former being more suitable for our purposes. Once 
the effective action is written down we will search for soliton solutions that carry 
a baryon number. It will be shown that for a static configuration the effective 
action reduces to a sum of sine-Gordon actions. Using the knowledge acquired 
on solitons, in Chapter 5, it will be easy to write down the classical baryonic 
configuration. We will then semi-classically quantize these solitons. This problem 
will be mapped into a quantum mechanical model on a CP\/—") manifold. 
The energy and charges of the quantized soliton can be derived and thus the 
spectrum of the baryons is determined. We then analyze the quark flavor content 
of the baryons and discuss multi-baryon states. Finally, we include meson-baryon 
scattering, this time also for the case of any coupling. 


13.1 The strong coupling limit 


It turns out that the mass term plays an essential role in the determination of 
classical soliton solutions in 1+1 space-time dimensions. It is therefore required 
to switch on this term before deducing the low energy effective action. As was 
explained in Chapter 6, we know how to do this rigorously only in the scheme 
of U( Ne No). It will turn out, however, that the product scheme can be used for 
the low mass states in the strong coupling limit. 


1 The spectrum of baryons of two-dimensional QCD extracted in the strong coupling limit was 
derived in [75]. 
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Our starting point is the last equation of Chapter 9. In the strong coupling limit 
4- —+ œ, the fields in h which contribute to H will become infinitely heavy. The 


7 
sector gl C MA, however, will not acquire mass from the gauge interaction 


term. Since we are interested only in the light particles we can, in the strong 
coupling limit, ignore the heavy fields, if we first normal order the heavy fields 


at the mass scale ù = oy . Using the relation, for a given operator O, 


~\A 
(5) N,O = Nx O, (13.1) 


to perform the change in the scale of normal ordering, and then substituting 
hi = of, we get for the low energy effective action, 


Selu] = Sid] + SU) +5 f axd,00"6 


. 4m Hi An = 
yem üN; | autre V mei glet V terre tgh. (13.2 
qHlY; 


We can now replace the two mass scales m, and jt by a single scale, by normal 
ordering at a certain m so the final form of the effective action becomes, 


See [u] = S[g] + S[ + 5 | Prao 


2 | J In „i / Zo- 
HECNn f oTe iy meir Ý at 4 etv metr itty, (13.3) 


with m given by, 


m= [Noen (ae) ae (13.4) 


here Ag, the dimension of h, is m eee For the l = 1 sector, defining g = 
—i 47 c 
ge V reir oe U(Np) one gets the effective action, 
Seelg] = NeSlg] +m? Nin i PaTrr(g +9"). (13.5) 


Thus, the low energy effective action in the l = 1 sector coincides with the result 
of the “naive” approach of the product scheme. 
In the strong coupling limit e,/m, — oo the low energy effective action reads,” 


S[g] = Nc S[g] +m? Nn f èa + Trg’), (13.6) 


with g in U(Nr). Note that the analog of our strong coupling to the case of 3+1 
space-time, would be that of light current quarks compared to the QCD scale 
Agcp.: 


2 From here on we omit the prime from g’ so we denote g € U(Np). 


13.2 Classical soliton solutions 239 


13.2 Classical soliton solutions 


We now look for static solutions of the classical action. For a static field config- 
uration, the WZ term does not contribute. One way to see this is by noting that 
the variation of the WZ term can be written as, 


ôW Z «x | Eaei te(09)9'(0.9)(8;9"). (13.7) 


and for g that has only spatial dependence dW Z = 0. Without loss of generality 
we may take, for the lowest energy, a diagonal g(x), 


g(x) = Gi ee e VRE ONE ) . (13.8) 


For this ansatz and with a redefinition of the constant term, the action density 
reduces to, 


Sulg] = - feds 3 (2) — 2m? (cos (xe = ] l (13.9) 


This is a sum of decoupled standard sine-Gordon actions for each y;. The 
well-known solutions of the associated equations of motion are, 


4N 32 mer 
gi(x) = 4) n arctg Gi ] i (13.10) 


with the corresponding classical energy, 


2Nc 


E; = 4m i=1,..., NF. (13.11) 


Clearly the minimum energy configuration for this class is when only one of the 
Qi is nonzero, for example, 


go(x) = Diag (1. eee ee) (13.12) 


Conserved charges, corresponding to the vector current, can be computed using 
the definition, 


Q4 [9(x)] = a daTr(JoT*), (13.13) 


where ¿T^ are the SU (NF) generators and the U(1) baryon number is generated 
by the unit matrix. This follows from J, = JAT A and in the fermionic basis 
AL eT A 
Ji = Wu iT y. 
In particular, for eqn. (13.10), we get charges different from zero only for Qg 
and Qy corresponding to baryon number and “hypercharge”, respectively, 


1 /2(Np-1) 


° _ WN Basis N 13.14 
QB C, QY 2 Np C, (13 ) 
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these charges are determined solely by the boundary values of y(x), which are, 


T oloo) =2m, 4/ T el —o0) =0. (13.15) 


Under a general Uy (Nf) global transformation go(£) > ĝo(£) = Ago (x) AT! 
the energy of the soliton is obviously unchanged, but charges other than Qg and 
Qy will be turned on. Let us introduce a parametrization of A that will be useful 
later, 


Zi 
Ai; 
A= : F (13.16) 
*(Nr-1) 
Yı bebe bee Y(np -1) ZNp 
Now, 
go =1+ (eV ? —1)z, (13.17) 
where (Z)ag = Za z3, and from unitarity ae Zaz = 1. The charges with 9, (x) 
are, 
z 1 
(Q°)4 = Z No Tr(T 4z). (13.18) 


Only the baryon number is unchanged. The discussion of the possible U( Np) 
representations cannot be done yet, since we are dealing so far with a classical 
system. We will return to the question of possible representations after quantizing 
the system. 


13.3 Semi-classical quantization and the baryons 


The next step in the semi-classical analysis is to consider configurations of the 
form, 


g(x,t) = A(t)go(x) AT} (t), A(t) € U(Np), (13.19) 


and to derive the effective action for A(t).? Quantization of this action cor- 
responds to doing the functional integral over g(x,t) of the above form. The 
effective action for A(t) is derived by substituting g(a, t) = A(t)go(x) AT! (t) in 
the original action. Here we use the following property of the WZ action, 


S [AgB7'] = 5[AB“] +5 |, Ay] , (13.20) 


3 The semi-classical quantization makes use of the Polyakov-Wiegmann formula [179]. 
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where S{g] is the WZW action and S[g,A] is given by (9.25), respectively, with 
the gauge field A, given as, 


iA, =A'0,A, i- =B! B; A,BEU(Np). (13.21) 
Using the above formula for A = B, noting that S(1) = 0, and taking A = A(t), 
A 
AAS OAS =, 13.22 
, = (13.22) 
we get, 
Š [AHAT E] — Sloe) = FE f Pate [JAHA go[A A, ol} 
No 2 -1 Å 
+ fa wTr {(A e (13.23) 


This action is invariant under global U (Np) transformations A — UA, where 
U € G = U (Nr). This corresponds to the invariance of the original action under 
g — UgU~!. On top of this it is also invariant under the local changes A(t) > 
A(t)V(t), where V(t) € H = SU(Np — 1) x Up(1) x Uy (1), with the last two 
U(1) factors corresponding to baryon number and hypercharge, respectively. This 
subgroup H of G is nothing but the invariance group of go(x). In terms of go (x) 
and A(t) the charges associated with the global U (Np) symmetry, eqn. (13.13), 
have the form, 


= pair fat{ T? A ((9 tôi go — godigt) + [go, [A*A, gf] ]) 47}. 
(13.24) 


The effective action, eqn. (13.23), is an action for the coordinates describing the 
coset space, 


G/H = SU (Np) x Up(1)/SU(Np = 1) x Uy (1) x Up (1) 
= SU(Npr)/SU(Np — 1) x Uy (1) = CP’. (13.25) 
To see this explicitly we define the Lie algebra valued variables q^ through 


AA =i f T^ġ^. In terms of these variables (13.23) takes the form (the part 
that depends on q“), 


Ks 1) 
. 2(Np — 1). 
= avi, Ay2 Y 
2 1 
1 Ne f* 4n v2 Nc 3/2 
m o~ fo — cos Phos = ena . (13.26) 


The sum is over those q^ which correspond to the G/H generators and qY 
is associated with the hypercharge generator. Although the q^ seem to be a 
“natural” choice of variables for the action (13.23), which depends only on the 
combination AT! A, they are not a convenient choice of variables. The reason for 
that is the explicit dependence of the charges (13.24) on AT! (t) and A(t) as well 
as on AW! A(t). 
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Instead we found that a convenient parametrization is that of (13.16). One 
can rewrite the action (13.23), as well as the charges (13.24), in terms 2 the 


Z1,.--,2n, Variables, which however are subject to the constraint SAE =E 
Thus, 

Š [Ag A71 (t)] — Šlgo] = Slza (t), (2), (13.27) 
where, 


S [za (t) p(£)] =% fdaf{(1 — cos ee 
— (25 2y)(22%)] — A TP ZŠ Za}. (13.28) 


We can do the integral over x and rewrite (13.28) as, 


1 N, 
S[za(t)] = saz | a — (25 24) (23 2,)] — i [ere — 2 za), (13.29) 


where 1/M is defined in eqn. (13.26). The first term in (13.29) is the usual 
CP\r-) quantum mechanical action, while the second term is a modification 
due to the WZ term. 

Similarly we express the U(Np) charges in terms of the z variables, using 
eqn. (13.24), 


QF = 2 Tia F, Qag 


Qag o Nc Zazá F 


a * (KS +k * os 
zm 023 (4% By zy) + 224 — %%a)- (13.30) 


Of course the symmetries of S[z] are the global U (Np) group under which, 
Zza > 2), =Uagz3, U €U(Nr), (13.31) 
and a local U (1) subgroup of H under which, 
za > 2 =e) z. (13.32) 


As a consequence of the gauge invariance one can rewrite the action in a covariant 
form, 


1 
Slza] = zi J amoan: + iNc famia, (13.33) 

where, 
(Dz)a = Ža + Za(ž%ģzo). (13.34) 


Constructing Noether charges of the U (Np) global invariance of (13.31) out of 
the action (13.33 leads to expressions identical with (13.30)). Note that in eqn. 
(13.34) we can view ż%zg = ia(t) as a composite U (1) gauge potential. 

Now let us count the degrees of freedom. The local U(1) symmetry allows 
us to take one of the zs to be real, and the constraint }>, Zaz% = 1 removes 
one more degree of freedom, so altogether we are left with 2Np — 2 = 2(Np — 1) 
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physical degrees of freedom. This is exactly the dimension of the coset space 
aoe The corresponding phase space should have a real dimension 
of 4(Np — 1). Naively, however, we have a phase space of 4Np dimensions and, 
therefore, we expect four constraints. 

There are several methods of quantizing systems with constraints. Here we 
choose to eliminate the redundancy in the z variables and then invoke the canon- 
ical quantization procedure. 

But before following these lines let us briefly describe another method, through 
the use of Dirac’s brackets. We outline the classical case. The quantum case is 
obtained by replacing { , } with i|, ]. 

The first step in this prescription is to add to the Lagrangian a term of 
the form A(X a Zaz — 1), in which case the conjugate momentum 7) of the 
Lagrange multiplier vanishes. By requiring that this condition be preserved in 
time one gets the secondary constraint ®; = (XZ, Zaz — 1) = 0. Further impos- 
ing 6; = {®,, H}p = 0, where { }p denotes a Poisson bracket, one finds another 
second-class constraint ®) = I - z + zt - II}. In addition there is a first-class con- 
straint 3 = I - z — zt - IÝ, which corresponds to the local U(1) invariance of the 
model. Fixing this symmetry one gets an additional constraint ®,. For instance 
one can choose the unitary gauge ®4 = zy, — zy,. The next step is to compute 
the constraint matrix {®;,®;}p = cij. In the constrained theory, the brack- 
ets between F and G are replaced by the Dirac brackets of those operators, 
given by 


{F,G}p = {F,G}p — {F, 8} p(cj;'){®), Gp, (13.35) 
-1 
ij 
operator relations it is easy to see that zy,,IIy, and their complex conjugates 
can be eliminated. The brackets for the rest of the fields coincide with the results 
we derive below, when eliminating the constraints explicitly. 


where c;, is the inverse of the constraint matrix. Imposing the constraints as 


We now describe in some detail the quantization of the system using uncon- 
strained variables. We want to choose a set of new variables so that the constraint 
yes Zazá = 1 is automatically fulfilled. There is a standard choice of such vari- 
ables, namely (for i =1,..., Np — 1), 


ki eee ex 
= eee. ieee ee 
Npr-l 
X= X kiki (13.36) 
i=1 


The kj, k* and y are 2Np — 1 real variables with no constraints on them. The 


phase space will now have dimension 2(2Np — 1) and we still have two extra 


4 The quantization of the system including its constraint was done in [75]. For an alternative 
procedure of quantization in the presence of constraints see [181]. 


244 The baryonic spectrum of multiflavor QC Də in the strong coupling limit 


constraints. After some straightforward algebra we can write, 


S[k, k*,x] = [atten 


s 1 ; No kik; — kik; 
L(k,k*,x) = aya huki iS X 
1 X = f i kžki—křki No 
| i l 4 | 1 : 
IM (+X) {a7 (+x) ae tae?) 
where, 

õi; k;ik* 

hi; = — j (13.38) 


Í 14X Q@+XP 

The local U(1) transformations of the z variables transcribe into the transfor- 
mations, 

ôx = elt), Ok; = ie(t)ki, Ok; = —te(t)k;, (13.39) 


and ôL = —Ncé just as in terms of the z variables. This local U (1) symmetry 
can be made manifest by defining the covariant derivatives, 


Dki = ki —ixki Dkž = kř + ixk*. (13.40) 


The Lagrangian can then be recast in a manifestly gauge-invariant form, 
1 No ki Dk; — (Dki)k; i 
L(k,k*,x) = — Dk; h,; Dk; i i + Nox. 13.41 
(k, k*,2) = zag Rha Dk i că% (13.41) 
Although one can now fix the gauge, for instance x = 0, we will continue to work 


with (13.41). The conjugate momenta are given by, 


le -r T Ne k 
Ti = SS křhji— i 

dk; 2M” 2 1+X 

ƏL ı No ki 
Pa See Dee te 
i okr 2M iti TFX 

aL 


(13.42) 


= kX hij Dk; — Dkhijk;) + N 
"= Oy = zí i+ Nowy 


Since hj; is invertible we can solve for Dk;,Dk; in term of the phase space 
variables, 


* No kj -1 
per = amt [m trea 
No k 
Dk; = 2Mhz' |n? -i2 5 Ba 
z; Th eas) 
where, 
hy = (1+ X) (ði; + kikž). (13.44) 
Also, 


Ty = i(k} 1} — Tiki) + Ne, (13.45) 
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giving the constraint equation, 
w= my — ilkim — miki) — No =0. (13.46) 
The canonical Hamiltonian is given by, 


He = miki + rž k + myx —L 


=2M |r; + pce. hz! |a* — Ta 
2(1+X); “% |? 2(14+ X) 
+ x(t, — ilr ki — miki) — Ne], (13.47) 
and this can be further simplified to, 
H. =2M(1+ X) ee + (miki) (rž kž) 
No 1 NZX 
=i ike =k) he vy. 13. 
iTS ahi mkt) + S| + RU (13.48) 


Here H, is obtained explicitly in terms of the canonical variables k;, kž, 


The yw term indicates that x also behaves as a Lagrange multiplier since, fol- 
lowing the Dirac procedure, we should define, 


Hr = H, + X(t), (13.49) 


* 
Ti, Ti. 


where À is a priori an arbitrary function of t. We could absorb the x in À. 

Quantization of this Hamiltonian is now essentially straightforward. Let us 
first consider the symmetry generators Qag, which in terms of the new canonical 
variables take the form, 


Qij = (kin; — mi k} ) 
Ncki 


Qam =e | — ia? + kyky) 


Qn; i = e'* | 7 - + ilmi + kýr} k; ) = Qi np 
Qnr, Ne = No — ilmiki — m7 k} ). (13.50) 


We will now show that the Hr can be expressed in terms of the second Casimir 
operator of the SU (Np) group. 

The second U (Np) Casimir operator is related to charge matrix elements Qag 
as, 


1 
Cir = 7 @asQsa- (13.51) 
A straightforward substitution gives, 


1 * TE 
708 Qa = (1 T X) [77 Ti + mikin; kj 


N, 1 X 
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Therefore, the Hamiltonian is, 
N2 
Hr =2M lore" = 2] + A. (13.53) 


Denoting the SU (Np) second Casimir operator by Cz, and using Q4Q4 = Cy + 


5 T (Qg)? we get (also applying the constraint ~ = 0), 


Np — 1) 
Hy =2M |o — a ŒD], 13.54 
r= 2M |a - EEP] (13.54) 

The fact that Hr is, up to a constant, the second Casimir operator, is another 
way to show that the charges Qag are conserved. These conserved charges will 
generate symmetry transformations via, 


6k; = i[Tr(eQ), ki], ôk? = iļTr(eQ), k;)] 
ôx = i[Tr(eQ), x], (13.55) 


and similar equations for the momenta 7;, n}, my. Here éi; = te^ Tå is the matrix 
of parameters. The transformation laws are derived using the constraint equation 
w = 0 after performing the commutator calculations. Notice that Q;; and QNrp,Np 
are linear in coordinates and momenta and therefore the SU (Np — 1) x Uy (1) 
transformations they generate are linear. The Qy,,; and Qi n, charges, on the 


other hand, have cubic terms as well (quadratic in coordinates), so that the coset- 
SU(Nr) 

SUN; =I) xO) 

property of CP” models. Substitution of Qag in eqn (13.55) gives, 


space transformations of are non-linear. This is a well-known 


ôk, = ilejikiðji + eX ein, Oil — e Xenpikiky — €Np Np kil, (13.56) 


where we use [k, 7] = i. 

Inversely, starting with these transformation laws it is easy to verify the invari- 
ance of the action. The standard Noether procedure then gives the charges Qag 
in terms of the coordinates and velocities, which (not suprisingly) coincide with 
those given in eqn. (13.50). One could also deduce these transformation laws by 
making the change of variables za, ză — ki, kž,x in (13.30) directly. 

One can verify that, 


Q4, Q] =i Cae (13.57) 


where are the structure constants of the U (Np) group. 

Do we have further restrictions on the physical states? We shall see now that 
in fact we do have. Remember that our Lagrangian (13.41) includes an auxiliary 
gauge field A, = x and thus has to obey the associated Gauss law, 

ðL OL : py 

A= ay = Ne — i(mk; — 17 kž) = 0. (13.58) 
Since 7, is a linear combination of Qg and Qy, and the first is constrained to 
be Qg = Ne, the Qy is restricted as well. More specifically, Qy = Qy , with, 


1 2 
21 (Np — 1)NF 


JABE 


Qy = No. (13.59) 
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13.4 The baryonic spectrum 


The masses of the baryons (13.11) and (13.54), and the two constraints on the 
multiplets of the poe states, namely Qg = Nc and that the multiplets con- 
tain Qy = Qy =4 2\/ mr N Ne, are the main results of the last section. All 


states of the eee with Qy 4 Qy will be generated from the state Qy = Qy 
by SU(Nfp) transformations as in (13.19). Using the above constraints we can 
investigate now what possible representations will appear in the low energy 
baryon sector. Considering states with quarks only (no anti-quarks), the require- 
ment of Qg = Nc implies that only representations described by Young tableaux 
with Nc boxes appear. The extra constraint Qy = Qy implies that all Nc quarks 
are from SU(Np — 1), not involving the Neth. These are automatically obeyed 
in the totally symmetric representation of Nc boxes. In fact, this is the only 
representation possible for flavor space, since the states have to be constructed 
out of the components of one complex vector z as [= vee with 5. = No. 
See also more detailed discussion in the next section. For another way of deriving 
this result see Section 13.7. 

Thus for Nc = 3, Np = 3 we get only 10 of SU(3). This is understandable, 
since there is no physical spin in two dimensions. 

What about the masses of the baryons? The total mass of a baryons is given 
by the sum of (13.11) and (13.54), peas 


phan cell Cna |e- ng (Ae =) = (13.60) 


For large Nc, the classical term behaves like Nc, while the quantum correction 
like 1. This will be worked out in Section 13.7. 

That the total mass goes like Nc for large Nc, and that the quantum fluctu- 
ations are Ne of the classical result, is in accord with general considerations. 


13.5 Quark flavor content of the baryons 


A measure of the quark content of a given flavor qi in a baryon state |B) is given 
by® 


Gai)» = f de (gu)s — fax (on (13.61) 
= firza (lew z Y (13.62) 
= const. (z7 zi) p- (13.63) 


In order to make contact with the real world, we take here Nc = 3 and Np = 3, 
getting the baryons in the 10 representation of flavor. Similarly, for SUr (2) there 


5 Quark solitons as constituents of hadrons were discussed in [86]. Following that, the flavor 
content of the baryons was discussed in [97]. 
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is only the isospin 3 representation. This is what we would expect from naive 
quark model considerations. The total wave function must be antisymmetric. 
Baryon is a color singlet, so the wave function is antisymmetric in color and 
it must be symmetric in all other degrees of freedom. There is no spin, so the 
baryon must be in a totally symmetric representation of the flavor group, a 10 
for three flavors. Therefore, strictly speaking there is no state analogous to the 
proton. On the other hand, there is a state which is the analog of the At , namely 
the charge 1 state in the 10 representation, 2? 29. 

The 10 is the lowest baryon multiplet in QCD,. In the following we shall be 
dealing with the relative weight of a given flavor in some baryon state. Thus, 
(Gq), will henceforth stand for the ratio, 


(qq) 
OT (13.64) 


For A* ~ 2229 we obtain 


[Eaa aa | 
(58). = =z (13.65) 


| (@21)(d?22)(2222)(2222)" 


as well as, 
5 1 
(tu) a+ = z (dd) ,. =-. (13.66) 


In evaluating the integral in the numerator in eqn. (13.65) we have used |z3|? = 
1 —|z|? —|z2|?, which follows from the unitarity of the matrix A in (13.19). 
Similarly, for A*+ ~ 2? we have, 


z 2 = 1 f 1 
(UU) cps = 3? (dd)... Spice (33) nee = (13.67) 


In the constituent quark picture Att contains just three u quarks. Both the 
d-quark and the s-quark content of the A** come only from virtual quark 
pairs. Therefore in the SU(3)-symmetric case (5s), ++ = (dd) and (8s),. = 
(58) j++, as expected. 

From eqn. (13.67) one can also read the results for QT ~ z3, by replacing 
u +> s. In the general case of Np flavors and Nc colors, one obtains, 


1 
~ No + Np’ 


Att? 


((9q)sea) g (13.68) 


where (Gq) sea refers to the non-valence quarks in the baryon B. Moreover, one can 
also compute flavor content of valence quarks. Consider a baryon B containing 
k quarks of flavor v. The v-flavor content of such a baryon is, 
= k+l 

~ No + Np’ 


(vv) g (13.69) 
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This implies an “equipartition” for valence and sea, each with a content of 
1/(Nc + Np). It also follows that the total sea content of Np flavors is, 


Nr 
Np 
q sea ae r TE 13. 
NO Goes ae (13.70) 


q=l 
which goes to zero for fixed Np and Nc — on, as expected. 


It is interesting to compare these results with the Skyrme model in 3+1 dimen- 
sions. For the proton, 


9 2 - 11 7 
(ŭu) t = z (da); = (3s)! = n (13.71) 
and for the A, 
oski 2 <b PE EES 13.72 
(5s) = z’ (šs)o- = Dig (13.72) 


The qualitative picture is similar, although the 5s content in the non-strange 
baryons is lower in 1 + 1 dimensions. One may speculate that in 1 + 1 dimensions 
the effects of loops are smaller than in 3 + 1 dimensions, since the theory is super- 
renormalizable and there are only longitudinal gluons. In the SUr (3)-symmetric 
limit the strange quark content of baryons with zero net strangeness is significant, 
albeit smaller than that of either of the other two flavors. The situation obviously 
is reversed for Q7. 

In the real world the current mass of the strange quark is much larger than 
the current masses of u and d quarks. It is natural to expect that this will 
have the effect of decreasing the strange quark content from its value in the 
SUp(3) symmetry limit. We do not know the exact extent of this effect, but 
it is likely that the strange content decreases by a factor which is less than 
two. This estimate is based on both explicit model calculations and what we 
know from PCAC, namely that the analogous quark bilinear expectation val- 
ues in the vacuum are not dramatically different from their SU(3) symmetric 
values, 


(58) 


0.5 < — 
(wu) 9 


<1. (13.73) 


13.6 Multibaryons 
Let us now explore the possibility of having multi-baryons states. The pro- 
cedure follows similar lines to that of the baryonic spectrum, namely, we look 
for classical solution of the equation of motions with baryon number kNc, and 
then we semiclassically quantize this. The ansatz for the classical solution of the 


6 Multibaryonic states were studied in [102] and [103]. 
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low-lying k-baryon state is taken now to be, 
(Np —k) 


9o(k) = 5 f (13.74) 


For the semi-classical quantization we generalize the parametrization given in 
(13.16) to, 


where i represents the rows (1,..., Np) and a the columns (Np — k + 1,..., Nf). 
The effective action in its covariant form (13.33) becomes, 


1 
Siza] = I J amoan + iNc [amiz (13.76) 
where now, instead of (13.34), 
(Dz)ia = žia + 2ip (27 g2j0)eDz. (13.77) 


Using the same steps as those which led to (13.54) one finds now the 

Hamiltonian, 

N2 
Ck 

2Nf 


with E, the classical contribution for one baryon, the first term in (13.60). 


H =2M|C2(Nr) (Np —k)| + kE, (13.78) 


13.7 States, wave functions and binding energies 
It was shown in [102] that the allowed k-baryon states contain (kNc) boxes in 
the Young tableaux representation of the flavour group SU (Np). Let us recall 
that this result followed from the constraint implied by the local invariance, 


Zia > ett) Zia: (13.79) 


Performing a variation corresponding to this invariance we find that the action 
S changes by 


AS = (kNc) J dt. (13.80) 


This means that the N, number is equal to (kNc). Thus for any wave function, 
written as a polynomial in z and z*, the number of zs minus the number of z*s 
must equal (kNc). Note that for k = 1 the transformation (13.79) represents also 
the N{ flavor number. Thus (13.80) entails that the representation contains a 
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state with Nc boxes of the Np flavor, and therefore must be the totally symmetric 
representation. 

Now, the effective action (13.76) is invariant under a larger group of local 
transformations. In fact, we have extra (k? — 1) generators, which correspond to 
SU(k) under which (13.76) is locally invariant. This can be exhibited by defining 
“local gauge potentials”, 


Aga(t) = —(z'2) ga, (13.81) 
so that, 
Dz =2+2A. (13.82) 


Under the local gauge transformation corresponding to A(t), A transforms as, 


Aly 28 Aer ae ve, (13.83) 
which implies, 
(Dz)io + (Dz)ip(e) ga, (13.84) 


and so AS = 0. If we perform the U(1) transformation (13.79) we obtain a con- 
tribution (13.80) from the Wess—Zumino term, which implies N, = (kNc). But 
due to the larger local symmetry we have more restrictions; they imply that the 
allowed states have to be singlets under the above mentioned SU(k) symmetry. 
This is analogous to the confinement property of QCD, which tells that, due to 
the non-abelian gauge invariance, the physical states have to be color singlets. 
Here we have an analogous singlet structure of the SU(k) in the flavor space. 
Taking a wave function that has zs only (analogous to quarks only for QCD), it 
must be of the form, 


dy(z) = Cae < (13.85) 


for a given set of 1 < i1, ..ik < Np. 
The most general state will then be of the form, 


ile, 2) = WLI (Zaza), (13.86) 
{i,j} 


and the products are over given sets of indices. 
Using the explicit formula from [103], we obtain the mass of the state repre- 
sented by (13.85), 


Elwx] = Mk(Np — k)Nc + kE.. (13.87) 
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To obtain binding energies, consider our k-baryon as built from constituents 
kr, such that k = X., k,. Then, 


Blk|k,] = —(MNc) [k — X; k?] 
= —(2MNc) X „~, krks. (13.88) 


When all k, = 1, the sum gives us 5k(k — 1), i.e. the number of one-baryon pairs 
in the k-baryon state. Note that the binding energy is always negative, thus the 
k-baryon is stable. The maximal binding corresponds to the case when all k, = 1. 

Note also that in the Nc — oo limit, the binding tends to a finite value, since 
then, 


1 
lim (2MNc) = (Cme,)? E3) TË. (13.89) 
Nc => T 

Let us take as an example an analog of a deutron, namely a di-baryon k = 2. 
Then for Nc = 3, Np = 2 we find that its representation is a flavor singlet (this 
is the limiting case of k = Np). The ratio of the binding to twice the baryon 
mass is given by, 

1 


— = 0.29. 13.90 
Tz (13.90) 


E& = 


For k = 2, Nc = 3 and Np = 3 we find that the di-baryon is represented by, 10 
and the ratio is given by, 


e = —yr = 0.23. (13.91) 


For general Np we obtain, 
1 pi 1 
(Np —1)+2$ 0 Np+1.43° 


cp = (13.92) 


Finally, let us make the following comment. The ratio of the quantum fluctu- 
ations term to the classical term, in the expression for the mass, eqn. (13.87), is 
given by, 


(13.93) 


(Quantum corrections) _ (=) Np —k 


(Classical term) 8 Ne 


Thus, we do not expect our approximations to hold in the region Np > (Nc + 1). 
We expect it to start for Nc > Np, and to be good in the region Nc > Np. 


13.8 Meson-baryon scattering 


So far we have analyzed, using semiclassical quantization of the bosonized theory 
in the strong coupling limit, the spectrum of the baryons and their flavor content. 
Applying the same technique one can also study the scattering processes of 
mesons from baryons. The idea is to introduce perturbations around the classical 
soliton solutions and to compute the forward phase shifts. We start with the 
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computation in the strong coupling limit [98] and then we discuss the general 
case of any coupling [87]. 

Our starting point is the soliton solution that describes the static classical 
baryon ge(x) = exp[—7®,(a)] where, 


Pe (x) 


®,(2) = (13.94) 


and, 


8 
Pelz) = 4arctg (e7), w=m mee (13.95) 
No 


Note that we have shifted the non-trivial phase factor to the upper left-hand 
corner, whereas in (13.77) it was put in the lower right-hand one. 
We introduce a fluctuation around it of the form, 


g = exp {—i [®,(x) + (x, t)]} (13.96) 


1 
gee es if dre 78) 5b (a, the M4 -7) Pe () , (13.97) 
0 


Actually, to avoid integrals as in eqn. (13.97), which yield rather complicated 
expressions for fluctuations, we will adopt a different expansion, namely, 


— nið. (x) ,—id6(2,t) 
ge e 3 
: z 13.98 
m e~le) ie *®< (7) p(x, t), ( ) 


where we have denoted by 6¢ the new variation, different from the 5¢ of eqn. 
(13.97), but still a fluctuation about the classical solution. Now, 


Ne a, [et (0. do(a,2)) e2] 
+m [e-*#-()54(a,t) + glz, tei] =0. (13.99) 


Obviously the two expressions coincide in the abelian case. In fact, the relation 
between 6¢ and d6¢ is 


1 
õp(z, t) = | dr eiT? (2) § p(x, t) e72), (13.100) 
0 


Physical quantities should obviously come out to be the same for both types of 
fluctuation. 
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13.8.1 Abelian case 


We start with the abelian fluctuation 6¢ that commutes with ®,. Denote this 
case by dab, where the subscript “ab” stands for “abelian.” 
Then the fluctuation reads 


ôg = —idday (xe), (13.101) 
where, 
Span + H’ (cos be) Iban = 0, (13.102) 
and, 
2 
cos Qe = h D o 2 (13.103) 
cosh* ux 
This equation of motion can be derived from the following effective action, 
1 1 
Let = 5 (Ondbav) — ZV (2) (Sda)? (13.104) 
2 2 2 
V(x) = cos ¢-(x) = u h = i ; (13.105) 
cosh^ ux 


For a solution with an harmonic time dependence of the form, 
Span (£, t) =e Xab(T), (13.106) 
the spatial part has to solve, 


—w Xab — Xap + V(2) xan =0. (13.107) 


Note that asymptotically the potential approaches x — too, the potential 
— pl’, and so asymptotically, 


Xi, (+00) + w? Xab(+00) = Ma Xab (+00). (13.108) 


For asymptotic behavior of the form, 


Xab (z) TE elke (13.109) 
with, 
wok +p, (13.110) 


the two asymptotic solutions are, 


Xab(x) ~ A(w) sinka + B(w) cos ka, (13.111) 
and the S-matrix is, 
1 
Storward = 5 (B — iA) (13.112) 
1 
Sbackward = 5(B + iA), (13.113) 


tka 


for an incoming wave e’"* from x = —oo. 
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10-1! 10° 101 10° 103 
k/u 
Fig. 13.1. The phase shift 6 = 2ctg~'(k/), eqn. (13.117), as a function of the 
normalized momentum k/y, for the potential (13.105), governing the small 
fluctuations around the soliton in the abelian case. The phase shift is smooth 


and monotonically decreasing with momentum, indicating that no resonance 
is present. Note logarithmic momentum scale. 


We can now proceed to derive the scattering matrix, using the standard 
procedure. The solution for x — oo contains only the transmitted wave, 
W(x are oo) ay eikx 7 

It turns out that for the particular potential (13.105) there is no reflection at 
all, i.e. the wave function for  — —co contains only the incoming wave, 


W(x => —00) ~ ett- = (1) E (13.114) 
Thus, 
z = -E (13.115) 
= ae 7 ae = 6? (13.116) 
ctg La = (13.117) 


As shown in Fig. 13.1, 6 varies smoothly and decreases monotonically from 6 = 7 
at k =0 to ô = 0 at k = œ, indicating that there is no resonance. 

The no-reflection potential we found is a special case of a well-known class of 
reflectionless in quantum mechanics. 


T We take the convention where the scattering phase is taken to be zero at x — oo and is 
therefore extracted from the wave function at z — —oo. 
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13.8.2 The non-abelian case 


We got a no-reflection potential in the previous section, in the case of one flavor. 
We want to examine now the non-abelian case. 
Following eqn. (13.99), we get, 


56 — i (04 8.) (0-56) +i (0-54) (2...) + L [iget + el?) 5g] = 0 
(13.118) 


The equation for doi, with i, 7 Æ 1 is as for the free case, 


Õpi; +u pij =0, iandj 1, (13.119) 


whereas the 7 = 1,7 = 1 matrix element is as in the abelian case, 


dd11 + p? (cos (2) dou = 0. (13.120) 


with no reflection and no resonance. 
So in order to proceed beyond these results, we need to consider Ob1;; JAL 
or boi, i#1. As bo is Hermitian, it is sufficient to discuss one of the above. 
Thus we take, 


ddig =e uj (x) fH, (13.121) 
resulting in, 


us (x) — i (x) ui; (a) + [w? + woh (ae) ie (1+ effe(2)\) u(x) =0. (13.122) 


Defining, 
uj =e?” vj, (13.123) 
we find, 
of + |w? + wg, — bu? (1+ cos de) + 4 (64)"] v = 0. (13.124) 
Using, 
5 (Ø)? = p? (1 — cos ġe) , (13.125) 
we get, 
vf + [w + wot, — p’ cos de] vj = 0. (13.126) 
This can be rewritten as, 
=u} — wv; + V(x); =0, (13.127) 


where, 


V(x) = =w, + p’ cos be = 


1 
e ae | eM (13.128) 
cosh ux cosh“ px 
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V (o/u; £ Yu? 


-4 =2 0 2 4 


Fig. 13.2. The normalized potential V(w/p;2)/p of eqn. (13.128), for w/p = 
1.01 (upper), 2 (middle) and 3 (lower). 


with w = \/k? + u?, as before. Note that the potential depends on the momen- 
tum of the incoming particle, as shown in Fig. 13.2. 

Next we proceed to solve numerically for the reflection and transmission coef- 
ficient. It turns out that for numerical solution of the scattering problem it is 
more convenient to take the coefficient of the outgoing wave at x ~ +00 to be 
1, instead of the T prefactor, and integrate eqn. (13.127) backward, reading off 
the T and R amplitudes from the solution at £x ~ —oo. 

We thus use, 

ue) ne oo (13.129) 
T £ > —0O. 
Since the potential is symmetric, the symmetric and anti-symmetric scattering 
amplitudes don’t mix, yielding two independent phase shifts ôç and 64, respec- 
tively. This leads to, 


— 1 (eids 4 gids 
_ 1 t - (13.130) 
Defining, 
ba = 5 (ðs), (13.131) 
we find that, 
T = e+ cos d_ 
(13.132) 


R = ie sin d_. 
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o/u 


1 A 3 4 5 

o/u 
Fig. 13.3. Scattering by the potential eqn. (13.128) as a function of the nor- 
malized energy w/u. Upper plot: transmission probability |T|?; lower plot: 
phase of T, 6, (continuous line). Also shown is the approximate result for 6+ 
from WKB (dot-dashed line). 


Note that R/T is purely imaginary. The transmission and reflections probabilities 
are, 


Dat aD 
oe — eee = (13.133) 
The numerical results for the transmission probability |T|? and for the phase of 
T, 6, are presented in Fig. 13.3. For comparison and as an extra check we also 
plot the WKB result for ô+. Note that no resonance appears. 

Note that the asymptotic value of the phase shift is 7. This can also be obtained 
from a WKB calculation, which becomes exact at infinite energies. 
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13.8.8 Extension to arbitrary coupling 


To analyze the system at any gauge coupling we go back to bosonized action 
prior to the implementation of the strong coupling limit, which we now rewrite 
in the form, 


2N 
Set [u] = p SM fa? xTr [3 (uð—u 1) P +m? Na faa T (u+ ut). 
(13.134) 
The strong coupling limit eliminates the second term of (13.134), for arbitrary 
coupling, 
e 2N; 
870? 


femo (wd_ut) ]°, (13.135) 


where (u d_ut) is the color part of M = ud_u', to be computed as, 
Me = TrpM —1/N-TrpeeM. (13.136) 


As already mentioned, this term represents the interactions, as it arises from 
integrating out the gauge potentials. However, we will see that, for the physical 
situation we discuss, this term does not contribute to meson-baryon scattering 
for any coupling. As a result, the latter is described by the effective action Soi [u], 
whereas in the strong coupling limit it is described by Som [g]. 

In a similar manner to (13.95) we take u to be of the form, 


u = exp(—i®,) exp(—i0®), (13.137) 


corresponding to a classical soliton ®,, and a small fluctuation 6® around it, 
representing the meson. The resulting action is then expanded to second order 
in 69, yielding a linear equation of motion for 6® in the soliton background. The 
latter serves as an external potential in which the meson is propagating. 

We start by evaluating, 


ud_ul = 


= exp(—i®,) 0_(expi®,) + exp(—i®,) exp(—id®) [O_ exp(2d®)] exp(¢®,), 
(13.138) 


M 


and obtain the equations of motion for the meson field by varying with respect 
to 6®. The variation of (13.135) with respect to 6® is proportional to, 


OM. 


—2 
TED a? M.. (13.139) 


To compute its variation with respect to 6®, we need only the second term Mo 
of M, as the first term Mı is independent of 6®. 
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We take for the soliton a diagonal ansatz (13.94) now in the form of a u matrix 
rather then a g one, 
[exp(—7®.)]qarji? = Saar Ôj’ exp (—iV ATX ;) : 
Choe No, (13.140) 
j=1,..., Nf, 
so that, 
{exp(—7®- )[exp(—id®) ð- exp(t6®)] expe) fa ar 
= exp(—iv47xa;) [exp(—2d®) O_ exp(ifð)]aj a'j) exp(iV 4TXa'j’). (13.141) 


The part of M that contributes to the effective action is its color projection 
(13.136). We note that Trf&ec M = 0, and thus, 


[(Moə)ela a = D exp(—iV4TXaj )[exp(—ið®) ð- exp(iðð)]aj,a'j exp(iV4TXa'j). 


(13.142) 
The mesons ô® have to be diagonal in color, so, 


[(Mə)e]a ar = X _lexp(—i5®) 3- exp(iðð) Jajaj Saa (13.143) 


j 
We recall that the flavor structure of the mesons is independent of their color 
indices, and restrict our attention to mesons that have no U(1) flavor part. In 
this way, we may be sure that classical solutions lead to stable particles, since 
their non-vanishing flavor quantum numbers put them in a different sector from 
the vacuum. We then have, 


S [exp(—iðð) ð- exp(iðð) Jajaj = 0, (13.144) 
j 
as shown earlier, and the effective meson-baryon action is, 


Sin-pl5®] = Solu] +m? Nin [ee (Tru+ Tra’), (13.145) 


with u depending on 6® for fixed ®, as in (13.137). 

Next we would like to evaluate the potential. The equation of motion for 6® 
is obtained from (13.145), by first varying with respect to u and then varying u 
with respect to 6®. To first order in 6®, we find, 


du = —ilexp(—i®,)|d®. (13.146) 
The resulting equation of motion is then, 
1 
g+ [(8-u) ut] + (um? — mut) = 0, (13.147) 


where m is the diagonal mass matrix: m = 6,;m, with (possibly different) entries 
m, corresponding to flavors j. We note that there is the possibility of an overall 
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scale ambiguity in m, since, when the masses are different, there is a question of 
which normal-ordering scale to use. The resulting equation of motion for 6@ is, 


66 — i (0, De) (O_5) + i (O_66) (0, Pe) 
+ ; [8d p? exp(—i®,) + expli.) Sð] = 0, (13.148) 


where u = mV8n. 

As discussed before, both ®, and 6® are diagonal in color. Moreover, ®, is 
diagonal in flavor too. So, taking the aajj’ matrix element of the equation of 
motion (13.148), we find, 


50,5; — (0. ©), (0-69), Hi (0-69), (Ore) 


ajj’ 


ajj j. 


1 . ; 
+ z Bazz h” y [exp(—*®e) aj" + [expliðe)]aj h jPa} =0. (13.149) 
Examining the classical solutions for the quark solitons inside the baryons, we see 


that, for a given color index a, there is only one flavor for which ®, is non-zero. 
We can now distinguish three cases: 


e The first is when an index a and indices j and j’ are chosen in such a way that 
both (®,.)a; and (®,)q;" are zero. In such a case, 


1 
BG, tnt sle; i H? j)8Baj 77 =0, (13.150) 
where (®,),; =0 and (®.),;, =0. 


Thus 6@,;;’ is a free field with squared mass given by the average of ms and 
ms, in this case, which we do not discuss further. 
The second case is that of j = j’, with a such that (®,) 


inside the baryon. In this case, 


ajisa quark soliton 


55; + p’ j cos[(®.), ;]6Baj; = 0. (13.151) 


The third case is when j is different from j’, now with one of the ®, being a 
soliton and the other vanishing. Taking (®,),, to be the soliton, we obtain, 


; 1 
b®a ij = (04®e) a; (0_6®), 54) + aie y + p ,[exp(i®e)]aj }5@a,;' — 0, 
(13.152) 


where j # j and (®,),;, = 0. 


Next we want to proceed and evaluate the meson-baryon scattering. For that 
purpose we need to analyze the equations that determine the static solution 
(®,)a;. First one defines, 


(B.)aj = V4N(Xe)aj, (13.153) 
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where the (x-)aj are canonical fields, whose equations of motion are, 


1 ; 
Xaj — dae > Xa — N. 2 Xai | — 2V4nm} sin V4nXaj = 0. 
Note the extra factor 2 in front of the mass term, as compared with eqn. (22) 
of [86], due to an error in this reference. 
Choosing the boundary conditions Xaj(—00) = 0, we get as constraints for 
Xaj (+00), denoted hereafter simply by Xaj, 
1 


Fz Xaj =Naj integers, (13.154) 
vn 


and 


Xna =n independent of a. (13.155) 
l 


The baryon number® associated with any given flavor l is given by, 
Bı = So Na- 
a 
Combining the last two equations, we find, 
B=) Bi =nN,, 


l 


for the total baryon number. 

We now continue in a similar manner to the discussion in the strong coupling 
limit, starting with the first non-trivial case (13.151) identified above. As the 
soliton solutions are such that there is a unique correspondence between the 
color index a and the flavour index j, we suppress a in what follows. Putting, 


66;; =e “i! uj (a), (13.156) 
with, 
uj (2) —> ae: (13.157) 
we find, 
we =k? + pi, (13.158) 


and the equation for u;(x) is, 
uy (£) + wj?uj — u’ [cos (®.),Juj = 0. (13.159) 
We define the potential V; for this scattering process via, 


uj (x) + w;?uj — Vjuj = 0, (18-180) 


8 In our normalization, a single quark carries one unit of baryon number. 
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and find, 
V = p? ; [cos (®.),]. (13.161) 


In our normalization the outgoing wave has coefficient 1, which is more conve- 
nient for numerical calculations, and the wave for  — —oo is now, 


uj(z) = = el? + ae: r > —0O, (13.162) 


in this case. 
In the second non-trivial case (13.152), we put, 


b® 557 = eitu; (x), (13.163) 
so that, 


ujj (E) — i(Be)j (auj (E) + {w + wy (e); (a) 


1 , 
—5 {e's + p’ ,[exp(i®.)]; }}ujj = 0. (13.164) 


To eliminate the first derivative term in u, we substitute, 
Ujj! = lex (że) Ujj’. (13.165) 
Jj 
This results in, 


1 
wr a) + {eh + wjp (Be); (a) = p? Loos( Be) bo + 508) pdy 


2 
+ {HG CP = Fy, leos(6e)) bw 
+ i {(®-);"(x) — p? ;[sin(®.);]} vy = 0. (13.166) 


We note that the last three lines vanish when all the quark masses are equal, as 
then the soliton is a sine-Gordon one. Thus, the scattering would then only be 
elastic. 

The potential of the scattering is defined here via, 


vl (æ) + wh Ujj — Vigrd55¢ = 0, (13.167) 
so that, 


—£{(,);"(a) — 42; [sin(®.),]}- (13.168) 
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Taking again, 


vjje) — e", (13.169) 
we get, 
1 

wjj = 5 (Hj + Ky), (13.170) 

and the wave for x — —oo is, 

l ik Rij! iki 

iy — ey URR, — 13.171 
vj; (£) a B a : x > —O, ( ) 


in this case. 

To summarize we have shown that meson-baryon scattering in QCD» in the 
large-N, limit is non-trivial for non-zero quark masses, and is described by two 
distinct effective potentials when the quark masses are unequal. These effective 
potentials are not of the sine-Gordon type found in previous cases, and we expect 
the scattering amplitudes also to be non-trivial. Their calculation will require 
numerical analysis. 


14 


Confinement versus screening 


One of the most challenging problems of gauge dynamics in four dimensions is 
how to show that QCD admits confinement. One of the measures of confinement 
is the fact that the potential between an external quark and an external anti- 
quark placed at a separation distance L, as in Fig. 14.1, is dominated by a linear 
dependence, namely, 


V=olL. (14.1) 


The coefficient in this linear dependence is the string tension. Thus, a non- 
confining behavior, which will be referred to as a screening behavior, implies 
a vanishing string tension. Whereas in four dimensions the computation of the 
string tension is a formidable task, in two dimensions, as will be shown in this 
chapter, it is a fairly easy one. In this chapter we describe the extraction of the 
string tension in various two-dimensional gauge systems. 

We start by calculating the string tension for the massive Schwinger model in 
both the fermionic and the bosonic languages. This is done in the small mass 
limit and then we discuss the corrections due to going beyond this limit. We then 
discuss the short range corrections to the confining potential. We focus on the 
abelian case, believing that the non-abelian case is very similar. Next we com- 
ment on the behavior of the string tension when finite temperature is introduced. 
Then we move to non-abelian generalization. We compute the string tension for 
the cases of matter in the fundamental and adjoint representations, followed by 
the symmetric and anti-symmetric representations. 

Much of this chapter is based on [15] and [16]. 

The string tension of the massive Schwinger model was calculated using 
bosonizaton in [68]. The massless cases in gauge theories were analyzed in [116]. 
The next-to-leading order in small mass was computed by [4]. 


14.1 The string tension of the massive Schwinger model 


We start with the derivation of the string tension in the massive Schwinger model, 
in the fermionic language. Consider the partition function of two dimensional 
massive QED», 


Z= (14.2) 


= 1 = = z 
/ DA, DV DW exp (i J da (irh + Digt — mÜY — qayn Ap ww) ) 
e 
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Fig. 14.1. Quark anti-quark separated at a distance L. 


where qayn is the charge of the dynamical fermions. Gauge fixing terms were not 


written explicitly. Let us add an external pair with charges +qext at +L, namely, 
Jo" = ext (læ + L) — 6(a — L)), (14.3) 


so that the change of £ is —j/*'A"(a). Note that by choosing j/*' which is 
conserved, 0” a = 0, the action including the coupling to the external current 
is also gauge invariant. 
Now, one can eliminate this charge by performing a local, space-dependent 
left-handed rotation, 
P > ef) 20-15) y (14.4) 
US Ve ie) 2045) (14.5) 


where y? = y°y!. We choose a left-handed rotation (or equally well a right- 
handed one) rather than an axial one, since in the non-abelian case the former 
will be easier to implement. 

The new action is, 


: Vi f 1 7,.—ia(x)y5 
s= fae | 4e? Po } Wigu Wd,a(x)7 5 (1 — 15) ¥ — me («) y 


7 AL n 
— qayn A YY — gext(6(a + L) — 6(a — L)) Ap 4 ( = F|, (14.6) 
where the last term is induced by the chiral anomaly, 
ôS = feng, (14.7) 
27 


with F the dual of the electric field, F = te” Furv. 

The external source and the anomaly term are similar, both being linear in 
the gauge potential. This is the reason that the 0-vacuum, to be discussed in 
Chapter 22, and electron-positron pair at the boundaries are the same in two 
dimensions. 

In the following we assume 0 = 0, as otherwise we absorb it in to a. Choos- 
ing the A; = 0 gauge and integrating by parts, the anomaly term looks like an 
external source, 


ddyn 
; 14. 
= Aop01 a(x) ( 8) 
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This term can cancel the external source by the choice, 


ale) = 2 (Ol H L) Oe L)). (14.9) 


Let us take the limit L — oo. The form of the action, in the region B of —L < 
x < Lis, 


1 = = —i27 text ys Tn u 
SB = i ce ( 4e? Fiy t Wigu me Tiayn ” y -— dayn Ap Wy! v) 
(14.10) 


Thus the total impact of the external electron-positron pair is a chiral rotation 
of the mass term. This term can be written as, 


— jgn fext y, = = 
Pe Tin Y = cos (ne) UW — isin (2n aes ) Tyt. (14.11) 
ddyn ddyn 
The string tension is the vacuum expectation value (v.e.v.) of the Hamiltonian 
density in the presence of the external source relative to the v.e.v. of the Hamil- 
tonian density without the external source, in the L — co limit, 


o = <H> — <Ho>o, (14.12) 


where |0>9 is the vacuum state with no external sources. The change in the 
vacuum energy is due to the mass term. The change in the kinetic term which 
appears in (14.6) does not contribute to the vacuum energy. 

Thus, 


o = mM cos (2n ae ) <WV> —msin (2n des ) <Wi75U> -m <WU>. 


dyn dyn 
(14.13) 
The values of the condensates <WW> and <Wy;W> are needed. The easiest 
way to compute these condensates is bosonization, but it can also be computed 
directly in the fermionic language. We state here the final result for the m = 0 
case (the derivation can be found in the references of this chapter), 


oP) 
23/2 
<W75U>m=0 = 0. (14.15) 


<WU> <0 = 


(14.14) 


Equation (14.15) is due to parity invariance (with our choice 0 = 0). The 
resulting string tension, to first order in m, 


= exp(7) A dext 
= mesan (1 — cos (2x2) ‘ (14.16) 


ddyn 


Though this expression is only the leading term in a m/e expansion and might 
be corrected, when qext is an integer multiple of qayn the string tension is exactly 
zero, since in this case the rotated action (14.10) is not changed from the original 
one (14.2). 
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14.2 The Schwinger model in bosonic form 


Next we derive the same result in the bosonized formulation. 
The bosonized Lagrangian, in the gauge A; = 0, is given by, 


1 1 dyn ` 
TA zg (2140)? + 5 (nd) + M? cos(2 yno) F Te AoA ¢ B Ao Jext, (14.17) 


where M? = mp, u = PO) 144, with pig) = Ja dayn the mass of the photon, for 
e>m. 
Chiral rotation corresponds to a shift in the field ¢. Upon the transformation, 
o= b+ vn (O(a + L) — (x — L). (14.18) 
dyn 


The Lagrangian (14.17) takes, in the region B, the form, 
1 


ch TND, 2 g ae dext i ddyn z 
5 np) + M? cos (2v7 H antes. m 
(14.19) 


Hence, similarly to the previous derivation, a local chiral rotation was used to 


1 
Lp = za (0140) + 


eliminate the external source. The calculation of the string tension is exactly the 
same as in the previous section. 
The relevant part of the Hamiltonian density is, 


H = —M? cos (2v7 + prae ) : (14.20) 
dyn 


To zeroth order in ae the vacuum is ¢ = 0. Setting this choice in (14.20) and 


subtracting the v.e.v. of the free Hamiltonian, we arrive at, 


COED = mp (1 — cos (2x a )) l (14.21) 


ddyn 


exp(7) 
2703/2 ’ 
number and dext, qayn are the external and dynamical charges, respectively (we 


where m is the electron mass, u = e e the gauge coupling, y the Euler 


measure charge in units of e, thus qext and qayn are dimensionless). 


14.3 Beyond the small mass abelian string tension 


m 


The expression (14.21) contains only the leading ™ contribution to the abelian 
string tension. This expression was computed in the previous section, using a 
classical average. However, as we used the normal ordering scale wy which is the 
photon mass for e > m, taking b= 0 actually gives the full quantum answer, 
as is evident by comparing with the fermionic calculation in the section before 
that. 

The full perturbative (in m) string tension can be written as, 


co l—1 
m dext 
o =m C 1 — cos | 271 4 14.22 
“ie " 3 l Ge ( ( dayn 
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The value of the first coefficient is Cı = 1 and the next was found to be 
Cy = —8.922 | Higher coefficients are not calculated yet. 


8ri/2 * 
Note that for finite “+ we have to minimize the potential, 
ex 1 
V= M? (1 — cos (2vme + ant -)) shod (14.23) 
ddyn 


The minimum ¢ = m obeys, 
2\/7M? sin (27m + antes) + p5,¢m = 0. (14.24) 
ddyn 


Thus, for the first-order (="—) correction, we get a C2 which is —($)V/7(exp 7). 
This has the same sign, but a factor 1.41 larger, than the instanton contribution. 

Note that all above results for the string tension are symmetric under change 
of sign of the external charge, as expected on general grounds. However, when 
a OF term is introduced, we get odd terms as well, like sin(0) sin(271 J+). The 


even terms are multiplied by cos(l0). 


Finally, let us remark that for very large %, the abelian case has a string 


. . . 1 2 2 
tension which is 5€°qéyt 


14.4 Correction to the leading long distance abelian potential 


The potential (14.1) is the dominant long-range term. However, there are, of 
course, corrections. In this section we present these corrections. 

The equations of motions which follow from the bosonized Lagrangian (14.17) 
are, in the static case, 


1 n rs 
e2 0? Ao H T Og Jext = 0 (14.25) 
-07h + 2/MM? sin 2/7 + OA =0. (14.26) 


In order to solve these equation, it is useful to eliminate the bosonized matter 
field ¢. Using the approximation sin 2,/7¢ ~ 2./7@, we arrive at (in momentum 
space), 

= e?(k? + 4nM?) 


TE 


Ao(k jext(k), (14.27) 
l )) 


where k is the Fourier transform of the space coordinate. We will discuss the 
validity of our approximation for @ later in this section. The last equation can 
be rewritten as, 


Ag(k) = (z be (1 z) : ) irl) (14.28) 


2 L2 2 2 2 
má k m5) k? +m 
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where, 


m? =4nM", (14.29) 
2 
m? = 4nM? + tava! (14.30) 


Note that the photon propagator has two poles, a massless pole that repro- 
duces the string tension and a massive pole which adds a screening term to 
the potential. Note that there is no const. correction, which appears in higher 
dimensions, since in the present case the string cannot fluctuate in transverse 
directions. 

Note also that in the massless case, when M? = 0, only the second term sur- 
vives and the photon has only one pole with mass square og. This result is 
of course exact, independent of our approximation. 

The resulting gauge field is, 


2n? M?’ dex 
Ala) = "7 e+ L|-|2-L)) 
Vayn 
eyn dext (c Gataynle+L| o Fe dayn |# 2) (14.31) 
2 ddyn i 


where we took M? < e? for simplicity. 
In order to calculate the potential we will use, 


1 
V= 5 J wila). (14.32) 
Hence the potential is, 
2 2 i 
V = Ine M2 Lii x OL | eT dext (1 etre) ; (14.33) 
ddyn 2 dyn 


The first term is the confining potential which exists whenever the quark mass 
is non-zero. On top of this, there is always a screening potential. 
The string tension which results from the above potential is, 


2 
dex 
o= mp x 2? E, (14.34) 


Gayn 


which is exactly (14.21) in the approximation 2n 4t < 1. This turns out to be 


dayn 


also the condition for sin2,/7m¢ ~ 2,/m@ that we assumed at the start of this 
section. To see that, we solve for ¢ from eqn. (14.25) as, 


«7 dyn e 1 1 x 
o(k) = eae E Pam Jext (k). (14.35) 


Define ¢ = ¢; + ¢2, where ġı is the part with $, and ġ2 with ia The ¢2 
part goes to zero at long distances, i.e. k — 0. As for the ¢, part, its x-space 
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form is, 


e2 


Qı (x) = rmz ext (O(a + L) = O(a = L)), (14.36) 


which for small “ reduces to, 


pils) ~ vie (O(a + L) — O(a — L)). (14.37) 


Thus 2\/7@ small means, 


(2n) Et <1, (14.38) 
ddyn 
the condition mentioned before. 
Note that we could generalize the argument to values of ands that are close 
to 27n, with integer n. 


14.5 Finite temperature 


In this section we would like to comment on the behavior of the string tension in 
the presence of finite temperature. It is interesting to check whether the string 
is torn due to high temperature and whether the system undergoes a phase 
transition from confinement to deconfinement. 

The prescription for calculating quantities at finite temperature T is to for- 
mulate the theory on a circle in Euclidean time with circumference 3 = T~!. 

For the purpose of calculating the string tension, we can follow the same steps 
which we employed previously, leading to a modification of eqn. (14.16) as, 


o= -m <UU>, (1 — cos 20 2t ) l (14.39) 
ddyn 


It is enough to calculate <WU>7, the condensate at finite temperature, in the 
massless Schwinger model. 
The chiral condensate behaves as, 


= e i 
E (14.40) 


and 


3/27 


<T>) -2Te e, (14.41) 


This result indicates that the string is not torn even at very high temperatures. 
The explicit expression shows that <WUW>r is non-zero for all T. Thus, the system 
does not undergo a phase transition. It is just energetically favorable to have the 
electron-positron pair confined. 
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14.6 Two-dimensional QCD 


The action of bosonized QC'D, with massive quarks in the fundamental repre- 
sentation of SU(N) (see Chapter 8) is 


1 
Stundamental = =l da tr (3 gð" g) (14.42) 
8n Jys 


1 
127 Jp 


1 1 
+5mujana | Pa tr(g + gt) — | Par Ep Pm 


dye'* tr(g';9)(g'0;9)(g' akg) 


1 
-5 fee tr(ig'd,gA_ +igd_gtA, + AygA_g! — A, A_), 
where e is the gauge coupling, m is the quark mass, u = eee gisan NxN 
270) 2 
unitary matrix, A, is the gauge field and the trace is over U(N) indices. Note, 
however, that only the SU(N) part of the matter field g is gauged. 
When the quarks transform in the adjoint representation, the expression for 
the action is, 
1 2 LL 
Sadjoint = Toz : d?x tr (O,.g0"g") (14.43) 
1 
247 Jp 


1 2 | 2 1 a auv 
+ za fa z tr(g4 g’) fe tatt f 


1 
— gfe tr (ig'O,gA + igd_g' A, + A,gA_gi—A,A_). 


dye!" tr (g'0;9) (g'0;9) (g' Og) 


The action (14.43) differs from (14.42) by a factor of one half in front of the 
WZW and interaction terms, because g is real and represents Majorana fermions. 
Another difference is that g now is an (N? — 1) x (N? — 1) orthogonal matrix. 
The two actions (14.42) and (14.43) can be schematically represented by one 
action, 


1 
S = So F MAR [ee tr(g+g') (14.44) 


See fate (g9-g')" A5, 
where A_ = 0 gauge was used, Sọ stands for the WZW action and the kinetic 
action of the gauge field, kayn is the level (the chiral anomaly) of the dynamical 
charges (k = 1 for the fundamental representation of SU(N) and k = N for the 
adjoint representation). 

Let us add an external charge to the action. We choose a static charge (with 
respect to the light-cone coordinate x*) and therefore we can omit its kinetic 
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term from the action. Thus an external charge coupled to the gauge field would 
be represented by, 


tKext 2 ana 
Se fa x (ud_u') Af. 
Suppose that we want to put a quark and an anti-quark at a very large separation. 
A convenient choice of the charges would be a direction in the algebra in which 
the generator has a diagonal form. The simplest choice is a generator of an 
SU(2) subalgebra. Since a rotation in the algebra is always possible, the results 
are insensitive to this specific choice. As an example we write down the generator 
in the case of fundamental and adjoint representations, 


1 


z 1 
T? „= diag | =,—= 
fund 1ag D 9? 


Taj = diag 1, 0, 1, 


Generally T? can be written as 
T? = diag(à1, Nos os ch Ai,- .-,0,0,..-), 


where {A;} are the ‘isospin’ components of the representation under the SU (2) 
subgroup. 
We take the SU(N) part of u as, 
u = [exp —i4n (0(x7 + L) — 0 (£7 — L) )] TS 


ext? 


(14.45) 


for N > 2, and a similar expression but with a 27 factor for N = 2. T3., represents 
the ‘3’ generator of the external charge and u is static with respect to the light- 
cone time coordinate x*. The theta function is used as a limit of a smooth 
function which interpolates between 0 and 1 over a very short distance. In that 
limit u = 1 everywhere except at isolated points, where it is not well defined. 


The form of the action (14.44) in the presence of the external source is, 


1 
$= 5+ 5mue feal tr (g +g') 


| ikdyn 


an CY g)" + koa (807 +L) -8 (e7 - 1))| as) 


The external charge can be eliminated from the action by a transformation of 
the matter field. A new field g can be defined as follows, 


tkayn 


ae ree i fof : 
T (80-8) =- = (gd_g!)" + ketd"? (87 +L) ~ d(a~ — L)). 
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This definition leads to the following equation for g', 


ð gt =gt (sao! sas (6(@~ + L) — 6(a~ ia). (14.46) 


dyn 


The solution of 14.46 is, 


g = Pexp{ fao- (0s! ian (O(a + L) — d(a7 1))Tisn)} 
dyn 


5 kext = 3 oe kext = 3 
es Fe O(a +H) ava gte WATE A(x —L)T yy, l (14.47) 


where P denotes path ordering and we assume that T, dyn commutes with gô_gt 
for x7 > L and with gi for «~ = —L (as we shall see, this assumption is self 
consistent with the vacuum configuration). 

Let us take the limit L — co. For —L < x7 < L, the above relation simply 
means that, 


Š kext p3 

g= ge Favs Tay n f 
Since the Haar measure is invariant (and finite, unlike the fermionic case) with 
respect to unitary transformations, the form of the action in terms of the new 


variable g reads, 


3 käyä Be en NE 
S= Swzw (9) T Skinetic(Ap) = Mady [ee (g0_9") AG 


AT 


1 i kext m3 _ An Eext T3 
+ MPR [ee tr (ae Paya 4 et T kiya mag) , (14.48) 
which is QCD» with a chiraly rotated mass term. 

The string tension can be calculated easily from (14.48). It is simply the vac- 
uum expectation value (v.e.v.) of the Hamiltonian density, relative to the v.e.v. 
of the Hamiltonian density of the theory without an external source, 


o =<H> — <H>. 


The vacuum of the theory is given by ğ = 1. In terms of the variable g, this 
configuration points in the ‘3’ direction and hence satisfies our assumptions while 
solving eqn. (14.46). The v.e.v. is, 


1 isnt 73 isn žest T3 
<H> = -3HR trle kayn dyn ye kayn dyn 
kext 
= -MHR > cos (m “|. 
i kayn 


Therefore the string tension is, 


o=mur X (1 — cos (m rest )) , (14.49) 


p dyn 


which is the desired result. 
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We expect that similar corrections as those in eqn. (14.22) will occur also in 


non-abelian systems. For the fundamental/adjoint case, the following expression 
may correct the leading term, 


1—1 
OQCD = MHR 2 C; (=) D (1 — cos (am) ; (14.50) 
j 


A few remarks should be made: 


(i) The string tension (14.49) reduces to the abelian string tension (14.21) when 
abelian charges are considered. It follows that the non-abelian generalization 
is realized by replacing the charge q with the level k. 

(ii) The string tension was calculated in the tree level of the bosonized 
action. Perturbation theory (with m as the coupling) may cause changes, 
eqn. (14.49), since the loop effects may add O(m?) contributions. However, 
we believe that it would not change its general character. In fact, one fea- 
ture is that the string tension vanishes for any m when pat is an integer, 
as follows from eqn. (14.48), since the action does not depend then on kext 
at all. 

(iii) When no dynamical mass is present, the theory exhibits screening. This is 
simply because non-abelian charges at the end of the world interval can be 
eliminated from the action by a chiral transformation of the matter field. 

(iv) When the test charges are in the adjoint representation kext = N, eqn. 
(14.49) predicts screening by the fundamental charges (with kayn = 1). 

(v) String tension appears when the test charges are in the fundamental rep- 
resentation and the dynamical charges are in the adjoint. The value of the 
string tension is 


Art 2 
O = Madj (2 (1 — cos T) +4(N —2) (1 — cos =) ) (14.51) 


as follows from eqn. (14.49) for this case. 


The case of SU (2) is special. The 47 which appears in eqn. (14.49) is replaced 
by 2r, since the bosonized form of the external SU (2) fundamental matter differs 
by a factor of a half with respect to the other SU(N) cases. Hence, the string 
tension in this case is 4Mpadj- 


(vi) We would like to add, that when computing the string tension in the pure 
YM case with external sources in representation R, the va loop gives 
5eC2(R), while our way of defining external source gives $e7kz,,. Thus we 
ieee a factor oath ) to bring our result to the Wilson loop case. Analogous 


factors should be ‘computed for the other cases, when dynamical matter is 


also present. 


276 Confinement versus screening 


14.7 Symmetric and antisymmetric representations 


The generalization of (14.49) to arbitrary representations is not straightforward. 
However, we can comment about its nature (without rigorous proof). 

Let us focus on the interesting case of the antisymmetric representation. One 
can show that the WZW action with g taken to be 4N(N — 1) x $N(N — 1) 
unitary matrices, is a bosonized version of QC Də with fermions in the antisym- 
metric representation. 

The antisymmetric representation is described in the Young-tableaux nota- 
tion by two vertical boxes. Its dimension is $N(N — 1) and its diagonal SU (2) 
generator is, 

11 1 1 1 
IDe DTT CE 2r 
(N —2) doublets 


: 1 
Tis = diag( 5? 0,0, ..., 0), (14.52) 


and consequently k = N — 2. When the dynamical charges are in the funda- 
mental and the external in the antisymmetric the string tension should vanish 
because the tensor product of two fundamentals include the antisymmetric rep- 
resentation. Indeed, (14.49) predicts this result. 

The more interesting case is when the dynamical charges are antisymmetric 
and the external are fundamentals. In this case the value of the string tension 
depends on whether N is odd or even. 

When N is odd the string tension should vanish because the anti-fundamental 
representation can be built by tensoring the antisymmetric representation with 
itself (NV — 1) times. When N is even string tension must exist. 

Note that (14.49) predicts, 


27 
= as(N — 2 1 ; 14. 
o = 2Mpasl ) ( cos 5) (14.53) 


which is not zero when N is odd, contrary to expectation. 

The resolution of the puzzle seems to be the following. Non-abelian charge 
can be static with respect to its spatial location. However, its representation 
may change in time due to emission or absorption of soft gluons (without cost 
of energy). Our semi-classical description of the external charge as a c-number 
is insensitive to this scenario. We need an extension of (14.45) which takes into 
account the possibilities of all various representations. One possible extension is, 


Ja = 8 kext (LIN) (8 (27 +L) -8 (07-1), (1454) 
where l is an arbitrary positive integer. This extension takes into account the 
cases which correspond to 1+/N charges multiplied in a symmetric way. The 
resulting string tension is, 


0 = MHR 5 (1 — COS (im = (1 + iN) ) ; (14.55) 


dyn 


which includes the arbitrary integer l. What is the value of l that we should pick? 
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The dynamical charges are attracted to the external charges in such a way 
that the total energy of the configuration is minimal. Therefore the value of l 
which is needed, is the one that guarantees minimal string tension. 

Thus the extended expression for string tension is the following, 


a = min (mun 2 (1 — cos (m Rext (1+ in) ) ) . (14.56) 


kayn 


In the case of dynamical antisymmetric charges and external fundamentals 
and odd N, l= $(N — 3) gives zero string tension. When N is even the string 
tension is given by (14.53). 

The expression (14.56) yields the right answer in some other cases also, like 
the case of dynamical charges in the symmetric representation. The bosoniza- 
tion for this case can be derived in a similar way to that of the antisymmetric 
representation, and T? is given by 
1 11 1 1 1 
yee ie ae ann 

(N—2) doublets 


T ei T diag(1, 0, 1, 


ii, (14.57) 


Hence k = N + 2. When the external charges transform in the fundamental rep- 
resentation and N is odd, eqn (14.56) predicts zero string tension (as it should). 
When N is even the string tension is given by 


AT 2T 
= 2MUsymm 1- N—2){(1 3 14. 
o Mblsy (( cos 5S) + ( cos s) ) (14.58) 


We have discussed only the cases of the fundamental, adjoint, anti-symmetric 
and symmetric representations, since we used bosonization techniques which are 
applicable to a limited class of representations. 


15 
QC’ Dy, coset models and BRST quantization 


15.1 Introduction 


In Chapter 9 we realized that the structure of the bosonized non-abelian massless 
QCD: is that of a gauged WZW model with an additional F? term of the gauge 
fields. Apart from the pure gauge term, this is therefore a special form of a 
two-dimensional coset model, discussed in Section 4.6. This naturally calls for 
a treatment of the system similar to that for a coset model. Using the form of 
the gauge fields in terms of scalars f and f as A=if-'of, A=ifdf-! with 
f(z,2), f(z, 2) € H°, the complexification of H = SU(Nc), leads to a convenient 
formulation of the model.! The main advantage of this approach is that one can 
then easily decouple the “matter” and the gauge degrees of freedom. 

In this chapter we point out that the F? term requires a special treatment. 
The formulation of pure YM theory in terms of the f variables seems naively to 
contain unexpected “physical” massive color singlet states. This result is obvi- 
ously neither in accordance with our ideas of the degrees of freedom of the model 
nor with the lattice and continuum solution of the theory. We show that similar 
“naive” manipulations in the case of QED, do reproduce the Schwinger model 
results. Using a coupling constant renormalization we show that in the limit of no 
matter degrees of freedom the coupling constant is renormalized to zero. In this 
case the unexpected states turn into unphysical massless “BRST” exact states. 
In the flavored QCD, case a similar analysis shows the existence of physical 

NF ,2 


flavorless states of mass m? = jE e?. 


This chapter is based on [96]. 


15.2 The action 


The bosonized version of QC' D2 was shown in Chapter 9 to be described by the 
action, 
1 f; £ z _ 
SQocD, = Sı (u) — Bn / ad? zTr(iu- uA + iudu-'A + Au! Au — AA) 
2 


ait Disc -1.1 2 
Ro d°z: Tralu+ u Head zTry [F°], (15.1) 


1 This parameterization of the gauge field was previously introduced in [9]. 
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where u € U(Np x No), Sz(u) is a level k WZW model, 


k re k i 4 _ = 
Sg (u) = E | PeTo" Dhj | ue Tru 'd,u)(u10;u)(uw! dO, u), 
(15.2) 


A and A take their values in the algebra of H = SU(Nc), F=0A-—0A+ 
i[A, A], m? equals m,uC, where u is the normal ordering mass and C = ser 
with y, Euler’s constant. Apart from the last two terms which correspond to the 
quark mass term and the YM term, the rest of the action is a level-one g coset 
model with G = U(Np x Nc). 

We now introduce the following parameterization for the gauge fields 
A=if-‘af,A=ifof-! with f(z,2), f(z,Z) € SU(Nc)°. These type of vari- 
ables were used frequently in dealing with gauged WZW actions, for instance 
in computing the effective action of QC Də and in the g models discussed in 
Section 4.7. They may be interpreted as Wilson lines along the z and Z direc- 


tions. The gauged WZW part of the action, first line of (15.1), takes the form, 


Si(u, A) = Si(fuf) — (ff). 


The Jacobian of the change of variables from A to f introduces a dimension 
(1,0) system of anticommuting ghosts (p, X) in the adjoint representation of H.? 
The WZW part of the action thus becomes 


Si(u, A) = Si(fuf) — Sı (FF) + x pest [pDx + PDX], (15.3) 


where Dy = ôx — i[A, x]. Our integration variables in the functional integral 
are if-'df and ifdf—!. This action involves an interaction term of the form 
Try (pf ‘Of, X]) and a similar term for p, x. By performing a chiral rotation, 
like those of Chapter 14, p > f-'pf and x — f-'xf with p > fpf-! and x > 
fxf—!, one achieves a decoupling of the whole ghost system. The price of this 
is an additional oe, (ff) term in the action (here trace over H only) resulting 
from the corresponding anomaly. This result can be derived by using a non- 
abelian bosonization of the ghost system. A different bosonization of a (1,0) 
ghost system was described in Section 6.5. 
In this language the ghost action takes the form, 


Soh = SN, (L 3 A, A) F SN, (l2, A, A) + Stwist (11) + Stwist (l2), 


where lı and lə are in the adjoint representation and Swist is a twist term given, 


Si = -Z f eempar pap). (15.4) 


2 The ghost action was introduced in [8]. 
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Now using the Polyakov-Wiegmann formula we get, 
Ss, = SN, (fh f) = SN, (ff) g Stwist (11) ag SN, (ff) zs SN, (ff) + Strwvist (l2) 
= -Sn (P + yo | Perulo + 08%] (15.5) 


where the last line has been transferred back to the ghost language. Notice that 
unlike the ghost fields in (15.3) the new ghost fields p’ and y’ are gauge invariant. 
It is interesting to note that the action given in (15.5) is non-local in terms of 
the local degrees of freedom A and A. Note that had we done the right and left 
rotations separately, we would have got S-on, (f) + S_2n,(f), which however is 
not vector gauge invariant, but rather a left-right symmetric scheme. 

The full gauge invariant action including the anomaly contribution of the anti- 


commuting part now reads, 


1 7 = = 
Socp, = Sı (u) + 5 f Petty [F°] + m fez : Trg F tuf + fuf] : 


7 i _ 
+ oomo + on pean [P Ox’ F wax!) . (15.6) 


In deriving eqn. (15.6) we used a redefinition fuf — u. This does not require an 
extra determinant factor. Also, as S) (ff) involves Try rather than the Trg 
in Sı(f f) of eqn. (2.4), a factor of Ny appears. Note that had we introduced 
the special parameterization of the gauge fields in the fermionic formulation of 
QC D2, we would have arrived at the same action after decoupling the fermionic 
currents from the gauge fields, by performing chiral rotation and then bosoniz- 
ing the free fermions. Equation (15.6) was derived without paying attention to 
possible renormalizations. The latter will be treated in Section 15.7. 

At this point one may choose a gauge. A convenient gauge choice is 
A=ifdf-! =0. Notice that since the underlying space-time is a plane this 
is a legitimate gauge. The gauge fixed action can be written down using the 
BRST procedure, namely, 


Ser = Soop, + 8° + 8" = Soop, + ôsrsr (bA) = 
= Sgcp, + Try [BA] + Try [bDe], (15.7) 


where Scr, SOP) and S(9") are, respectively, the gauge fixed action, the gauge 
fixing term and the ghost action. The (b,c) fields are yet another (1,0) ghost 
system and B is a dimension-one auxiliary field, all in the adjoint representation 
of SU(Nc). The integration over B introduces a delta function of the gauge 
choice to the measure of the functional integral. In addition we integrate over 
the ghosts b and c. 

It is interesting to note that the QCD» action can be related to a “perturbed” 
topological a coset model. To realize this face of QCD» we parameterize u as 


ghle y rots ? and rewrite (15.7) accordingly. The Polyakov-Wiegmann relation 
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implies, 
Slu] = S[ghl] + ; J d’x0,,60" >, 
S{ghl] = S[g] + S{l] + S[h] + gr | PeTo, giat +h, hlð_l). (15.8) 


Since l is a dimension-zero field with an associated zero central charge we have 
S{l] = 0 and thus, 


i are 
Sor = Sy, (h) + Se) + wf eaten [pOxX + pox] 
1 2 
+ Svea) + z | P2848 


i iy mEn? 4 o iV wee 
ae wa fezo s | ge V m +e yV roir’ -ih-1g-! f 


+5 J d?zTry [(O(f-10f))?]. (15.9) 


SU(Nc) 
SU(Nc) 


It is now easy to recognize the first line in the action as the action of 
topological theory. 

It is interesting to note that a WZW term S_2y.(f) appears in the action 
even without the introduction of quarks. We therefore digress to an analysis of 
the pure YM theory in the formulation introduced above. 


15.3 Two-dimensional Yang—Mills theory 


Pure Yang-Mills theory has attracted much attention recently along the lines of 
an underlying string theory. Here we restrict our discussion to the 2D Minkowski 
or Euclidean space-time, where the rich structure of the model on a compact 
Riemann surface does not show up. In terms of the parameterization introduced 
in eqn. (15.6) the gauge invariant action of the pure YM theory is, 


Sym, = S_ene) (FF) +35 S V?2Trn [POX + pAx] 
+4 f@PzTry[F’]. (15.10) 
Here again we remind the reader that the coupling constant undergoes a mul- 


tiplicative renormalization. This will be discussed in Section 15.7. Let us first 
discuss the corresponding equations of motion for f and f, 


iy :0A—DA+ = DDF = (1+ Ž-DD) F=0, 

MA MA 

EE 2 a 

7 :0A- DA- DDF =-(14 =p) F = (15.11) 
MA MA 


where D = ð — iļA, -], m4 = ec4/ Xe and O = 200. In fact these two equations 
are identical, as [D, D| F = 0. The equation is that of a massive gauge field with 
self interaction. Note that in this approach, unlike the equations that follow from 
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varying the action with respect to the gauge fields, one gets two derivatives of 
F. In deriving the above, it is convenient to remember that, 
1 S PE 
ôSwzw(f)= ap ti SP)O(fOf)}. 


The YM action equation (15.10) is obviously invariant under the original gauge 
transformations, 


f> folz,2) fru (z,2)f, 
with v € SU(Nc). In addition the action is invariant separately under the holo- 
morphic and anti-holomorphic “color” transformations, 
frua)f f> ful), 
where u,w € SU(Nc). These are “spurious” transformations since they leave 


A and A invariant. The corresponding holomorphic and anti-holomorphic color 
currents are, 


F=f APOSA) — pe fDFI "I, 
J = PA) OSA) + PDFS. (15.12) 


A 


The gauge fixed (f = 1) action takes the form, 


Sra = Sane (f+ a | PeT lOSA] 


c 


a xe Pza [pax + pdx]. (15.13) 
T 


As is expected the equation of motion at present is just that of eqn. (15.11) 
after setting A = 0. Naturally, the action now lacks gauge invariance, neverthe- 
less, it is invariant under the following residual holomorphic transformations, 


froulZ)f f— fue), 


with the corresponding holomorphic and anti-holomorphic currents, 


and A=i fOf—'. Notice that in spite of the similar structure, A is not related 
to A which was set to zero. To better understand the physical picture behind 
these currents we defer temporarily to the abelian case. 


15.4 Schwinger model revisited 


Since in the pure Maxwell theory there is no analog to the (—2Nc) level WZW 
term of eqn. (15.10), we study instead the Schwinger model in its bosonized form, 


S(sch) = ~ J d?z [oxx — V20XA+ V20XA+ (0A —8A)’}. 
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In analogy to the change of variables in the non-abelian case, we now introduce 
the following parameterization of the gauge fields A = Oy, A = O@. In terms of 
these fields the action takes the form, 


S(sch) -|F {[oxax - v2xad(y p) 4 = aale p)|" + [pax 4 pðx}. 


On 
In the gauge A = 0 and after the field redefinition X = X + aes the action is 


decomposed into decoupled sectors, 


S(sch) = S(X) + S(p) i S(ghost)» 


$(X) = = | eaaxax) Sq aie {Zoae = apie, (15.14) 


where u? = 2 The corresponding equations of motion are, 
_ 2 _ ee 
oð h + 706 p=0, ðX =0. 
u 


The invariance under the chiral shifts dy = e(z) and dy = e(z) are generated by 
the holomorphically conserved currents, 


Zus 2 = De oa 
Ja = ð + IIA Ja = ð + T OA 
To handle this type of “hybrid” current we suggest the following decomposition 
of the massless and massive modes y = pı + p2 with, 
ððpı =0 [2004+ p?]yo = 0. 


In the holomorphic quantization, 


= ôL Defoe, We _ 15 
oe d(Oy) me (00 4 ) g= mÂ — 91). (15.15) 


A unique solution to the commutation relations [y(z,Z),II(w,W)]--uv = 
10(Z — w), |p, y] = 0 and [I,II] = 0 is, 


[p1 (2, 2), pı (w, W)],_y = Me(Z — w) 

[y2(z, 2), p2 (w, W)],_., = —Mie(Z — w) 

[y1 (2,2), pa(w, W)],_,, = 0 

Xt, 2),X(w,)| | =—nie(Z- 5), (15.16) 


where e is the standard antisymmetric step function. Notice that the massless 
degree of freedom has commutation relations which correspond to a negative 
metric on the phase space. These relations can also be translated to the following 
OPEs (choosing the part y1(z) of p1), 


pı(z)pı (w) = log(z — w), 
p(z, Z)~2(w, 0) = — log |(z — w)? + Ol? |z — wl’), 
pı(z)p2(w, w) = O(z — w). (15.17) 
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It is thus clear that the model is invariant under a U(1) affine Lie algebra of level 
k = —1 since Jg(z)Jg(w) = ae as Ja = Oy, with no contribution from y2. 

The physical states of the model have to be in the cohomology of the BRST 
charge. Due to the fact that the current is holomorphically (and the other anti- 
holomorphically) conserved, it follows that the same property holds for the BRST 
charge, and thus the space of physical states is an outer product of the cohomol- 
ogy of Q and Q. The latter are given by, 


Q= xJ = x(idX + Ay), 
Q = XJ = x(-i0X + pı). (15.18) 
Expanding the fields i0X and Oy, in terms of the Laurent modes X, and 
(Pi)n with [Xn, Xm] = NÔn+m and (yr), (¥1)m] = NOn+m we have 


Q= 5 Xn be — if(pı)-n 


Since Jo = {Q, po}, physical states have to have a zero eigenvalue of Jọ. The 
general structure of the states in the y1, X, p, x Fock space is, 


(Xn)"* (Pim)! (x )”* (er) [vac , 


where obviously n, and n, are either 0 or 1. It is straightforward to realize that 
only the vacuum state and states of the form (Xo)"* (yig)"/ are in the BRST 
cohomology. Recall that being on the plane we exclude zero modes and thus only 
the vacuum state remains. Since there is no constraint on the modes of p2, the 
physical states are built solely of pə which are massive modes. This result is 
identical to the well-known solution of the Schwinger model. 


15.5 Back to the YM theory 
Equipped with the lesson from the Schwinger model we return now to the YM 
case and introduce a decomposition of the group element f so that again the 


gauge currents obey an affine Lie algebra. Let us write f = fo f1 which implies 
that, 


A=if lof =if;'Of +if, (fy Offi = A+ Je 


With no loss of generality we take Of, = 0 implying also ðJ, = 0. Inserting these 
expressions into Jg of eqn (15.3) one finds, 


N 2 2 z 
Je = -= |J, + Ja + (00 + i[ðJz, Jı + Jo) 
T m4 


If one can consistently require that, 


2 S pr 
Jz + — (ðJ + ilð J2, J + J2]) = 0, 
ma 
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then, in a complete analogy with the abelian case, Jg = -* J. The lat- 
ter is an affine current of level k= —2Nc. One can in fact show that 
(15.5) hae be assumed without a loss of generality. Jg =0 implies that 
Jo + Hr (00), + i[OJo, Jy + J2]) = u(z), where u(z) is some holomorphic func- 
tion. We then introduce the shifted currents Jy = Jy — u(z), Jı = Jı + u(z). Now 
ðJ, = 0 as does Jı, and Jz obeys eqn (15.5) with J, replacing Jı. It is easy to 
check that the shifts in the currents correspond to fı > v(z)fi, fo > fiv(z)7! 
with u(z) = if ' (v(z)~!dv(z)) fi. 

Note that the equation for J. involves a coupling to Jı. This is related to 
the fact that, unlike the abelian case, one cannot write the action as a sum of 
decoupled terms which are functions of Jı and J) separately. 

Once the color current Jg is expressed in terms of the holomorphic current 
Jı, the analysis of the space of physical states is directly related to that of the 
topological g model at k = 0. The physical states have to be in the cohomologyof 
the BRST charge, which corresponds to the following holomorphically conserved 
BRST current, 


1 No a 2 z 
Q(z) = xt (8 Ts 5 i) Jarm (la+ Zoos] aa “fio! x : 
An anti-holomorphic BRST current Q(z) determines the condition for physical 
states in the analogous manner to Q. From here on we restrict our description 
to the latter. We define now the zero level affine Lie algebra current, 
Titot) Z Ja F Tegn) = Ja + i, Fee XePos 
and the c = 0 Virasoro generator T, 


1 a a a a 
T(z) = “Na : JáJg +p" 0x", 


as well as dimension (2,0) fermionic current, 


1 a 
G= -Nge 


and realize the existence of the “topological coset algebra”, 
T(z) ={Q,G)}, O=O o =O, 
{Q.Q(2)} = 0, {G, G(z)} = W(z), 
W(z) = {Q,U(z)}, [W, W(z)] = 0, (15.19) 


where J# = xp? is “ghost number current”, 
1 b 
W(z) = an, Javea pe + Op" Pa, 
and, 


Je o foe 
= oN Tan, 6 
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A direct consequence is that any physical state has to obey, 

Jeotjolphys> =0, Lo|phys> =0, Wolphys> = 0, (15.20) 
where Tie Ln and W, are the Laurent modes of Trot)" the Cartan sub-algebra 
currents, T and W, respectively. In fact the BRST cohomology of the present 
model is a special case of the set of G/G models. 

We therefore refer the reader to those works [9], [200], [229] and present here 
only the result. On the plane where no ghost zero modes are allowed, the only 
state in the cohomology is the zero ghost number vacuum state of J4. 

This state can be a tensor-product with oscillators of the massive modes of Jo. 
Unlike the abelian case, Jg does not commute with Jz so that in general the J2 
modes are not obviously in the BRST cohomology. However, there is no reason 
to believe that all the Jz modes will be excluded by the BRST condition. Those 
J. modes that remain are by definition color singlets. 

This result contradicts previous results on Y Mə. Usually one believes that 
pure gluodynamics on the plane is an empty theory since all local degrees of 
freedom can be gauged away. 


15.6 An alternative formulation 


To get a better understanding of the subtleties of the Yang-Mills theory when 
expressed in terms of A= if~'df, A=ifOf—', and for future application, we 
compare now with another formulation of the theory. A similar approach will be 
used in the discussion of generalized YM theories in Chapter 16. Consider the 


following functional integral, 


Z= f DADADBe'S(4.4.8), 
S= —f@2zTry[+FB+ 1 B?), (15.21) 


c 


where B is a pseudoscalar field in the adjoint representation. Obviously the 
integration over B produces the usual Tr[F?] action. It is also easy to realize 
that the action is invariant under the ordinary gauge symmetry provided that 
ôB = ile, B]. In terms of the f variables after imposing the gauge f = 1 one finds, 


j z 1 
Sym, = S_anc)(f) + [Petry (Lu anae) p> al + gah) 


Cc 


where S(9") = + f d?zTrq[p0x¥ + pdx]. One should again bear in mind that 
the coupling constant undergoes a multiplicative renormalization. This will be 
discussed in the next section. Using Polyakov-Wiegmann we get, 


Sy m (B) = Tone (B) — 7 Tra[B’] 
-Seno (vf) + $9), (15.22) 
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where I, (B) = Sk(v) with > OB = 2Ne (ivdu—!). The second line in (15.22) is 
ac=0 “topological aystem?, Since the underlying Minkowski space-time does 
not admit zero modes we can safely integrate over the corresponding fields. We 
can further pass from functional integrating over B to ivdv—!. This involves 
the insertion of det 5 which will introduce a T_2n,(B) term with no additional 
ghost terms. The functional integral (16.1) thus takes the final form, 


~ [Pees d’ zTra [B*]), 


It is thus clear that in the present formulation there is no trace of the massive 
“physical modes” discussed in the previous section. 


15.7 The resolution of the puzzle 


Encouraged by the result of the last section, we proceed now to reexamine the 
steps that led to the unexpected massive modes in the pure Y Mə theory. In 
particular, we would like to check whether in addition to the implementation of 
proper determinants there is no coupling constant renormalization that has to 
be invoked when passing to the quantum theory expressed in the f variables. 
For this purpose we turn on again the matter degrees of freedom. We introduce 
Nr quarks in the fundamental color representation and explore the behavior of 
the system in the limit Np — 0. Recall that the action of this model is given in 
eqn. (15.9). Starting actually from eqn. (15.1), taking the massless limit, writing 
A in terms of f in the action but still with A as an integration variable, and 
using the formulation presented in the previous section, the path integral of the 
colored degrees of freedom now reads 


Zoo) = Í [DA][DB][Dh]ei s” 


SD = Sy. (h) + + Fe | PeT han ime) 
+ [eet [(Łu anas) = al f (15.23) 


where we have also gone from u to h as in Section 15.2. 

It was found out that quantum consistency imposes finite renormalization on 
the coupling constant of the current-gauge field interaction.? This renormaliza- 
tion is expressed in the following equality, 


Z(J) = f pat (P+ rr S Tra lif aA] 


ae ane ( a 


= aie k+2N | (=) )J] | f Dit) (gh)e ists) (15.24) 


3 The finite renormalization of the coupling was introduced by D. Kutasov in [146]. 
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where k is an arbitrary level and r(L S S.(w) for L = iwdw7!. The renor- 


malization factor e(k) has to satisfy “= T e o) = foe No: Im addition it is clear 


from eqn. (15.24) that it has to be singular at the origin. It can be shown that 


e(k) takes the form e(k) = ,/“+2**. Implementing this renormalization in our 
case, eqn. (15.23) takes the form, 


S. (col) = Sy, (h) + S (Np +2Nc) (f) 


. [Ne +2No 1 ,,-1a 05 1 
+ [zT ( -m aV anan] = ra 


+ sgh), (15.25) 


where h = fh. After integrating the auxiliary field B the action becomes, 
SED = Srp (h) + S—(we +2N0) (f) 


Np +2N, = 
+ f eaten (ma) (a(f taf)? ]+S9". (15.26) 
It is now straightforward to realize that the equation of motion which follows 
from the variation with respect to f is that of eqn. (15.11) where now my = 


ec Ne, Thus, the coupling constant renormalization turns the massive modes 
into massless ones in the case of pure YM theory (Np = 0). Notice that to reach 
this conclusion it is enough to use the fact that e(k) has to be singular at k = 0 
and the explicit expression of e(k) is really not needed. Following the arguments 
presented in Chapter 5, it is clear that these states that became massless are not 
in the BRST cohomology and thus not in the physical spectrum. 

A somewhat similar derivation of the triviality of the model in the Np = 0 
limit is the following. We integrate in eqn. (15.25) over the ghost fields and over 
f, using again the coupling constant A EN, and find, 


e2 N 


Z= f Dije -f iSv l v)+ fe Efa zTry [B? on 


It is now clear that the action vanishes at Np = 0 and hence again, on triv- 
ial topology, the theory is empty. Notice, however, that the implementation of 
renormalization modifies also the result of the previous section. 

The final conclusion is that in both methods one finds that indeed the pure 
YM theory has an empty space of physical states as of course is implied by the 
original formulation in terms of A. We have demonstrated that in this formulation 
it follows only after taking subtleties of renormalization into account. 


15.8 On bosonized QC D2 


To resolve the puzzle of the YM theory we were led to analyze the color and 
flavor sectors of QC D2. The full bosonized QCD» includes in addition the baryon 
number degrees of freedom. The corresponding action is given by eqns. (15.6), 
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(15.7) or by eqn. (15.9). In the past the low-lying baryonic spectrum in the strong 


coupling limit ae — 0 was extracted using a semi-classical quantization. In this 
chapter our analysis was based on switching off the mass term, m, = 0. This 
limit cannot be treated by the semi-classical approach, as the soliton solution 
is not there for m, = 0. In our case here one finds a decoupled WZW action 
for the flavor degrees of freedom Sy, (g) and a decoupled free field action for 
the baryon degree of freedom, in addition to the action of the colored degrees of 
freedom which is given in eqn. (15.26) or eqn. (15.7). The general structure of a 
physical state in this case is that of a tensor product of g and ¢ with the colored 
degrees of freedom f, h and the ghosts. The structure of QC Də which emerged 


from the semi-classical quantization for m4 4 0 involves g and ¢ only. In our case 


here the f colored degrees of freedom acquire mass m4 = eof ME while the h 
degrees of freedom remain massless. In the limit ee — oo the f degrees of freedom 
decouple. It is thus clear that one has to introduce the mass term which couples 
the three sectors. The massless limit of QC Də can then be derived by taking the 
limit m, — 0 after solving for the physical states. Indeed, it was shown in the 
limit of ee — oo that turning on m, # 0 results in a hadronic spectrum where 
the flavor representation and the baryon number were correlated. The analysis 
of the spectrum of the massive multi-flavor QCD, in the approach of this work 
remains to be worked out. 


15.9 Summary and discussion 


In this chapter we have analyzed 2D YM and QCD theories using a special 
parametrization of the gauge fields in terms of group elements. In the m, = 0 
case it enabled us to decouple the matter and gauge degrees of freedom. How- 
ever, this formulation led, in a naive treatment, to unexpected massive modes. 
Even though we did not present a full solution of the theory we had reason- 
able arguments to believe that the BRST projection would not exclude these 
modes. The fact that a similar approach to QED» reproduced the known results 
of the Schwinger model, enhanced the puzzling phenomenon. Eventually, we 
showed that a coupling constant renormalization, renders the unexpected mas- 
sive modes into massless un-physical states. The benefit of this detective work is 
the appearance of “physical” massive states in massless QC'D2. 


16 


Generalized Yang-Mills theory on 
a Riemann surface 


16.1 Introduction 


Pure gauge theory in two dimensions is locally trivial and has no propagating 
degrees of freedom. This was discussed in the first chapter of this part of the 
book and now in the last chapter we will describe the global properties of gauge 
theories in two dimensions. For the latter to be non-trivial we will either take 
the underlying manifold to be a compact Riemann surface or introduce Wilson 
loops external sources. We will show that in those cases the gauge theory has a 
rich structure and in fact is almost a topological field theory, which is a theory 
with no propagating degrees of freedom (see also Section 4.7). Moreover, it will 
be shown that the theory has an interpretation in terms of a string theory. 

It is easy to realize that in two dimensions the pure YM theory is in fact the 
simplest member of a wide class of renormalizable theories that incorporate only 
gauge fields. These will be referred to as the generalized gauge theories gYM. 
In Chapter 15 we introduced an alternative formulation of the YM theory using 
the action! 


S=- J eenire + 9°B?]. (16.1) 


Now it is easy to realize that the B? term can be generalized to an arbitrary 
invariant function ®(B). This will constitute the family of gYM.” The partition 
function of the generalized theories on Riemann surfaces and the computation 
of Wilson loops for these theories will also be described in this chapter. 

Pure YM, theory defined on an arbitrary Riemann surface is known to be 
exactly solvable. In one approach the theory was regularized on the lattice and, 
using a heat kernel action, explicit expressions for the partition function and 
loop averages were derived.’ Identical results were derived also in a continuum 
path-integral approach. 

In the following sections we briefly review the former derivation of the partition 
function and determine in a similar way the results for the partition function and 


In fact in (16.1) we have used a slightly different formulation which is however equivalent to 

the one used in Chapter 15. 

2 The notion of the generalized QCD theory in two dimensions was introduced and analyzed 
in [82]. 

3 A lattice version of two-dimensional Yang-Mills theory was shown to be exactly solvable by 

Migdal in [161]. Correlators of Wilson lines on this formulation were computed in [139]. 
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Wilson loops in the gYM, case. Since this chapter is based on non-trivial two- 
dimensional topology which has not been dealt with intensively in this book, 
to fully understand its content the reader will need to consult the references to 
this chapter. The reader who is not interested in the topological aspects of two- 
dimensional gauge dynamics may skip this chapter and proceed directly to the 
third part of the book. 

This chapter is based mainly on [115], [118], [119] and [105]. 


16.2 The partition function of the YM theory 


The partition function for the ordinary Y M> theory defined on a compact Rie- 
mann surface M of genus H and area A is, 


1 
2(N,H,AA) = f [DAMexp |- fee det Gur trFyyF*”|, (16.2) 
g Jd 


where the gauge group G is taken to be either SU(N) or U(N), g is the gauge 
coupling constant, \ = 9° N, Gv is the metric on M, and tr stands for the trace 
in the fundamental representation.‘ 

As was emphasized in Chapter 8 the pure YM theory defined on a flat 
Minkowski space-time with trivial topology is empty since one can gauge 
away the gauge fields. However this does not hold if the underlying manifold 
M is topologically non-trivial. If M contains a non-trivial cycle y such that 
tr[ Peh An ori # 1, where P stands for path-ordering, one cannot gauge A, away 
along y. Thus, the partition function depends on the topology of M and in fact 
only on the topology and its area. This follows from the fact that the theory is 
invariant under area preserving diffeomorphism. The field strength can be written 
in the form Fv = €,,F' and hence the action takes the form, 


1 
S= ag J, d’zy/det Guy F’. (16.3) 


Apart from the area form d?x,/det G uv this action is independent of the metric 
and is therefore invariant under area preserving diffeomorphism. 

The lattice partition function defined on an arbitrary triangulation of the 
surface, as described in Fig. 16.1, is given by, 


24S MICHIANA] (16.4) 
l A 


where |], denotes a product over all links, Ua is the holonomy around a plaquette 
UA = Ik ca Ui, and Z, is a plaquette action. For the latter one uses a heat kernel 


4 The partition function on any Riemann surface of the discretized theory was written down 
in [184]. An identical result was found also in the continuum formulation [228]. 
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U; 


Fig. 16.1. A triangulation of the Riemann surface M. A group matrix is placed 
on each link. 


wilh pes t 
action rather than the Wilson action (which is Za [UA] = e gz (U +U D, ie. 


= 2 dexa(l) ae, (16.5) 


where the summation is over the irreducible representations R of the group; 
dr, Xr(U) and c)(R) denote the dimension, character of U and the second 
Casimir operator of R, respectively, and t = ga? with a? being the plaquette 
area. The character, which was also discussed in Section 3.5 in relation to the 
ALA algebras, is defined here as xp(U) = tre [U]. The holonomy U (its subscript 
A is omitted from here on) behaves as U ~ 1 — iaF when a is small. Note that 
the region of validity of (16.5) is not only a — 0 with F fixed, but actually also 
a—0 with F going to infinity as a~!/? because this is the region for which the 
exponential -40 Tr F? is of order unity. 

We will briefly review the derivation that singles out (16.5) as a conve- 
nient choice among the different lattice theories which belong to the same 
universality class. Let us look for a function Y(U, t) that will replace the contin- 


2 
uum e~ar@ TrF 
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The requirements which we impose on W are: 


1. As t goes to zero (and, therefore, for finite g also a goes to zero) we want the 
holonomy to be close to 1, 


U(U,0) = 5(U — 1). (16.6) 
2. For any V € G we have, 
W(V—-lUV,t) = Y(U, t). (16.7) 


In other words W is a class function. 
3. Y satisfies the heat kernel equation, 


a — X ga" 0” $ V(U, t) =0, (16.8) 


a,b 


where gap is the inverse of the Cartan metric, 
g Se"), (16.9) 
which was defined and discussed in Section 3.2.1. 


To see that (16.5) is an approximate solution to the heat-kernel equation we 
note that any class function is a linear combination of characters. The differ- 
entiation of a character in the direction of a Lie algebra element t° is given 
by, 


tk 
8% 9% ... 9% yp(U) = xR(ue t ...4%)) + O(U — 1). (16.10) 


The notation xr(Ut" t°? ---t**) stands for the trace of the multiplication of the 
matrices which represent U and t™,...,¢** in the representation R. The brackets 
(.--) imply symmetrization with respect to the indices. The term O(U — 1) means 
that the corrections are of the order of U — 1 ~ aF ~ t!/?. Since, 


1 
do 90" xr) ~ ~ZxR(U J gatt) = —e2(R)xr(U), (16.11) 


a,b a,b 


we see that (16.5) is the correct answer up to terms of the order of O(t?/?) which 
drop in the continuum limit. Using (16.5) as the starting point, we finally find 
the following form of the partition function, 


Z(N, H,\A) = Li ns (16.12) 


To get from (16.5) to (16.12) we take the following steps. First we make use of 
the additivity property of the heat-kernel action. Consider two triangles glued 
along U, as depicted in Fig. 16.2. 
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Fig. 16.2. Integrating over U; on a link which is common to the two triangles. 


Fig. 16.3. Opening up of a genus-two surface. 


Up 


Using the orthogonality of characters, 


VW) 
d tw) = xr VW) 16.13 
J Ux (VO) xR, (UIW) = ör, n A (16.13) 
we find, 

fauize, (U2U3U;) Za, (U}UsUs) = Za, +A, (U2U3U4Us). (16.14) 


This relation can be used to argue that the lattice representation is exact and 
independent of the triangulation since using this we can add as many trian- 
gles as desired, thus reaching the continuum limit. We can also use this rela- 
tion to reduce the number of triangles to the minimum needed to capture 
the topology of M. Describing a genus H manifold in term of a 4H-polygon 
with identified sides as described in Fig. 16.2 for a genus-two Reimann surface 
abiaj by! ...aybyap by . The partition function on such a manifold can be 
written as, 


Zum = So dpe A [Tl oupvixativutys...va vavi vi]. (16.15) 


296 Generalized Yang-Mills theory on a Riemann surface 


We can simplify this expression using again the orthogonality of the characters 
and the relation, 


/ DUxe[AUBU"] = ——xnlAlxelB], (16.16) 


dimp 
to arrive at (16.12). 


16.3 The partition function of gYM, theories 
Pure YM» theory is in fact a special representative of a wide class of 2D gauge 
theories which are invariant under area preserving diffeomorphisms. These gener- 
alized YM. theories are described by the following generalized partition function, 


2(G.H,A,®) = f [DA"]DB] expl | d?ry/det Gnr tr(iBF — ®(B))], (16.17) 
x 


where F = Fe, with cij being the antisymmetric tensor €12 = —€21 = 1. B is 
an auxiliary Lie-algebra-valued pseudo-scalar field.® 
We wish to generalize the substitution (16.5) for the plaquette action (16.17), 


Za [U] = [Decoy 2, UU, t). (16.18) 


Here B is a Hermitian matrix and © is an invariant function (invariant under 
B — U`! BU for U € G). The quadratic case 6(X) = g°tr( X?) obviously corre- 
sponds to the YM», theory. We will take ® to be of the form, 


D(X) = X agy [[ trex), (16.19) 
{ki} a 
(e.g. tr(X°)? + tr(X°)) For SU(N) (U(N)), tr(X’) can be expressed for i > N 
(i > N) in terms of tr(X‘) for smaller i. Thus the summands in (16.19) are 
not independent. This does not affect the following discussion. Moreover, in the 
large N limit that we will discuss in the following section, the terms do become 
independent. 
We define the general structure constants dape...k to be, 


def [ae ae i 1 
dabenik = Jaa’ Jbb' Jec! ** ‘ore tr (t" t po t J; (16.20) 


For every partition rı + r2 +--+ rj, we define the Casimir, 


def 
Cory tr tery} z 
1 a) a) (2) al) 
da ada da a O Cee, a? 
(ri tro +: +r)! Qj -ary Qj -arg ar ar, 


5 In principle, we could perturb the ordinary Y Mo with operators of the form m= tr(F*), 


without the need for an auxiliary field. 
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Note that the index of Cg., will always pertain to a partition. Thus Ctp} Æ 
Cor trg¢-tr;} even if p= rı +r2 +::-+rj. The brackets in the ts mean a 
total symmetrization ( (rı +7r2 +--:+7;)! terms). 

C, can easily be seen to commute with all the group elements and so, by 
Schur’s lemma, is a constant matrix in every irreducible representation. 

We claim that the correct lattice generalization of (16.5) is, 


So daexr(U)e*), (16.22) 
R 
where, 
A(R) T 5 Alki} C {ki -1+k2-2+k3 3+} (R). (16.23) 
{ki} 


This results from the requirements that Y(U, t) must satisfy: 


W(U,0) = 6(U — 1). 
. Y is a class-function. 
. W satisfies the equation, 


wn 


a . a! i 
Ai y afk; } II (ia) sono re) W(U, t) + O(U — 1) =0 
{kj} l á S 
(16.24) 


For the U s that are important in the weight for a single plaquette, U — 1 is 
of the order of magnitude of aF which, in turn, is of the order of magnitude 
of O(t'/”) where v is the maximal degree of ©. Thus, the corrections to W are 
O(a~“+1/")) and drop out in the continuum limit. 


The partition function for the generalized Y Mə theory is therefore, 
Z(G, £n, ®) = $ (dim RPP? e7 30A), (16.25) 
R 
where A is the area of the surface and A(R) is defined in (16.23). 


16.4 Loop averages in the generalized case 


The full solution of the YM, theory includes, in addition to the partition func- 
tion, closed expressions for the expectation values of products of any arbitrary 
number of Wilson loops, 


W(Ri, Yis- Ban) =<] ] Ter, Pe fi 4” >, (16.26) 


i=1 

where the path-ordered product around the closed curve y; is taken in the rep- 
resentation R;. Using loop equations, one can derive an algorithm to compute 
Wilson loops on the plane. This can be further generalized into a prescription for 
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Fig. 16.4. Wilson loops on a torus. 


computing those averages for non-intersecting loops on an arbitrary two man- 
ifold. Let us briefly summarize the latter. One cuts the 2D surface along the 
Wilson loop contours, see Fig. 16.4, forming several connected “windows”. Each 
window contributes a sum over all irreducible representations of the form of 
(16.12). In addition, for each pair of neighbouring windows, a Wigner coefficient, 


Darras = | A xn, (Uyn UV), (16.27) 
is attached. Altogether, one finds, 
1 1 Nw AA; Co (R;) 
= Gis Bade Dake EA 
W(R1, Y1,- Rann) = Zz Nn Vous AO Drin, dz We IN P 
Rı Rn i=l 


(16.28) 


where N, is the number of windows, 2 — 2G; is the Euler number associated with 
the window 7 and Dp, pr, is the product of the Wigner coefficients for neigh- 
boring windows. For the case of intersecting loops a set of differential equations 
provides a recursion relation by relating the average of a loop with n intersections 
to those of loops with m < n intersections. 

Generalizing these results to the g YM, is straightforward. The only alteration 
that has to be invoked is to replace the ear factors that show up in those 
algorithms with similar factors where the second Casimir operator is replaced 
by the generalized Casimir operator (16.23). For instance the expectation value 
of a simple Wilson loop on the plane is given by, 

-\AyA(R) 


(W(R,7)) =e" 28, (16.29) 


where A, is the area enclosed by y. 
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Ya 


Fig. 16.5. Wilson loops on a torus. 


It is interesting to note that for odd Casimir operators the expectation values 
of real representations (like the adjoint representation) equal unity due to the 
fact that the corresponding Casimirs vanish. 


16.5 Stringy YM, theory 


Before dwelling into the stringy description of the generalized YM,» thoeries, 
we first review the proof of the stringy nature of pure YM» theory.® We then 
generalize this construction to the generalized YM and present several examples 
to demonstrate the nature of the maps that contribute to the gYM, and their 
weights. 

The partition function expressed as a sum over irreducible SU(N) (U(N)) 
representations (16.12) can be expanded in terms of powers of +. This involves 
expanding the dimension and the second Casimir operator of the various rep- 
resentations. The representation of U(N) or SU(N) are described by Young 
tableau Y(R), see for instance Fig. 16.5, composed of r < N horizontal lines 
each with n; boxes so that ny > n >... > n,. The U(N) and SU(N) second 
Casimir operators of a representation R and its dimension are given by, 


a r 


CY (R) = No n+) n(m +1- 2i) = Nn + 2Êp (RY (R), 


r Ag . 
CVOR) = NY ni4) ni(m +1 —28) Oin) L Nn 2Ê (RYU), 


Hicjen (mi = i— n+ i) 
Hicjen (i i) 


dp = , (16.30) 


6 The stringy description of Yang-Mills theory in two-dimensional Riemann surfaces was intro- 
duced by D. Gross and W. Taylor in [115], [118] and [119]. The formulation of the two- 
dimensional Yang-Mills theory in terms of topological string theories was done in [126] and 
[69]. 
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> 
Fig. 16.6. A map from Mp to Mz. 


with n = )7\_, n;. For every representation R there is a conjugate representa- 
tion R whose Young tableau Y(R) has its rows and columns interchanged. To 
determine the Casimir operator of the conjugate representation we use (16.30) 
with 2Êra} (R) = —2Py9 (RYO) (R). 

Using the Frobenius relations between representations of the symmetric group 
Sn and representations of SU(N) (U(N)), the coefficients of this asymptotic 
expansion were written in terms of characters of S,. The latter can be shown 
to correspond to permutations of the sheets covering the target space. The final 
result takes the form of, 

o0 1 (nt +n7)(2H—2)+ (it +i7) 
Z(A4,H,N)~ SO 5 5 @ 


nti =0 pi re DIy ET2 CS + Sp tonos H ty ES, + 


it +4 ‘ 2 2 
(-1)¢ ) (AAC H emrit +n A og((nt) +n)? —2ntnT)AA/N? 


H H 
bs. xs, _ (ot ph py De Jaren [s7.t7] igs al) (16.31) 


where [s,t] = sts~'t~!. Here 6 is the delta function on the group algebra of 


the product of symmetric groups S,+ X S,-, T> is the class of elements of Sp + 
-1 
nt na 


of the symmetric group Sn+ X Sn-. 

The formula (16.31) nearly factorizes, splitting into a sum over n*,77,--- and 
n—,i—,+++. The contributions of the (+) and (—) sums were interpreted as arising 
from two “sectors” of a hypothetical worldsheet theory. These sectors correspond 
to orientation reversing and preserving maps, respectively. One views the n* = 0 
and n7 = 0 terms as leading order terms in a 1/N expansion. At higher orders 


consisting of transpositions, and Q are certain elements of the group algebra 


the two sectors are coupled via the n*n~ term in the exponential and via terms 
in Qn+n-- 

Thus, the conventional Y M, theory has an interpretation in terms of sums of 
covering maps of the target space, see Fig. 16.5. Those maps are weighted by the 
factor of N2-2"e~2"4 where h is the genus of the world-sheet and A is the area 
of the target space. The power of N?~?" is obtained from the Riemann—Hurwitz 
formula, 


2h —2 = (n* +n-)(QH — 2) + (it +77), (16.32) 
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where B = it +i” is the total branching number. The number of sheets above 
each point in target space (the degree of the map) is n and A= g’N is the 
string tension. Maps that have branch points are weighted by a factor of AA. 
The dependence on the area A results from the fact that the branch point can 
be at any point in the target space. 


16.6 Toward the stringy generalized YM, 


Note that the stringy description of the YM, theory does not attribute any 
special weight for maps that have branch points of a degree higher than one, nor 
is there a special weight for two (or more) branch points that are at the same 
point in the target space. The latter maps are counted with weight zero, at least 
for a toroidal target space, since they constitute the boundary of map space. 

The main idea behind a stringy behavior of the gYM, is to associate nonzero 
weights to those boundary maps, once one considers the general 6(B) case rather 
than the B? theory. In other words, we anticipate that we will have to add for 
the tr(B?) theory, for example, maps that have a branch point of degree 2 and 
count them, as well, with a weight proportional to A. From the technical point 
of view the emergence of the YM>2 description in terms of maps followed from 
a large N expansion of the dimensions and the second Casimir operators of 
(16.12). Obviously a similar expansion of the former applies also for the gener- 
alized models and therefore what remains to be done is to properly treat the 
Casimirs appearing in the exponents of (16.25). 

In [119], the expansion of the second Casimir operator C2(R) of a represen- 
tation R introduced the branch points and the string tension contributions to 
the partition function. The C(R) was expressed in terms of the eigenvalue of 
the sum of all the z(=) transpositions of n elements (permutations containing 
a single cycle of length 2), where n is the number of boxes in R. This is the 
outcome of the following formula, 


Co(R) = nN + 2P (B), (16.33) 


where Ê» (R) is the value of the scalar matrix representing the sum of transposi- 
tions 7; <;<, (1j) in the representation R of Sn (the matrix commutes with all 
permutations and thus is scalar). In the partition function, C2 (R) was multiplied 
by ad, The resulting term 5nArA arises from the action and is proportional to 
the string tension. The term AAP; arises from the measure and is interpreted 
as the contribution of branch points to the weight of a map. 

Our task is, therefore, to express the generalized Casimirs C, of (16.21) in 


terms of Py, the generalizations of Pr} (R). This is expressed as, 


Cy(R) = oat! N" Ê„ (R), (16.34) 
p’ 
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where al" are coefficients that are independent of R and the power factors he, 
are adjusted so that a string picture is achieved. 
The Pp} factors are associated with p’ which is an arbitrary partition of 


certain numbers, namely, 


ky ko 
-—__--~eo Oooo 
po: Sok t= 1+ 1 te +142424---424--, (16.35) 


7 


Ê; p'} 2) is the product of two factors. The first is the sum of all the permutations 
in S, (n is the number of boxes of R) which are in the equivalence class that 
is characterized by having k; cycles of length 7 for i > 2. Just like the case of 
Pro} (R), the matrix Ê p} (R) commutes with all permutations and thus is a 
scalar. The sum is taken in the representation R of Sn. The second factor is, 


( = mee i) (16.36) 


which can be interpreted later as the number of ways to put kı marked points 
on the remaining sheets that do not participate in the branch points. 


16.7 Examples 


A complete diagrammatic expansion of the operators was determined in [105]. 
Using this expansion one can write down the stringy description of the partition 
function for any generalized YM theory. We end this chapter with a few examples 
of the Casimir factors for various choices of ®(B) for both U(N) and SU(N) 
groups. 


1. For +tr(B?) which is the conventional Y M theory we get (16.33), 


2X a ^ 


The first term means that we give a factor of 2AA for each branch point, and 
the second term means that we have a factor of À for each marked point (i.e. 
this is the string tension). 

2. For aN~*tr(B?) in U(N) we get, 


ik k ee i ee 1 z 
3a N? Prs} + 3a N! Pio} + 3a N7? P41} + zelat zN Pa} (16.38) 


The first term is the contribution from branch points of degree 2 (the simple 
branch points are of degree 1). The next term is a modification to the weight 
of the usual branch points. The third is the weight of two marked points at 
the same point (but different sheets), which will translate into n*(n* — 1) 
+n7(n7 —1) in the weight of a map for which (n*+,n7) are the numbers 
of sheets of each orientability. The last two terms are modifications to the 
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cosmological constant (or, in our terminology, to the weight of the single 
marked point). 

Note that, because of the original power of NT? we do not get the usual 
N?-?" stringy behaviour in the partition function. We can overcome this 
problem by interpreting the last term not as the usual marked point, but as 
a microscopic handle that is attached to the point. By interpreting certain 
marked points as actually being microscopic handles (or higher Riemann sur- 
faces) we can always adjust the power of N to be N?~2", Similarly, we should 
interpret the term 3aN -2 Pci as a connecting tube. We will come back to 
this interpretation towards the end of this section and investigate it further 
in the next subsection. 

. For N~*tr(B?) in SU(N) we obtain the following corrections to (16.38), 


6 « 12 « 12 « 
— 7 Per z wi 2h + wi Pti+1} 
6 12\ « 3 2 x 


These terms and the terms in the previous example (16.38) do not mix chi- 
ralities (i.e. sheets of opposite orientations). In the full theory (chiral and 
anti-chiral sectors) there is the corresponding anti-chiral term: 


6 a 12 . 12 4 
+7 + + wl 2h -= wi ++} 
6 Ras 3 De No 
For SU(N) there are additional terms that do mix chiralities. They are, 
6 « A 12,4 is 
~ ya (Prasat Pra+i}) T qya (Pitt) z Pa+i+1})- (16.41) 


The first term is the contribution of maps that have a branch point in one 
orientability and a marked point in the other (at the same target space point). 
The second term is the contribution of maps with three marked points — two 
for one orientability and one for the other. 

To illustrate the content of these formulae in terms of representations, we 
will calculate the value of the third Casimir Edabct tto for a totally anti- 
symmetric representation of SU(N) with k boxes. The term Ps, is translated 
into the sum of all the permutations of the k indices of a totally antisymmetric 
tensor that are 3-cycles, this gives ¢k(k — 1)(k — 2). The term Poy gives the 
sum of all the permutations that are 2-cycles, that is —}k(k — 1) (a minus 
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sign comes from antisymmetry). All in all we get, 


C43} (k) = E daste tte) 
= k(k— 1)(k— 2) klk 1) + SNA(E 1) 
Fg in hehe 0,53 
SRE EN?k+ A(R 1)(k 2) 
6 2 6 2k 
3k(k— 1) + h(he = 1) — 3k + Syh(he = 1)(k— 2) + k(k 1) + 
= O(N + 1)(N +.2)(N — KCN — 24). (16.42) 


4. For N~#tr(B*) in U(N) we get, 


eres Ee ae l: sek 
AN~*° Pry, + 6N? Pisy + 6N *Prosiy + 3N ? Puyn 
4 —1 —3 \ fp 1 5 —2 \ 5 


The terms that have an extra microscopic handle are, 
34 8. oa aon Bie pian 
6N 3 Peoi) + art *Pary + 6N 3 Pro) + eo ? Puy. 
5. For N~4(tr(B?))? in U(N) we get, 


24N~* Êi; + 8N~* Pro 19} + AN Poa) 


16 3 A 8 A 2 1 R 
+ aN Pa + (2 + sy) Pusi} + (ir> + sx) Puy. (16.43) 


and additional terms, 
8N~* Pry, +4N-3 (Posty + Prost) + 2N-? Pasay, 
that mix the two chiral sectors. 
The meaning of the term 2N~? P; +1} is a factor of N~e , where 
a is the coefficient of the N~*(tr(B?))? term in the action. n* is the number 
of sheets of positive orientability and n~ is the number of sheets of negative 
orientability for a given map. 


—2antn—-A 


16.8 Summary 


In this chapter we studied the generalized two-dimensional Yang-Mills theory 
on Riemann surfaces. We reviewed the exact formulae for the partition function 
and Wilson loop averages of the conventional YM theory. We then presented 
the generalization of these results in the context of the generalized YM theories. 
These expressions are based on a replacement of the second Casimir operator 
with more general Casimir operators depending on the particular model. There 
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is another method to obtain these results [228], i.e. by regarding the general 
Yang-Mills actions as perturbations of the topological theory at zero area. 

Using the relations between SU(N) representations and representations of the 
symmetric groups Sn, we wrote down the generalizations that have to be made 
in the Gross—Taylor string rules for 2D Yang-Mills theory, so as to make the 
generalized Yang-Mills theory for SU(N) or U(N) a local string theory as well. 
The extra terms are special weights for certain maps with branch points of a 
degree higher than one. 

An obvious extension of the results presented in this chapter is to consider 
other gauge groups. The conventional YM. theory with gauge groups O(N) or 
Sp(N) which were shown to be related to maps from non-orientable world-sheets. 

One can further couple the gYM, theories to fermionic matter in analogy to 
’t Hooft’s analysis presented in Chapter 10. This domain of research is far from 
being fully explored. A particularly interesting question is to find out certain 
®(B)s that lead to a special behaviour of the coupled system. For example, 
in the U(1) case, the representations R are labeled by an integer n and for 
(B) = —alog(1 + AB?) we get, 


Z(U(1), A) = XC (1 + An?) “#4 


n 


which has a singularity for 2aA = 1. 


PART III 


From two to four dimensions 


17 


Conformal invariance in four-dimensional field 
theories and in QCD 


Conformal symmetry was shown to be extremely powerful in two-dimensional 
field theories and obviously also in string theories. This is due to the fact that 
the conformal algebra is infinite dimensional and hence supplies a set of infinitely 
many conserved charges. In four dimensions the conformal algebra is finite and 
therefore less powerful.! The purpose of this chapter is to explore the use in 
4d conformal field theories of notions and tools that we encountered in two- 
dimensional CFT, such as primary fields, conformal operator expansion, confor- 
mal anomalies and Ward identities. 

Free massless theories are obviously scale and conformal invariant. However, 
field theories that describe the elementary particles of nature and their interac- 
tions, are interacting field theories. The question is thus, to what extent can one 
apply the techniques of CFT to those theories and in particular QCD in four 
dimensions? QCD with massless quarks is a prototype model of theories which 
are classically conformal invariant. In fact even for theories with masses and 
other dimension-full parameters, in certain cases these can be neglected in the 
high energy and high momentum transfer regime of the theory. However, even in 
the massless case and with only dimensionless couplings, it is easy to realize that 
the quantum picture lacks conformal invariance. This follows from the fact that 
one has to introduce dimension-full parameters such as UV cutoff, which turns 
into a scale where the coupling is defined, after renormalization. Thus there is 
an anomaly in the conformal symmetry in the sense that it is a symmetry of the 
classical system but not of the quantum one. 

We will investigate in this chapter conformal symmetry in four-dimensional 
field theories and in particular its applications in the context of QCD in four 
dimensions. We start with the description of conformal transformations, their 
corresponding generators and the SO(2,4) conformal algebra. We then analyze 
the Noether currents that follow from the conformal transformation and their 
conservation laws. Next we present the SL(2, R) collinear subgroup associated 
with light-cone conformal transformations. In a similar manner to the treatment 
of two-dimensional conformal symmetry, we define primary and descendant oper- 
ators of the collinear group. We then define and study the conformal operator 
product expansion (COPE). We proceed and describe the conformal Ward iden- 
tity, the Callan—Symanzik equation. We then make use of the conformal toolbox 


1 The full conformal algebra in four dimensions was introduced in [156] 
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in the study of four dimensional QCD which is conformal only at the classical 
level. We analyze the non-local operators built from a quark and an anti-quark 
and expand them in terms of Gegenbauer polynomials. We use the COPE to write 
down the operator product of two electromagnetic currents. Finally we deter- 
mine, in the limit of large momentum exchange, the pion distribution amplitude. 

Conformal invariance in four dimensions was described in several review papers 
and books. The original studies on conformal symmetry are summarized in [207] 
and [66]. A modern review that we follow in this chapter is [43]. 


17.1 Conformal symmetry algebra in four dimensions 


In general in d space-time dimensions the conformal group is the subgroup of 
coordinate transformations that leaves the metric invariant up to a scale, namely, 


Juv (x) > Tile) = 2(2) Guu (x). (17.1) 


It is obvious from (2.2) that the 2d conformal transformations (2.1) indeed pro- 
duce such a variation of the metric. An important property of conformal trans- 
; ; A Z P : , AB i 
forriationg in my dimension is that they preserve the angle JET between two 

vectors A and B. 


Starting from flat space-time, the general infinitesimal coordinate transforma- 
tion z” — x + e (x) induces a change of the metric, 


ds? — ds? + (3 ev + ô ep )da" da’, (17.2) 
so that the condition for conformal transformations reads, 
2 
On€v + Oven = g2 < €)Juv, (17.3) 


where guv iS Nav Or dn, for a Minkowskian signature or Euclidean signature, 
respectively, and the factor of 2 is fixed by tracing both sides of the equation 
with g“”. To check what are all the possible solutions for e, we differentiate (2.4) 
twice to find that, 


[(d — 2)0,0, + GuvOv0*]Oge" = 0. (17.4) 


This equation together with (2.4) implies that the third derivatives of e” vanish, 
which means that e” can be of order 0,1,2 in x”. Obviously the parameters 
associated with the Poincare group, since they are an isometry and hence do 
not change the metric, obey (17.1). These transformation parameters together 
with additional infinitesimal parameters which are linear and quadratic in x" 
are summarized as follows: 


f= eh space-time translations 

E” = eh “ty Lorentz transformations 

ef = er” scale transformations 

d = Aa” — ate a, special conformal transformations (17.5) 
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where eh, eh”, €o, € are vector, antisymmetric tensor, scalar and vector infinites- 
imal constants, respectively. The corresponding finite transformations are, 


ch + ata? 
1+ 202, + Gx?’ 


(17.6) 


where the various forms of a are the finite parameters of transformation that 
correspond to the infinitesimal ones above. The last transformation is referred 
to as the special conformal transformation. It can in fact be decomposed into 
an inversion transformation z” — -4, a space-time shift transformation and 


another inversion. The sum of all these transformations is d + need +14+d= 


2 
CEDEN which is the dimensions of SO(2,d), the algebra of the conformal 
group in Minkowski space-time. 

Let us analyze now the generators of the conformal transformations and show 


that indeed they obey the SO(2, d) algebra. The generators are, 


P, = —i0, space-time translations 
Luv = (£0) — £va) Lorentz trans formations 
D = —ix" ô, scale trans formation 
K, =-—i [x0 — 2x2” 0, | special conformal transformations (17.7) 


Using these expressions for the generators it is a straightforward exercise to 
realize that they obey the following algebra, 
[Ps P, =0 
[Pus Lup = i(Nuv Pp = Nup Pv) 
[Ly Lpo = —i(Nup Lvo T, Hae Ly p F vo Lup 7 Np Lc) 
[D, Py] = —iP, [D, K,] = iK 
[Pis K, = 2 Duy = Nav D) 
[D, La] =0 
[K,,, K,] = 0, (17.8) 


which is indeed the SO(2, 4) algebra. The first three lines constitute the Poincare 
algebra in four dimensions. It is well known that (17.8) is not the most general 
form of the SO(2,4) algebra. One can further generalize the construction of the 
generators by modifying L,,, in the following way, 


Mu = Lipy + Mavs (17.9) 
where Xy does not act on the space-time points and obeys, 


[ea pe cad i thin Dive a Nuo Uv p + Two Upp 74 Np Upto )+ (17.10) 
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Shortly the role of these generators in the conformal transformation of fields will 
be discussed. 


17.2 Conformal invariance of fields, Noether currents and 
conservation laws 


So far we have discussed the conformal transformations as they act on the points 
in space-time. Now we would like to consider field theories in four dimensions 
that are classically invariant under the group of conformal transformations. The 
fields associated with conformal invariant theories may be scalar fields, spinors, 
vectors or tensors. We denote such a field by (x). 

The transformation of the field under the conformal transformations, 


d(x) = dad, P(x) + r(x), (17.11) 


is composed of two parts, the one due to that of the space-time point with 
da" given in (17.5) and an “internal transformation” ôr®(x), which vanishes 
for space-time translations, while for Lorentz transformations, dilatations and 
special conformal transformations, takes the form, 


r(x) = —e,,2°"® Lorentz transformations 
6; P(x) = e lO scale translations 
6, (x) = 26, (lx — 2, Xuv)? special conformal transformations 


(17.12) 


where | is the conformal dimension of the field and the internal Lorentz generators 
Xuv are given by, 


ae en — Dirac spinors [EL] = "P — nPE — gauge fields 

(17.13) 
Recall that all the parameters of transformations are global, namely space-time 
independent. To determine the Noether currents associated with the various 
symmetry transformations, one elevates the transformations into local ones and 
reads the currents from the variation of the action, 


6S = ftac (17.14) 


where e° is any of the parameters of transformations given in (17.5). The outcome 
of the Noether procedure are the following conserved currents, 
JP)! = TH = THA, © — UL 
mM) i ML 
J ig = WT! — xT! — 1, dv) 
JD" = DË = avy Te” + ITI“ ® 
JI" = (Qa yay — ppt?) T"? +22,1" (15° —EP)®, (17.15) 


V 
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where I” = CRE In fact the variation of the action with respect to dilatations 
i 

may lead in addition to the divergence of J‘? as to another total derivative 

term Ap. However for Lagrangians that are polynomials in the fields and their 

derivatives, this term vanishes. For the special conformal transformations the 


additional term is defined by 
OK S = ftre, (x) [-3, K!” +22" Ap + AZ], (17.16) 


with Ay = 211, ®(igt” + U“”)®. For invariance we need Ap =0 and Af = 
28,0!” . For l= 1 and l = 3/2, o,, vanishes, so in these cases J(*)? 
the generators of conformal transformations. 

An interesting observation is that all the Noether currents associated with the 
full conformal group can be expressed in terms of a modified energy-momentum 
tensor. First note that the energy-momentum tensor defined above in not 


(m) 4 p the antisymmetric 


are really 


necessarily symmetric. In fact from the conservation of J 
part of T),, can be determined since, 


yr) He 
Oy TOS = Tu — Typ Oy (lly Ep) = 0: (17.17) 


Using this result it is now easy to define a modified conserved symmetric energy- 
momentum tensor, 
1 
TS) =T 50 pEr — MEd — M dp,®). (17.18) 
The current associated with the Lorentz transformations can be expressed in 
terms of TS) as, 


ge Se TON ange (17.19) 


One can further modify the symmetric energy-momentum tensor to render it 
also traceless, 
1 

TEO =T + 50S" Xpouvs (17.20) 
where Xpopuv is defined such that the energy-momentum tensor is traceless and 
conserved and 7" 0?O" Xpopy = 20°O" Opy = 2 TD), In terms of this trace- 
less energy-momentum tensor the dilatation current and the current associated 
with the special conformal transformation are given by, 


up 


JD" =g, TTD” UO” = (2g,2, — 2p) TEP (17.21) 


It is thus clear that JP)” and JOO” TL)HY 


V 
is conserved and traceless. 
Note that in the latter form, scale invariance, namely a traceless energy- 


are conserved only provided that T! 


momentum tensor, implies also conformal invariance. 
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17.3 Collinear and transverse conformal transformations of fields 


Recall that in 2d conformal field theories it is very useful to employ light-cone 
coordinates (in Minkowski space-time) or holomorphic and anti-holomorphic 
coordinates (in complex Euclidean space-time). We want to argue now that it is 
also quite useful to use light-cone coordinates, when analyzing four-dimensional 
conformal field theories. 


Consider the two light-like vectors n/ 


E and nt, 
ning, =nin_, =0 nin, =1. (17.22) 
We can then decompose any Lorentz four-vector A, as follows, 
AY = A-n} + Apn” + Ab, (17.23) 


where, 


A, = An} A_=A,n*, (17.24) 


and the transverse part of the four-vector Af, is defined using the transverse part 
of the metric defined as, 


Tav =n —nËny -nin Ab= Nv Av- (17.25) 


Using this decomposition we find that A, A“ = 2A,A_— AŻ. 
We can now also consider transformations associated with a subgroup of the 

full conformal group. In particular consider the special transformations associ- 

ated with a light-like parameter a“ = àn”. The transformation of x_ takes the 

form 

oo He 

14+ 2aa_" 


1 
T— x 


(17.26) 


Combining this transformation with the translation along the x_ direction z- —> 
z_+a_ and scaling x— — ax_ these transformations constitute a subgroup of 
the full conformal group, the collinear subgroup which is an SL(2, R).? To verify 
this group structure we define the following generators, 


Hie aP; es f= 5K- 
L= 5(D + M_+) E= 5(D — M-+). (17.27) 
The generators L+ and Lo obey the algebra, 
(Lo, L+] = +L [L_,L4] = —2Lo, (17.28) 


which is indeed the SL(2, R) ~ SO(2,1) algebra; E commutes with them. It is, 
actually, the Lo of the other SL(2, R), the one in the z, direction. 


2 The use of the SL(2, R) group in applications of conformal symmetry to QCD was introduced 
in [150] and [83] 
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The SL(2, R) collinear subgroup is particularly useful for collinear fields, where 
for instance ®(x) takes the form ®(a@) = (anf), with a a real number and n4 
the light-cone direction defined above. In particular, as will be shown below, 
this will apply to parton description of quarks. The field (a) is taken to be an 
eigenstate of the spin operator Ui_, 


E-a) = s®(a), (17.29) 
so that s is the spin projection to the n, direction. The collinear subgroup of the 


conformal group now acts on the coordinate a as an SL(2, R) transformation, 


, aatb 
acd = : 
ca+d 


(17.30) 


where a,b,c,d are real numbers with ad — bc = 1, and correspondingly the field 
(a) transforms as, 


! +b 
B(a) => (ca + d) 46 (= 3) 


(17.31) 
with, 

. il 

j= zC +s). (17.32) 


Thus ®(q) is a representation of SL(2, R) or an S'L(2, R) form of degree j. 
The generators of the SZ(2, R) group and E act on the collinear field as, 


IZ, , 8(a)] = -2,.8(a) 
[Lo, ®(a)] = (aða + J) ®(a) 

[L_, ®(a)] = (e Ou + 2ja) (a) 

[E, ®(a)] = s(l—s)® (a) (17.33) 


where t = (l — s) is referred to as the collinear twist. In addition ®(a) is an 
eigenstate of the Casimir operator with, 


YS [hi [Li,®(0)]] = jG - 80). (17.34) 
i=0,1,2 
Another subgroup of the conformal group is the transverse subgroup SL(2, C') 
acting on the transverse coordinates xf. = (0, x1, %2,0) or in complex coordi- 
nates z = 2, + izz and Z = zı — ig, with fields ®(z,Z). This is in fact identi- 
cal to the SL(2,C) discussed in Chapter 3 where the conformal symmetry of 
two-dimensional field theories is discussed. In terms of the conformal generators 
(17.7) the generators of the SL(2,C) are the Ph, ME” , D, K}. The coordinate z 
transforms under the SL(2, C) transformation, 
az+b 


1 
= 17. 
TER cz+ d’ ey) 
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which implies the following transformation of ®(z, Z), 


B(z,2) > (ez +d) 2" (z ae z) , (17.36) 


Z 
cz+d’ 


where h = $(1+ A) with A is the helicity defined by D,;® = A®. Similarly for 
the transformation of Z and the corresponding transformation of ®(z,Z), with 
h= (l-A). 

2 


17.4 Collinear primary fields and descendants 


In two-dimensional conformal field theories fields were classified into primary 
fields and descendant ones. The classification was based on their conformal trans- 
formations. Correspondingly the states were put into Verma modules each con- 
taining a highest weight state and its descendants. Recall the definition of the 
former, 


Lolo(0)|0>] = h [ġ(0)|0>] Zn [¢(0)|0>]=0, n>0. (17.37) 


In a similar manner the primary operator and the highest weight state of the 
four-dimensional collinear group are defined [171], [42] as, 
[Lo, ®(0)] = 7®(0) [Ø-¢0)]=0 = 
Lo [®(0)|O>] = j[®(0)|0>] L_[®(0)|0>] = 0, (17.38) 

®(0) is by definition collinear since it is defined at the origin of the light-cone 
direction. The fact that in the 2d case the conformal algebra is infinite while in 
Ad it is finite is manifested by the fact that in the former case there is an infinite 
set of annihilation operators Ln, n > 0 that annihilate the highest weight state, 
whereas in the latter case it is the single operator L_. 

The descendant fields and correspondingly the descendant states are obtained 
by repeatedly applying the creation operators, which are L—n in 2d while in 4d 
it is the operator L,. So in 4d, 


On = [Ly,---[L+,[L+, ®(0)]]] = (0+ )” ®(a)la=o- (17.39) 


Note the difference in notation, as it is L— in 2d while it is L+ in 4d, both raising. 
The descendant operators obey the following commutation relations, 


[Lo, On] am (j T n)On [L+, On] = On+1 [L_, On] a —n(n+23 = 1)On-1- 
(17.40) 


In two-dimensions we discussed the Verma module that includes a highest weight 
state and all its descendants, and similarly, in four dimensions we consider the 
so-called conformal tower which also includes the highest weight state and all its 
descendants. Recall however that there is an essential difference between the two 
cases due to the fact that in the 2d the algebra is infinite dimensional whereas 
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in 4d it is finite dimensional. In particular the notion of null vectors that played 
an important role in the 2d case does not exist in four-dimensional CFTs. 

We can associate the complete sets of ®(a@) and On by the following Taylor 
expansion, 


tla) = ` Co" o, (17.41) 


An interesting and useful map relates the descendant operators and polyno- 
mials. Consider for instance the descendent operator defined in (17.39), which 
can be re-expressed as, 


On = Pn (O..) ®(@)|a=0 Pn (u) = (—u)”. (17.42) 


It is straightforward to realize that in terms of these polynomials the operation 
of Lo, L+ takes the form, 


L} — b= = —Uu 
L_ > L, = (ud? + 250,) 
Lo > Žo = (ud, + j). (17.43) 


This correspondence can be viewed as first mapping, 
Oy —u a —> ôu, (17.44) 


then interchanging the + and — components, and finally some “normal ordering” 
of taking the derivatives with respect to u to the right of the factors of u. 

The representation in terms of polynomials is referred to as the ‘adjoint repre- 
sentation’. Note that since in the original algebra L— includes a term proportional 
to a?, the new algebra includes a second-derivative term 0? in L,. This can be 
avoided by introducing a different argument of the polynomials defined as, 


u” 


— >k’, 17.45 
T(n + 27) ( ) 
so that the action Lo, L+ on P(k) is the same as (17.33) with a —> « and the 
interchange of D_ and L4. 

We now discuss composite operators built from two “elementary” operators of 
the form, 


O(a}, a2) = ®;, (a1) ®;, (a2), (17.46) 


with a, # a2. The operator product expansion with |a, — a2| — 0 is expressed 
in terms of the composite operators, 


On (0) = Ph (2 , On) ®;, (a1) ®;, (az)ļai=0a3=0; (17.47) 


where P, (31,02) is a homogeneous polynomial of degree n. It can be shown that 
the complete set of local operators with which one can perform the conformal 
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operator expansion (COPE) takes the form, 


3-7 
Of (a) = AE |B, (2) PEAY (3 zaol, (17.48) 
L+ O45 


OE i 


pia?) (x) are the Jacobi polynomials, and we are back to x space here.? One can 
further generalize this construction to a product of three or more operators. 


17.5 Conformal operator product expansion 


The conformal operator expansion in two dimensions, discussed in Section 3.7.2, 
was shown to be a very powerful tool in determining correlation functions. Obvi- 
ously, we anticipate that in four dimensions the COPE will be less powerful. 
We discuss now the general structure of the COPE.* Consider the OPE of two 
local conformal operators A(x) B(0) with twists and spin projection along the + 
direction (t4, 84), (tg,sB), respectively. We perform an expansion for fixed x_ 
and z4,£r — 0, namely z? — 0. We want to expand the product in terms of a 
complete set OF oye and to leading order in the twist. Such an expansion takes 
the form, 


œo oœ 1 1/2(ta +tB —tn ) _ 
A(z)B(0) =F Y Cn (=) pith O@id (0) 4..., (17.49) 


where A = s; + 82 — 84 — SB, On. nk = (—O4)*O,, 81 and sy are the spin pro- 
jections of the constituent fields in the local operators Os k 
Sı — S2 = l + ly — sı — Sq the twist of the operator O,,, actually independent of 
n, and the dots refer to higher twist contributions. We want to check to what 
extent conformal invariance enables us to determine the coefficients Ch ,. For 


this purpose we act on the OPE with L_ as, 


tn =l =n- 


[L_, A(£)B(0)] = (e-a +z- 3p) A(z) — sen ; 0,A(e)) B(0) +... (17.50) 


Inserting (17.49) and taking into account that, 


[£02 2 (0)] = —k(k + 2jn — 107 (17.51) 


n,n+k n,n+k—1? 


3 The Jacobi polynomial is given by, 


Ge a aa aa 


m=0 


4 COPE in four dimensions was introduced in [90] and used in QCD in [49], [50], [51]. 
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with jn = jı + Jo + n, we find the following recursion relation for the coefficients 
Cn,k 

JA — JB + In + k 
(k + 1)(k + 2jn) 


Ch k+l = Chk; (17.52) 
which is solved by, 


Cn,k = (-1) 


1 T(ja — jB +in +k) TP(Qjn) 
k 
- - - - Ch, 17.53 
a Ga one (17:33) 


where Cn = Ch.0. Plugging this into (17.49) we get the following form for the 
OPE, 


A(x)B(0) = X` Cn ( 
n=0 


1 a —tn ) gh tsi ts2—Sa —SB 


T2 B(ja — je + jn jB — ja + jn) 


1 
x i; duu(ia is tin —1) (1 — y) Gada tin -D Oji (uz), (17.54) 
0 


where B(a,b) = ae is the beta function. 


17.6 Conformal Ward identities 


The application of conformal invariance in determining correlation functions was 
discussed in Section 2.8 for the case of two-dimensional conformal field theo- 
ries. It includes both the use of the Ward identities associated with the global 
SL(2,C) transformation® and the full holomorphic conformal transformation. 
Here in discussing four-dimensional field theories we will encounter two major 
differences: 


(i) Due to the fact that the conformal symmetry group is finite dimensional, 
there are Ward identities only associated with global transformations. 

(ii) When discussing theories with conformal anomalies, there will be modifica- 
tions of the Ward identities. 


Let us start by reminding ourselves of the concept of Ward identities and in 
particular the conformal ones. Associated with any infinitesimal transformation 
of a given field (x) — ¢(x) + (x), the action that describes the system is 
transformed into, 


S— S+8S = S+ fisso ð p). (17.55) 


Associated with this transformation there is a current J, such that 0” J, = A. 
Obviously where A = 0 (or a total derivative) the transformation is a symmetry 
and the corresponding Noether current is conserved. Associated with such a 


5 Conformal Ward identities which were studied in [168] are identical to the Callan-Symanzik 
equation [55] and [204]. 
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transformation of the field there is a constraint on correlation functions of this 
field. This constraint which is referred to as a Ward identity takes the form, 


Oy» <T I, (y) (2&1)... P(e )> = <TA(y) O(21)...0(@y )> 

—ið (xı — y) <T6¢(21)...0(@N)> «.- 

—i6* (a; — y) <T(21)...66(2;)...6(aN)> «. 

—ið (zy — y) <T¢(21)...6¢(aN)> . (17.56) 


This relation can be derived straightforwardly using the path integral formulation 
of correlation functions. The Ward identity takes a simpler form when integrating 
over y", 


<T6¢(21)...0(ay )> +...+ <T(21)...66(x;)...(ay)> +... 
<P (01)..00(en)> 1 <TSO(21)...den)>=0. (17.57) 


In particular in analogy with (2.56) the Ward identities associated with dila- 
tion and special conformal transformation take the form, 
X 
ls + x0;) <T$(21)...¢(tn)>= -i fas <TAp (x)9(21)...P(ay )> 
N 
S (2a (Ig + 040;) — 24 ay — 22 OH) <T$(a1)...6(an)> 


= -i f daza <TAp(x)¢(21)...o(an)>, (17.58) 


where lẹ is the canonical dimension, namely that of the free field. Similarly 
to the way we extracted information about the structure of correlators in 2d 
CFT in Section 2.9, we can now constrain the form of correlators in 4d. The 
Ward identities associated with the Poincare transformations imply that any 
correlation function is in fact not a general function of the N coordinates x!', 
but only of the invariants a7, = (x; — zj)’. 

To understand the implication of the dilatation transformation on the correla- 
tion function let us first study the theory at its fixed point, namely at a coupling 
g* = g(u*) such that 6(g*) = 0. Recall that the 6 function is defined as, 


A(g(u)) = ws aH) (17.59) 


and hence the vanishing 8 function implies a fixed point of the coupling constant 
g. This will be further discussed below for the case of 4d QCD. In this case the 
dilatation Ward identity takes the form of that of a free theory, like the one given 
in (17.58), apart from the change of scaling dimension, 

N 

So (la + (9°) + 210;) <T¢(a1)...6(aw)> = 0, (17.60) 


i 
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where 7(g*) is the anomalous dimension of the filed ®. As a consequence of this 
form of the Ward identity, the two-point function of two scalar fields at the fixed 
point has the form, 


7 1 le+y(g") 
speda = No(g*)(ut) 210) [| aren) 


For particles with spin s and the same projection on the light-cone, 


<p> = Nag (uty i (Gas). 


(£1 — T2 (a — z2) 
(17.62) 
where it is assumed that (xı — £2)r = 0. At the fixed point, namely 8(g*) = 0, 
the Ward identity associated with the special conformal transformation takes the 
form of that of a free theory with lẹ again shifted by the anomalous dimension 
ly > lẹ + 7(9"). 

In two dimensions (see Section 2.8) it was found that the three-point function 
of primary fields is fully determined by the SL(2, C) symmetry and any four- 
point function of primary fields is determined up to a function of the cross ratio 
(or anharmonic ratio) == and its complex conjugate coordinate. Based on 
the Poincare, dilation and special conformal transformation in four dimensions, 
the three-point function is determined here too. For instance, the three-point 
function of a scalar field is, 


1 [le +y(g*)]/2 


Tı T2 T: = a į 37(g") 
<(2x1)b(x2)b(x3 )>=N3(g")(H") (x —22)2 (x123)? (2—73)? 
(17.63) 


and any correlator of n > 3 operators depends only on the ratios ae 

It is worth noting that the Ward identity associated with the dilation (the 
first equation of (17.58)) is in fact the same as the Callan—Symanzik renor- 
malization group equation. First note that based on dimensional counting and 
Lorentz invariance the dependence of the N point function on the scale u takes 


the form, 
<TO(2)...0(ay )> = uw" Gln; g(u)), (17.64) 


which means that the following relation holds, 


(le + xiði) <T®(2x1)...0(ay)>= na <TP(zx1)...P(£N)>. (17.65) 


M- 


i=1 


It is easy to realize that the right-hand side of the conformal Ward identity can 
be rewritten in the form, 


i fats <TAp(2)®(21)...0(ay)> = =m <T®(z,)...B(ey)>, (17.66) 
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as follows from, 


a 
Ap (2) = -My Et (17.67) 


for the cases with no explicit dimension-full parameters. We will show this explic- 
itly for the effective theory of 4d QCD below. On the other hand the dependence 
of the correlator on M follows from the dependence of the field renormalization 
factor and the dependence of the coupling constant so that, 


N 
-m2 <T®(z)...0(xy)>= ang + 2, <T®(z))...P(zy)> . 


(17.68) 

Combining this together with (17.58) and (17.60) we get the Callan—Symanzik 
equation, 

N 


u + Ae + > n: <T®(x,)...0(ry)>= 0. (17.69) 


17.7 Conformal invariance and QCD, 
So far we have discussed the implications of conformal invariance in general, and 
in particular the invariance properties under the SL(2, R) collinear group and 
conformal Ward identities. We are now in the position to examine the application 
of conformal symmetry to four-dimensional QCD. Recall that the action of four- 
dimensional SU(N) gauge theory with massless quarks takes the form, 


1 POR: 
LQocD4 = =g E” + iv w, (17.70) 


where D, = ô, — igt" Al, is the covariant derivative, and tf as usual are the 
N x N matrices in the fundamental representation of the SU(N) algebra. It is 
straightforward to check that the corresponding classical action is invariant under 
the full set of fifteen transformations associated with the SO(2,4) symmetry 
group. In particular it is invariant under the scale transformation given by, 


Eu At, Apl) > AA (A£) Ylex) > A3/2b(Azr). (17.71) 


The invariance under these transformations manifests itself in the form of con- 
servation of the corresponding Noether current, 


Be upa pwa rans T u 
D, = 2 TTD" = g, |F F + 39D)" p|, O*D,=0, (17.72) 
where (D) =D- D. The classical invariance is not maintained quantum 


mechanically. This situation of having classical conformal symmetry but not 
a corresponding quantum mechanical one is referred to as the conformal 
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anomaly.® In string theory the two-dimensional conformal symmetry is local. 
Having an anomaly in a local symmetry renders the theory into an inconsistent 
one. This implies that (at least in flat space-time) the theory will be defined in a 
critical dimension where the conformal anomaly vanishes. In the four-dimensional 
field theories discussed here, like QC D4, conformal invariance is a global sym- 
metry and the theory is consistent even when having an anomaly. There are 
several ways to show that the quantum theory is not scale and hence also not 
conformal invariant. One may say that the anomaly follows from the fact that 
the theory has infinities that are cured just by the introduction of a renormal- 
ization procedure. The latter involves the introduction of a cutoff scale. Once a 
scale is introduced the theory is not any more scale invariant. 

To see it more explicitly let us consider the low energy effective action of mass- 
less QC D4. We expand the gluons and quarks in terms of modes and distinguish 
the low energy (momentum) modes and the high energy modes. Next we inte- 
grate the high energy modes to derive the one loop low energy effective action. 
It takes the form,’ 


1 1 By M? 
sidi l Fe FH” +.. 17. 
Se= -g | te ( oe an (r) E ta] 9 


where M is the UV cutoff, and 6o = HN, — = Ny is the coefficient of the one 
loop beta function. It is easy to check that this one loop renormalized action is 


not invariant under the scale transformations of (17.71). The variation of the 
action under those transformation reads, 


1 1 

6S =-——sfolnd | dte | Fa F Ha 17.74 

garom J i È PANTS Ia Oe 

Thus the quantum mechanically (unlike the classical case) dilatation Noether 
current is not conserved, 

1 


ô DY" = Ap = — 
} 7 3272 


Be E how (17.75) 


and in deriving the right-hand side of the equation we have used the equations 
of motion. 

The effective action admits also an anomaly with respect to the special con- 
formal transformations. 

In (17.46) we discussed the general structure of non-local operators of four- 
dimensional conformal field theory. In QCD in many cases we encounter a non- 
local operator built from a quark and an anti-quark at light-like separation, with 


6 The conformal anomaly was introduced in [169] and [6]. 

T The explicit calculation is a one loop perturbative calculation. Since we do not deal with 
perturbative methods in this book, we do not present here the derivation and refer the 
reader to references that deal with perturbation theory in QCD,. 
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a line integral connecting them, 
Qp (a1, a2) = Bla) Pe" tes + Oplan) (17.76) 


where P stands for path ordering. The path integral factor will be denoted 
[a1,@2]. In performing the short distance expansion we need now to identify 
the corresponding conformal operators. To relate the operator ~ to a primary 
operator we first have to make a spin projection in the following way, 


p =Y y- =T-4 Y = p4 +4, (17.77) 
where, 
1 1 
Py = 5% Y+, r = 3+7- T- +T} =1. (17.78) 


The spin projected parts are, 
p(s = +1/2, j=1, t= 1) w_(s = —1/2, j = 1/2, t= 2). (17.79) 
With this identification we define the quark anti-quark operators: 
twist — 2: Q, = pyp = QU) 


twist —3 : Qr = payr Y- + P-arys = QEY? + QUAY 
twist—4: Q. = p_y_p_ = Q212, (17.80) 


The corresponding local conformal operators are, 
Qh" (a) = (18;)” [Ble (Da /d+) vlo), 
QK? (a) = (i84 )” [Plays ye7—Ph” (Ds /ds) Ha], 
Qu? (a) = (18, )" [B(a)7_Ch? (Ds /d+) wa], (17.81) 


where 


D+ = D4, - D} d, = D, + D4, (17.82) 


and where the Jacobi polynomials with two identical indices were replaced by 
the Gegenbauer polynomials P&D ~ C$/? and PO) ~ Ch/?. 
A similar analysis can be carried out for the gluons. The various components 
of the gluon field have the following properties, 
Fįr(s = +1, j = 3/2, t= 1) Frr, F}-(s=0, j=1, t=2) 
F_r(s = —1, j = 1/2, t= 3). (17.83) 
Local operators built from two-gluon fields with leading twist are, 


G3/>3/2 (a) = (ið, )” [Fin (ayer? (D+ Jas) Fyr(a)| . (17.84) 


Another application of conformal invariance to QCD is the determination of 
the OPE of two electromagnetic currents qe =; eii Yupi where the e; are the 
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charges of the u, d and s quarks. At the tree level only the transverse components 

are of interest. The latter have spin s; = 0 and twist t; = 3. The quark operators 

Q' are the relevant basis for the expansion, with conformal spin jn = (ln + 1+ 

n)/2=n+2 and tp = (ln — 1 — n)/2 = 2. As A = 1 we find 

J? (x) J" (0) ~ 
foe) (6—t, )/2 - n Tiin 1 PER 
Da Ch (4) (—ix_) a mais fo du[u(1 — u)}’" PO, (ua). 

(17.85) 


The coefficients Cp can be extracted from deep inelastic scattering via the fol- 
lowing matrix element of forward scattering, 


oo (6—tn )/2 
1 
<P|J? (x) J" (0)|P>~ X` Ch (=) (—ix_)"+! <P|Q!1(0)|P>. 
n=0 


(17.86) 

Another application of the COPE is the determination of the short-distance 

expansion of the operator Q, ( 17.76). This case is characterized by s4 = sg = 
sı = s2 = į so that A=0 and l4 = lg = h = ly = 3 and we find, 


foe) 1 
Q1(a1,a2) ~ X Cn (A) (a1—a2)" f duu" **(1—u)"*" Q;  (uai+(1—u)a2), 
n=0 0 


(17.87) 
where Č, = Copan which can be determined again from forward matrix ele- 
ments and are found to be C, = oes ; 


Conformal invariance can be used at short distances to give predictions for the 
quark distribution amplitudes for flavor non-singlet mesons, namely the wave 
functions which control the behavior of the exclusive mesons processes at large 
momentum transfer. Here we discuss as an example the pion distribution ampli- 
tude in the leading twist order. 

The basic ingredient in computing exclusive reactions including a large 
momentum transfer to a pion is the matrix element of a quark anti-quark between 
the vacuum and a one pion state. By using the light-cone gauge A; = 0 the 
Wilson line (17.76) is set to unity. We choose a frame where p, = p;n_, and 
x" = x_n} +ah, x, =0 so that 2? = x}. The matrix element can then be 
written as, 


<0|d(0)[0, oon] ys[oon + z, a]u(e)|r* (p)> = 
ifnps Jy dye e? f(y, na”) + O(2”). (17.88) 


This matrix element is the probability amplitude to find the pion in the valence 
state consisting of a u-quark carrying a momentum y and an anti-d quark of 
momentum y = 1—y and have a transverse separation zr. This amplitude is 
intimately related to the pion electromagnetic form factor for large momentum 
transfer Q? and small separation distance of the order x7 ~ 1/Q?. To approach 
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this limit, one defines the pion distribution amplitude taken at exactly light-like 
separation where xr = 0. This amplitude reads, 


1 
<0|d(0)(0, a4. yula) (p)> = ifrp4 | dyer 6.(y, u). (17.89) 


The distribution amplitude ¢,(y, 4) is scale and scheme dependent. In fact the 
small transverse distance behavior of the valence component of the pion wave 
function is traded for the scale dependence of the distribution amplitude. 

It can be shown that the evolution equation of d7(y, u) is given by, 


d 1 
W gtr) = | dgV (y, J, as (WwW dnly, u), (17.90) 


where to leading order in a, the integral kernel is given by, 


vou.) = Cr |i (1+ ow - ae # (1+ oy a 


where | stands for, 
VG. =VGy) - dy -8) | dtv (t, 9). (17.92) 


Instead of solving this evolution equation one can alternatively proceed by 
expanding both sides of (17.90) in powers of a. In this way moments of the distri- 
bution amplitude are related to matrix elements of renormalized local operators 
in the following form, 


1 
<0|d(0)74.75(iD+)" w(0) n+ (p)> = ifa(ps)"*! it dy(2y — 1)" dx(y, u). 
i (17.93) 
This is similar to the leading twist operators that enter the OPE for the unpo- 
larized deep inelastic scattering apart from the flavor, the additional y5 factor 
and the fact that now one has to take into account mixing with operators that 
contain total derivatives of the form, 


Onze = (i84) d(0)74-75 (iD+)" *u(0). (17.94) 


The mixing matrix is in fact triangular since operators with fewer total deriva- 
tives can only mix with operators with more total derivatives but not the other 
way around. The components of the matrix on the diagonal are true anomalous 
dimensions, which are identical to those of inelastic scattering, 


2 n+l 1 
0) — Cp {1 +4 2 17.95 
M e( (n+ 1(n+2) pa rie) 
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where, 
oo 
Os Bo” 11 2 
<P|O,,0(u)|P>=<P|On.o(40)|P> (28 ee ee 
as(uo) 3 3 
(17.96) 


Conformal invariance is useful in finding the eigenvectors of the mixing matrix 
since conformal operators with different conformal spins cannot mix under renor- 
malization to leading order. This happens since to leading order the renormaliza- 
tion is determined by counter terms of the tree level which is conformal invariant. 
Thus the mixing eigenvector operators are Qt! (x) defined in (17.80) with the 
right flavor and y matrices structure, 


QE (a) = 684)" [dla) 415604? (Dy /d,) u). (17.97) 


Note that because of their flavor content these operators cannot mix with oper- 
ators made out of gluons and they also cannot mix with operators with more 
fields since they have higher twist. Thus the operators (17.97) are the only rel- 
evant ones and they must be multiplicatively renormalized. Comparing (17.93) 
with (17.97) one concludes that the Gegenbauer moments of the pion distri- 
bution amplitudes are given in terms of reduced matrix elements of conformal 
operators, 


1 
ifn f dyC?/? (2y — Ldbx(y, u) = <0|Q}' (0)|r* (p)> . (17.98) 


As was mentioned above these operators are renormalized by a multiplication 
and the corresponding anomalous dimension is given by (17.95). Thus the final 
picture is that the distribution amplitude ¢,(u, u) can be expanded in a series 
of Gegenbauer polynomials, 


nlu, p) = Gu(1 — u) X dn (u)CR/? (2u — 1) 
n=0 


op nat 2(2n +3) 
nlu) = (ifap'”) (n+ 1)(n +2) 


4 (0) 
Bo 
bt) = 6 (uo) (2242) (17.99) 
Os (uo) 
This example demonstrates the application of conformal invariance to solve the 
problem of operator mixing. There are other applications of conformal symmetry 
to four-dimensional QCD. We refer the interested reader to [43]. The predictions 
based on conformal symmetry beyond one loop, for the sector with 8 = 0 [51], 
turned out to be in contradiction with explicit calculations [79]. This paradox 
was resolved in [166]. 


<0/Q;" (0) |70* (p)> 
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Integrability in four-dimensional gauge dynamics 


Integrability was discussed in Chapter 5 in the context of two-dimensional mod- 
els. In particular solutions of spin chain models based on the Bethe ansatz 
approach were described in some detail. Integrable models are characterized by 
having the same number of conserved charges as the number of physical degrees 
of freedom. Furthermore, the scattering processes of those models always involve 
conservation of the number of particles. 

A natural question at this point is whether integrability is a property of only 
two-dimensional models or whether one can also identify systems in four dimen- 
sions that admit integrability. Four-dimensional gauge theories have generically 
infinite numbers of degrees of freedom and their interactions do not conserve the 
number of particles. Thus four-dimensional gauge theories like the YM theory 
are not integrable theories. However, it turns out, as will be shown in this chap- 
ter, that various sectors of certain four-dimensional gauge theories, which are 
derived upon imposing certain limits, do admit integrability. 

The two-dimensional integrable models discussed in Chapter 5 were non- 
conformal ones and were characterized by a scale and hence also with particles 
and an S-matrix. On the other hand the integrable sectors of four-dimensional 
gauge theories that we are about to describe are conformal invariant. The main 
idea is that these special conformal invariant sectors can be mapped into two- 
dimensional spin chains that were described in Section 5.14. 

The investigation of this issue is far from complete. Nevertheless, a large body 
of knowledge has already been accumulated. In recent years this has followed 
the lines of the AdS/CFT duality [158] which is not covered in this book.! The 
purpose of this section is just to demonstrate the idea of the map between gauge 
theories and in particular QCD and integrable spin chain models. This will be 
done by describing the following cases: 


(i) N = 4 super YM theory in four dimensions. 
(ii) Scale dependence of composite operators in QCD. 


N = 4 super YM theory is known to be the maximal global supersymmetric 
theory in four dimensions. Since supersymmetry is beyond the scope of this book 
we will not discuss it in the context of the M = 4 SYM. Thus the description 


1 For a review of the AdS/CFT the reader can refer to [10]. 
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of the integrable aspects of the theory will be incomplete and will be missing 
certain essential parts. However, since M = 4 SYM is the simplest interacting 
four-dimensional non-abelian gauge theory we start with this and then proceed 
to a certain limit in non-supersymmetric QCD. 

There are several review papers on integrability in four-dimensional gauge 
dynamics. In this chapter we follow [31] about the integrability of M = 4 SYM 
theory and [34] for the scale dependence of composite operators of QCD. 


18.1 Integrability of large N four-dimensional N = 4 SYM 
The Lagrangian of N = 4 SYM is given by, 


1 1 1 
Lyra = 3 Tr [Fu F] + Tr [Dp O,D*O"] — 39°Ts lia”, 1] 
+Tr [ikog D paal -59T [paari E, pal] -5T [koeh [Omt], 


(18.1) 


where F,» is the field strength associated with an SU(N) gauge group, ®” is a 
set of six m =1,...,6 scalar fields, and y% and w are doublets of SU(2) x SU(2). 
Both the scalars and the spinors are in the adjoint representation of SU(N). The 
matrices o” and o™ are the chiral projections of the gamma matrices in four and 
six dimensions, respectively and e€ is the totally antisymmetric tensor of SU (2). 
It is convenient to write the corresponding action as, 


dtz 
F $ ra 2 uN 
where the coupling constant is taken to be g? = 244-. 


It is well known that the theory, on top of being invariant under SU(N) 
gauge symmetry and SO(6) global symmetry, is also conformal invariant and in 
fact superconformal invariant. The 8 function of the theory which vanishes to 
all orders in perturbation theory is believed to vanish also non-perturbatively 
and hence the theory is assumed to be conformal also in the quantum level. In 
Section 17.1 we have described the conformal symmetry algebra in four dimen- 
sions. Recall the SO(2, 4)? conformal transformations (see 17.7) which are being 
generated by P”, S“”, D, K", the generators of space-time translations, Lorentz 
transformations, dilation and special conformal transformation, respectively. 

A major player in the structure of the M = 4 is the dilatation operator D. 
Whereas the generators of the Poincare group do not get quantum corrections, 
the dilatation operator does so that in fact, 


D = Dy + 6D(g), (18.3) 


2 In fact the M = 4 SYM admits a superconformal algebra of psu(2,2|4) which we do not 
discuss here. 
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Fig. 18.1. A single trace operator as a spin chain. 


where Do is the classical operator and 6D is the anomalous dilation operator 
which obviously depends on the gauge coupling g. 

The “states” of the theory take the form of multi-trace gauge invariant oper- 
ators, 


Tr[W....W]...Tr[W....W] We {pD*e, D*Y, D'Y, DF}, (18.4) 


where D stands for the covariant derivative and F = F,» is the field strength. 
The Hilbert space of states is built, as for any conformal field theory, from 
Verma modules each characterized by a highest weight state or a primary state, 
which were defined in (2.8). An example of a highest weight state is |C> = 
n”” Tr[®,,®,]. The rest of the Verma module includes the descendant states 
which are derived by acting with lowering operators on primary states. Needless 
to say the general structure of correlation functions of four-dimensional conformal 
field theories discussed in Section 17.6 applies also for the case of the V = 4 SYM. 
In particular recall (2.8) that the two-point function of two operators is given by, 


M(qg) 


= |z = x|2P0) ` 


<O(x1)O(z2)> (18.5) 
The anomalous dimension can be computed perturbatively as a power series 
in g. As was discussed in Chapter 7 the perturbation expansion becomes much 
more tractable in the large N limit, namely, in the planar limit. In this limit the 
dominant diagram has a vanishing Euler number x = 2C — 2G — T = 0 where 
C,G,T stand for the number of components, genus, namely the number of 
handles, and the number of traces, respectively. Since each component requires 
two traces, one incoming and one outgoing, it implies that the planar limit 
projects onto diagrams with G = 0 and T = 2C. This means that only single 
trace operators are relevant. 

We have seen above that in the planar limit we deal with single trace operators. 
Pictorially, (see Fig. 18.1) a single trace operator looks like a cyclic spin chain. 
This map can be made precise. Spin chain as integrable models were discussed 
in Section 5.14. Recall that a spin chain includes a set of L spins with cyclic 
adjacency property. The spin at each site is a module of the symmetry algebra 
of the system. The Hilbert space of the whole system is the tensor product 
of L modules. In Section 5.14 we discussed only chains with a fixed number 


3 In Section 5.14 we denoted the number of spins by N. Here to avoid confusion with the rank 
of the gauge group we will refer to the number of spins as L. 
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Table 18.1. M=4 SYM theory to spin chain dictionary 


planar V = 4 SYM spin chain 

Single trace operator Cyclic spin chain 

Field operator Spin at a site 

Anomalous dilatation operator g~?75D Hamiltonian 

Anomalous dimension Energy eigenvalue 

Cyclicity constraint Zero momentum condition U = 1 


of spins. One can generalize this situation to incorporate also a dynamic spin 
chain with an unfixed number of spins. In this case the Hilbert space is a tensor 
product of all Hilbert spaces of a fixed length. In the Heisenberg model each 
spin has two possible states and the Hilbert space is therefore C 2) Th general 
the spin in the chain can point in more than two directions and in particular 
also in infinitely many directions, as is the case for the spin chain of the V = 4 
SYM theory. In the latter case the spin is mapped into a field operator and the 
possible spin states to the components of the gauge symmetry multiplet. The 
cyclicity of the single trace operators maps into a constraint on the spin chain 
so that states that differ by a trivial shift are identified and hence states with 
non-trivial momentum are unphysical. In the language of Section 5.14 we have to 
impose U = 1 as a constraint. In the Heisenberg model this renders the Hilbert 


(L) 
space into c L. The Hamiltonian of the spin chain model translates into the 


dilatation operator and the energy eigenvalues to the anomalous dimensions. The 
full correspondence between the spin chain and the planar limit of the M = 4 
SYM theory is summarized in Table 18.1. 

Once the correspondence with a spin chain model has been established, one 
can proceed in a similar way as for the Heisenberg spin chain model. The next 
step is to write down the algebraic Bethe ansatz which now corresponds to an 
SO(6) symmetry if one considers operators constructed only from the fields ®m 
or in general the psu(2, 2|4) for the full VW = 4 SYM theory. The algebraic Bethe 
ansatz, the analog of (18.6) now reads as follows, 


a = [Pea tM (18.6) 


Ap — i/2V;k ek Ak = Ar = 1M ji, 5,’ 


where L is the size of the chain (N in (5.224)), the total number of excitation 
is K (lin (5.224)) and where for each of the corresponding Bethe roots A; one 
specifies which of the simple roots is excited by jẹ which takes the values of 
1,....,#sr with #,, being the number of simple roots which for the SO(6) case 
is three and for the psu(2,2|4) is seven. M is the Cartan matrix of the algebra 
(1 in (5.224)) and V are the Dynkin labels of the representation (s in (5.224)). 
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The condition of zero momentum now reads, 
Ak +4 2V) 
cere [yet k ie (18.7) 
“sk 


The energy of a configuration of roots that satisfies the Bethe equation is, 
K 
Vik 
< Àk +1 4 V 

This is of course the analog of a and the higher conserved charges are, 

OE 

i 1 1 

Q, = 5 — - =) ; (18.9) 
PS LANA E i) (Ak — 5 Vin) 


The leading order part of the transfer matrix reads, 


T(A) = 2V Pats (18.10) 


It was shown that these generalized Bethe equations provide a solution to the 
planar anomalous dimensions of the M = 4 SYM theory [162]. This is just the tip 
of the iceberg. The integrable structure of the planar M = 4 has been investigated 
very thoroughly in recent years. For an early review on the topic the reader can 
consult [31]. As an epilog let us mention that, as was shown in [106], one can 
identify in a similar manner with what was done in V = 4 SYM [35], a spin 
chain structure in gauge theories which are confining and with less or even no 
supersymmetries. In that case the spin chain Hamiltonian would not correspond 
to the dilatation operator but was rather associated with the excitation energies 
of hadrons. 


18.2 High energy scattering and integrability 


High energy scattering is characterized by the fact that the Mandelstam parame- 
ter s = (pa + pg)? is the largest scale of the system, and in the limit of s — oo the 
energy dependence corresponds to a renormalization group flow of the dynamical 
system that “resides” on the two dimensions transverse to the scattering plane. 
It is convenient to study the properties of the high energy scattering amplitude 
A(s,t) using the Mellin transform, 
ô+ico 
A(s, t) = is f doy ’ A(w, t), (18.11) 
-iœ 27th 
where the integration contour goes to the right of the poles of A(w,t) in the 
w complex plane. The high energy asymptotic of A(s,t) is aeter mired by 
the poles of the partial wave amplitudes, namely if A(w, t)~ CETOL then 
A(s, t) ~ isto), Poles in the w plane are referred to as reggeons and the posi- 
tion of the pole is called the reggeon trajectory. 
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The partial wave amplitude A(w, t) can be written using the impact parameter 
representation as follows, 


A(w,t) = fene [baron babs — bo)Tiy (ba, bp) ®p (ba) 
= fenem <®(bo)|Ti. |®(0)>, (18.12) 


where the impact factors ®4 (b4) and ®g (bp) : are the parton distributions which 
are functions of the transverse coordinates ba = =b Lhe yee br for the A col- 
liding hadron and bp = = b5 Poss R for the B hadron, ad To (b4, bp) is the 
scattering (partial wave) a for a given parton configuration. The idea 
behind this representation of the amplitude is that the transverse coordinates 
of the partons can be considered as “frozen” during the interaction. It implies 
that the structure of the poles in the w-plane does not depend on the parton 
distribution in the colliding hadrons but rather on the general properties of the 
gluon interaction of the t-channel. It was shown [145], that the propagators of 
the t-channel gluons develop their own Regge trajectory due to interactions. A 
t-channel gluon “dressed” by the virtual corrections is referred to as reggeized 
gluon. The reggeized gluons are the relevant degrees of freedom of the high energy 
scattering. The partial waves T,, (6 A, bp) can be classified according to the num- 
ber of the reggeized gluons propagating in the t-channel. The minimal number 
required to get a colorless exchange is two gluons. We will discuss here only this 
case. It can be shown that the amplitude Z, (b4 , b2 b562) satisfies the so-called 
BFKL equation that reads [23], [145], 

wy = 7,09) + SN ee (18.13) 
where T corresponds to the free exchange of two gluons. Formally one can 
write the solution as, 


Ne 
= -Herkey| 7,0, (18.14) 


so that the singularities of T,, are determined by the eigenvalues of the operator, 
HepK Va(b', b) = Ea Va(b', b), (18.15) 


where Ya is the eigenstate. The high energy behavior of the scattering ampli- 
tude is dominated by the right-most singularity of 7,,, namely on the max- 
imal eigenvalue (Eq )max- The equation (18.15) has the interpretation of the 
two-dimensional Schrodinger equation of two interacting particles. The inter- 
acting particles can be identified with reggeized gluons and W,(b!,b2) is the 
wavefunction of a colorless bound state of them. Defining the holomorphic and 
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anti-holomorphic coordinates of the reggeized gluons as follows, 
Zj = £j + iyj Zj = Ti — iYi, (18.16) 


where b; = (xj, yj), we can split the BFKL Hamiltonian into a sum of two terms, 
one that acts only on the holomorphic coordinates and another that acts only 
on the anti-holomorphic ones, as follow Hgrgr = H + H where, 


H = 7 In(212)0., + 0z n(z12)d., + In(d,, 8.,) — 2Y(1), (18.17) 


where 212 = 21 — 22, U(x) is the Euler digamma function defined by y(x) = 
doTi) and in H we replace all the zs by Zs. 
The BFKL Hamiltonian is further invariant under SL(2, C) transformations. 
Denoting the SL(2,C) generators (see Section 2.9) by, 
Lj- 0, Igy = 0x Lyi =230 Lig = Lia + Loa, (18.18) 
and similarly for the anti-holomorphic generators, the invariance takes the form, 


[Herxy, La] = [HBF KL, La] = 0. (18.19) 


This implies that Hgrggr depends only on the Casimir operators of SL(2,C) 
algebra of the two particles, namely, with, 


L, = —(%1 — 2) 8 ða Da =- (3 — 22) 8z 8a, (18.20) 
the Hamiltonian must take the form, 


H = H(I) H = H(I). (18.21) 


It thus follows that the eigenstates of the Hamiltonian must also be eigenstates 
of Li, and of Ly, 


Lio Unu =h(h—-1)V,, 04,Va, =h(h—-1)¥,,, (18.22) 
where the complex dimensions h and h are given by, 
1 aay he 
b=" +iv h= —— +i. (18.23) 


The non-negative integer n and the real parameter v specify the irreducible 
representation of the SL(2, C) group to which Y, , belongs. The wave functions 
which are eigenstates of the Casimir operators take the form, 


Si +iv = aoe +iv 
vv) = ( 212 ) (2>) , (18.24) 
i Z10220 Z10220 


where zij = 2 — zj and bo = (20, Zo) is the center of mass of the state. The con- 
formal dimension of the state is h + h = 1 + 2iv and the spin h — h = n. Upon 
substituting these eigenstates into (18.15) and using the explicit form of the 
BFKL kernel we find the following eigenvalues, 


Env = (1) — 4 (= i i) w (= w). (18.25) 
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The maximal eigenvalue corresponds to n =v =0 or h=h= 5 Eo o = 4ln2. 
This maximal eigenstate defines the right-most singularity of the partial wave 
amplitude. This determines the asymptotic behavior of the scattering amplitude 
in the leading logarithmic approximation, 


A(s, t) = is! t “R 42 (18.26) 


which is referred to as the BFKL Pomeron. Using the explicit form of the eigen- 
value one can reconstruct the operator form of Hgrxz, acting on the represen- 
tations of the SL(2, C) group, 


Horri = 3E) +H) HG) =W- V) Y-a), (18.27) 


where Li, = Ji2(Ji2 — 1), and similarly for L?,. This is a special case of the 
Heisenberg spin chain of spin s operators whose Hamiltonian takes the form, 


L 
H, =X H (Jia) Saris +1) = (8 + Sir)’, (18.28) 


where J;;41 is related to the sum of two spins of the neighboring sites, S? = 
s(s + 1) and H(x) is the following harmonic function, 
2s—1 1 
H(x) = 2 Tai =s +1) -¥@ tI). (18.29) 
To connect it to the analysis of Section 5.14 we check this for s = 1/2. For this 
case Ji ;i+ı can take one of the two values 0,1 for which we have H(0) = 1 and 
H(1) = 0, so that the Hamiltonian is a projection into J; ¿+1 = 0 subspace with 
H(Jii+1) = + — S$; - Si41 which is identical to (5.158). 
One can generalize the exchange of colorless boundstates of two reggeized 
gluons to exchange of multireggeon boundstates built from N, reggeized gluons. 
This is beyond the scope of this book and can be found for instance in [34]. 


19 
Large N methods in QCD, 


We have encountered the large N expansion, or the x expansion, in Chapter 7 in 
the context of two-dimensional field theory, and in particular its application by 
’t Hooft to solve the mesonic spectrum of QCD in two dimensions [10]. A natural 
question is thus what does this limit tell us about four dimensional QCD, and in 
particular can one also solve the mesonic spectrum of QCD in four dimensions in 
the large N approximation. These questions will be the topics of this chapter. We 
start with the rules of counting powers of N in four-dimensional QCD, and the 
relations between Feynman diagrams in the double line notation and Riemann 
surfaces. We then briefly discuss certain applications of the expansion to the 
mesonic physics and then follow Witten’s seminal analysis of baryons in the 
planar approximation [222]. 

The large N technique was introduced by ’t Hooft in [122]. Since then there 
have been many follow-up papers and there is a very rich literature on large N 
approximation including review papers and books like [223], [66], [165], [46] and 
[160]. In this chapter we use mainly the latter. 


19.1 Large N QCD in four dimensions 


Let us remind the reader the basic notations and the classical action of QCD in 
four dimensions. The two-dimensional ones were presented in (8), 


; 1 = 
Secp = far |- 5E] + Wi (i D- m)V; ; (19.1) 


where the gauge fields are spanned by N x N Hermitian matrices T4 such 
that A, = A‘ T4, Fv = ô, Ay — 0, Ay + iJa An A], the covariant derivative 
Dy, =O, + ify An the fermions WV are in the fundamental representation of the 
color group andi = 1,..., Nt indicates the flavor degrees of freedom. The gauge 


coupling was chosen to be to accommodate a large N approximation with 


ge, 
VN? 
g fixed. This can be shown for instance in applying the large N expansion to the 
B function. The latter, when g is used in the covariant derivatives, is given by 


(17.73), 


dg Fay EN: JT _ 4 (9°), (19.2) 
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Fig. 19.1. Four-dimensional Feynman rules in the usual form and in the double 
line notation. 


which obviously is not suitable for a large N expansion whereas if one replaces 
g — -—& the 2 function takes the form, 


VN 
dg _ E x] g 


w | Gee O(g). (19.3) 


The rules of the Feynman diagrams in two-dimensional QCD (see Fig. 10.1) 
include the fermion propagator, the gluon propagator and the quark gluon vertex, 
all expressed in the double line notation. Using the light-cone in two dimensions 
one eliminates the three- and four-gluon vertices. In four dimensions due to the 
transverse directions the gluon vertices cannot be eliminated by choosing a gauge. 
Thus all together the four-dimensional Feynman rules are expressed in Fig. 19.1. 

The figures a,b,c are identical to the two-dimensional ones (Fig. 10.1) whereas 
figures d and e are the three- and four-gluon vertices. The quark propagator 
(19.1a) is given by, 


<u" (x) (y)> = S(x — y)8. (19.4) 
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Fig. 19.2. Color flow in the double line notation associated with two traces. 


The SU(N) gluon propagator in the double line notation reads, 


KADENA NG) = Dule- y) (i-p) 098) 


For a U(N) gauge group the propagator does not include the term which is 
proportional to +. One can view the SU(N) color indices as those of a U (N) 
theory plus an additional “ghost” U(1) gauge field that cancels the contribution 
of the U(1) gauge field in the U(N) gauge group. For many applications the 
distinction between the U(N) and SU(N) in the 1/N expansion is sub-leading. 
The three and four gluon vertices (see Fig. 19.1 d,e) emerge obviously from the 
Tr[F,.,F"”] term in the action. Note that it is a single trace operator and hence 
the four-gluon vertex is the one depicted in (19.1 e) and not in Fig. 19.2 which 
corresponds to the color flow of a two-trace operator. 

To compute the N dependence of Feynman diagrams it is convenient to re-scale 
the gluon field and the quark field as follows, 


gA A i 
TN > Â, Y> VNý (19.6) 
In terms of the re-scaled field the QCD action reads, 
1 u 
L=N gga MEn E] + >, ili D — mi)di | . (19.7) 


From this Lagrangian we can read off the powers of N and \ = g? = N of each 
part of a Feynman diagram. The vertex operator scales like N, the propagator as 
+ and every color index loop gives a factor of N. If we combine the dependence 
on À we find for the gluon, that the vertex behaves as x the propagator as 2 
and the color loop as N, while for the fermions neither the propagator nor the 
quark-gluon vertex depend on the coupling. 

Thus a connected vacuum diagram with V vertices, Æ propagators, namely 


edges and F loops, namely faces, is of order (see (7.7)), 


NY -£+F Bias Via) = NX\F@ Ma), (19.8) 
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Fig. 19.3. Examples of Feynman diagrams with only gluons. 


where, 


x=V-E+F=2-—2h—b, (19.9) 


is the Euler character of the surface, h is the genus, namely, the number of 
handles and b is the number of boundaries. E(q) and Vig) are the appropriate 
qualities for gluons. For instance the sphere has x = 2 since it has no handles and 
no boundaries, the disk has y = 1 since it has no handles and one boundary and 
the torus has one handle and no boundaries and hence it has x = 0. Thus the 
Feynman diagrams look like triangulated two-dimensional surfaces. In fact all 
possible gluon exchange may fill the holes of the triangulated structure forming 
a smooth surface with no boundaries for gluon only diagrams, and with bound- 
aries for diagrams that include quark loops. It was conjectured that the two- 
dimensional surface is the world sheet of a string theory which is dual to QCD. 
There has been tremendous progress in this string/gauge duality in recent years 
following the seminal AdS/CFT duality of Maldacena [158]. This is beyond the 
scope of this book and we refer the reader to the relevant literature, for instance 
the review [10]. 

To further demonstrate the determination of the order of a diagram consider 
first the diagrams that involve only gluons which appear in Fig. 19.3. The dia- 
gram in (a) has V = 2, E = 3, F = 3 and thus it behaves as N?X. Similarly in 
(b) and (c) V = 4, E = 6, F = 4 and V = 5, E = 8, F = 5 so that they behave as 
N? X? and N°)’, respectively. The three diagrams (a), (b) and (c) are all planar 
diagrams and have a topology of a sphere. Note however that diagram (d) which 
is non-planar behaves as N?A?, namely of genus one. In the large N limit this 
last diagram is obviously suppressed. 

So far we have only discussed diagrams with gluons. Quarks propagators are 
represented (see Fig. 19.1a) by a single line. A closed quark loop is a boundary 
and hence using (19.9) it contributes to the diagram a factor of oa Consider for 
example the diagram drawn in Fig. 19.4. 


19.1 Large N QCD in four dimensions 341 


Fig. 19.4. Four-dimensional Feynman rules in the usual form and in the double 
line notation. 


(a) (b) (c) 
Fig. 19.5. Non-planar diagram with gluons and quarks. 


It is a diagram of order N. This follows trivially from the fact that it has zero 
genus, h = 0 and one boundary b = 1. Alternatively we have one gluon vertex, 
three gluon propagators and three loops and hence N!~3+3 = N. Obviously this 
is also the result when one uses the unrescaled operators where each vertex con- 
tributes 7 and each index loop N, so that we get (F) x N? = N. Similar to 
the non-planar gluon diagram (19.3d), Fig. 19.5 describes a non-planar diagram 
that includes both gluons and quarks. This diagram scales like + since there is 
no gluon vertex, two gluon propagators and one index loop N°~?+! = +. 

As was mentioned above the difference between the SU(N) case versus the 
U(N) can be accounted by adding a ghost U (1) gauge field whose role is to cancel 
the extra U(1) part of the U (N). The U(1) commutes with the U(V) gauge fields 
and therefore does not interact with them and hence one has to incorporate only 
the coupling of the quark fields to the U(1) gauge field. When we consider a con- 
nected diagram with gluons and U(1) ghost gauge fields the contribution to the 
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Fig. 19.6. U(1) ghost propagator connecting two otherwise disconnected diagrams. 


counting of orders of N due to the gluons is not affected, whereas each U(1) ghost 
field contributes a factor of sr. The latter follows from the fact that the ghost 
U(1) propagator contributes a factor of 1/N and another 1/N factor due to the 
two coupling constants at the end of the propagator. This can easily be seen from 
the unrescaled action (19.1). For diagrams that are connected with the ghost field 
and otherwise disconnected as is depicted in Fig. 19.6 the situation is different. 
For instance that diagram is of order N° since it has N x N x 347. Note however 
that even in this case there is a difference of order x between the SU(N) and 


U(N) cases, (actually, in Fig. 19.6 the contribution of SU(N) vanishes). 


19.1.1 Counting rules for correlation functions 


So far we have described the counting rules for vacuum diagrams. We now 
proceed to the counting rules of correlation functions of gluons and quarks 
which are vacuum expectation values of gauge invariant operators made out 
of gluon and quark fields. The latter should be color singlets, not necessar- 
ily local, that cannot be split into color singlet pieces. Thus operators like 
pp, Tr| Fuy FH], p(y) fe 4u(@42" p(x) are allowed whereas (py)? is not. As 
usual the procedure to compute correlation functions of such operators is to add 
appropriate source terms to the action and differentiate the generating function 
with respect to sources that correspond to the operators. If we denote by Ô; a 
gauge invariant operator made out of the rescaled fields, we shift the Lagrangian 
density as follows, Lo > Lo + >, NJ;O;, where Lo is the Lagrangian density 
without the sources and J; is the source that corresponds to O;. Thus any cor- 
relator can be determined as follows, 


g z 1 8 1 0 
<O; ei O ~~ iN ON, as iN OIn 


W(J). (19.10) 


In terms of N counting, for correlation functions of only gluon fields W(J) is of 
order N? and hence the correlator is of order N?~". The leading order of W (J) 
in the case where quarks fields are also involved is of order N which means 
that the correlator is of order N!~". Let us denote by G, and M; glueball and 
meson gauge invariant operators, respectively built from the rescaled fields A, 
and a, a. The leading order in N of the various correlators are summarized in 
the following table. The operator VN M is the operator that creates a meson 
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Table 19.1. The N counting for glueball and 
meson correlators 


Correlator N counting 
<GiG2>< N° 
<Gy Powe Gas N?-"9 
<M, M> No 
<VN Mı VN Mo>e N°’ 
<VN M VN Mn, >c NI- 
<G....Gn, VNM VN Mn, >c Ninn 


with a unit amplitude. In particular we read from the table that the glueball 


$ z > 1 
meson interaction is of order —=. 
es teractio Oo e 7 


19.2 Meson phenomenology 


The picture that emerges from N counting is that of mesons and glueballs inter- 
ie At the tree level the singularities are 
poles. At one loop, namely at order x the singularities are two particle cuts, at 


acting weakly with a coupling of 


two loops three-particle cuts and so on. We now describe certain phenomena of 
meson physics that are accounted for by x arguments and quite often cannot 
be explained in any other way. 


e The spectrum at low energies of QCD in the large N limit include infinitely 
many narrow glueball and meson resonances. The fact that the number of res- 
onances is infinite follows from the need to reproduce the logarithmic running 
of QCD correlation functions. A meson two-point function can be written as a 
sum of resonances, 


J dize” <M(x)M(0)>-= X. 


Zi; 
= (19.11) 


since single meson exchange dominates in the large N limit. The logarithmic 
dependence on q? of the left-hand side can be recast only provided that the 
sum on the right-hand side includes infinitely many terms. The resonances are 
narrow since their decay width goes to zero in the large N limit. This follows 
from the fact that the phase space factor is N independent and the coupling 
constant behaves like wae 

e In Chapter 17 we encountered the pion decay constant fr. Let us check how 
it scales with N. Recall its definition <0|Wy5T4 y|° (p)>= if, p" 6%. The cor- 
responding gauge invariant correlator is <N Mı VN M>, where the first oper- 
ator N M, corresponds to the axial current and the second VN Mp to the 
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Fig. 19.7. Zweig’s rule for the decay of a meson into two mesons. 


pion produced from the vacuum with a unit amplitude. This correlator scales 
like VN and hence, 


fa~ VN. (19.12) 


The suppression of exotic states of the form qqqq and the fact that the meson 
is almost a pure gq state with little impact of the qq sea are straightforward 
consequences of large N. Since a quark loop, as we have seen above, is sup- 
pressed by a factor of + the q@ sea is irrelevant. Since in the leading order the 
mesons are non interacting in large N, there is no interaction that will bind 
two mesons into a qqgqq exotic state. 
Consider the two diagrams of Fig. 19.7. 
Using the counting rules it is obvious that the right-hand diagram is + sup- 
pressed in comparison to the one on the left. Correspondingly the meson will 
preferably decay into two mesons of the left-hand side of the figure, what is 
referred to as Zweig rule conserving decay, and not to the two mesons on the 
right which is a Zweig rule suppressed decay. In this sense large N predicts the 
Zweig rule. The same mechanism is in charge of the fact that there is almost 
flavor singlet and octet degeneracy. In the leading order in large N the whole 
nonet is degenerate since the diagrams that split singlets from octets involve 
a qq annihilation which is order of x: In the large N for instance the vector 
mesons (p, w, 6, K*) are degenerate. 
It is known that meson decay proceeds mainly via decay into two body states 
and not into states of more mesons. Large N tells us that the decay into two 
mesons behaves as —, whereas a decay into four mesons is of order ware: 
This can also be compared to the decay of a meson via creation of a quark 
anti-quark pair in the mesonic flux tube [60]. 
The N counting rules tell us also that meson scattering amplitudes are given by 
an infinite sum of tree diagram of exchange of physical mesons. This fits nicely 
the so-called Regge phenomenology, where strong interactions are interpreted 
as an infinite sum of tree diagrams with hadron exchange. 
Another very important phenomenon is related to the axial U(1), the theta 
term and the mass of the 7’. This will be described in detail in Section 22.5, 
but here we present the picture in the large N. 
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19.2.1 Axial U(1) and the mass of the 1 


Consider the full action of four-dimensional YM theory, which includes also the 
0 term, 


1 LLY 09? uV 
Sre ee [FTF PH] + J+ ay DF Ber]. (19.13) 
The normalization of the 0 term is such that 0 is an angular variable, namely, 
under the shift of 0 — 6 + 27 the action is shifted by 27tn where n is some integer, 


so that ef is unchanged. This result follows from the quantization of the 0 term, 


2 ~ 
fae ay tlh = integer. (19.14) 


We would like to explore the dependence on 0 of the vacuum energy in the 
pure YM theory and in the theory with massless quarks. In particular we would 
like to determine DE 0: 

Using the path integral formulation we find that, 


aE 1 g? s 4 Pouv PHV 
“age |9=0 = w \ ie ae <T (Tr[F po F” we) Tela Fe |) Oj. (19.15) 


Let us introduce an IR cutoff and take, 


25 2 2 
sore» = (rp) PUO 
U(k) = | diret”) <T(Tr[F, F" (2)Tr[[F F (0)])> . 
(19.16) 
It is easy to check that in perturbation theory U (k) is of order N? due to 


the contribution of the N? degrees of freedom of the gluons. However, perturba- 
tively, limo U(k) = 0 since FF is a total derivative. One concludes that per- 
turbatively the vacuum energy is 0 independent. To better understand (19.16) 
we rewrite U (k) in terms of a sum over ere ae particle states, 


ee lise oe (@mes)n (19.17) 


(Mmes J 


where gb stands for glueball and mes for meson. Nagy, and JN Ames are the 
amplitudes for Tr[F'F’] to create a glueball and meson state, respectively. This 
result again follows from the N counting rules, 


<O|Tr[FF]|mes>~ VN <O|Tr[FF]|gb>~ N. (19.18) 


The fact that only single states and not multi-states are taken in the interme- 
diate states is since the latter are suppressed in the large N. In the pure YM 
without quarks the first term vanishes and hence U(0) ~ N? and ie loz0 ~ 1. 
In the presence of massless quarks we know that there could not be any 0 depen- 
dence and thus we should be able to show that the first term is cancelled out. 
However, it seems that there is no way that the second term can cancel the first. 
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Fig. 19.8. Perturbative correction to the free propagator due to an exchange 
of one gluon (left) and two gluons (right). 


In fact it is possible if there is one meson state with mass Mmes ~ In and if the 
two terms have opposite sign. This obviously can cancel the k = 0 term in U(k) 
and does not cancel for non-trivial k, but this is exactly what enters (19.16). The 
opposite sign follows from the fact that an additional equal time commutator 
term has to be added to (19.15) (see the appendix of [221]). Assuming such a 


state with mass Mmes ~ In the form of U(0) is, 


U(0)=N—.. (19.19) 


Using the axial anomaly equation which will be further discussed in (22.5), 


i g 
Oude = Ne gan EF], (19.20) 
we get, 
2 
g Tr; 1 N Uja N 2 
>— <0|Tr|[ FF = — <0|0, J! = — fy Mir, 19.21 
Sa ODER] > = zy M> se far My (19.21) 
From this relation we get the Veneziano—Witten formula or the mass of the 1’, 
2N) \* E 
M?, = ~> |o=0- 19.22 
" ( fir) ) de? j ° l ) 


The picture that emerges from this discussion is that the 7’ is a Goldstone boson 
in the large N limit. It has a mass of the order of My ~ Tr The dependence 
on 7’ of nonzero amplitudes can be obtained from the dependence on @ in the 
theory without quarks by the following replacement, 
06+ (=) n (19.23) 
fin’) 


Note that fin) = f(r) to leading order in x 


19.3 Baryons in the large N expansion 


Whereas we have seen that the large N expansion is very useful in discussing 
mesons, it may seem that it is not the case for baryons. Baryonic diagrams 
depend on N both via the combinatorial factors associated with the diagrams, 
as well as the fact that the diagrams themselves include N quarks. 

The problem is clearly demonstrated when computing the perturbative cor- 
rection to the free propagator of an N quarks state. The correction occurs due to 
an exchange of a gluon between two quarks (see Fig. 19.8). The gluon exchange 
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diagram scales as +. However since there are iN (N — 1) possible pairs the net 
effect is of order N. In a similar manner the exchange of two gluons is of order 
(aN 4 ~ N?, where the first factor comes from the four vertices and the sec- 
ond from the number of ways to choose the four quarks. Higher-order exchange 
diagrams will have higher order divergence in large N. We will now show, that 
in spite of this fatal obstacle, there is a large N approximation to the problem of 
the baryons. The idea is to divide the problem into two parts, in the first one uses 
diagrammatic methods to study the problem of n quark interaction, and then 
the effect of these forces on an N quark state. Let us first apply this approach 
for determining the dependence of the mass of the baryon on N in the quark 
model. Assuming that the mass gets contributions from the quark masses, quark 


kinetic energy and quark—quark potential energy, the mass of the baryon reads, 
1 
Mg =N [ma HTF ad ; (19.24) 


where m, is the quark mass, Ty is the kinetic energy of the quark and V} is 
the quark—quark potential energy. Thus we observe that the mass of the baryon 
scales as N. This result will be shown to hold even beyond the quark model. 
Again we have made use of the fact that the potential energy is combined from 
the N? combinatorial factor and the + factor that comes from the vertices, or 
gluon propagator. 

Leaving aside the quark model, we want to address first the baryonic system 
made out of very heavy quarks. 


19.3.1 The Hartree approximation 


In the baryons, the quarks are anti-symmetric in color. Thus they are symmetric 
in flavor, space and spin combined. Hence they act like bosons. A natural frame- 
work to analyze such a system of bosonic charged particles that are subjected to 
a central potential is the Hartree approximation, in which each particle moves 
independently of the others in a potential which is determined self consistently by 
the motion of all the other particles. The justification of the use of this approxi- 
mation is the large N limit which renders the interactions to be weak. Therefore 
neglecting the fact that the particle trajectory affects the state of all the other 
particles and hence the potential that it feels, is justified. Also it is obvious that 
taking the potential created by all particles and not the one created by all the 
particles apart from the one we consider, is a + effect. Since, as mentioned above, 
the particles in the non-color degrees of freedom are bosons it implies that in 
the ground state of the baryon all the particles will sit in the ground state of the 
Hartree potential. 
Let us take the Hamiltonian of the system to be, 


1 aeai ae 1 Rika a 
py 2a Pa Enar (TaT) + expe 5 V? (Ta, To, Te) es ang 


a#b a#žbžc 
(19.25) 
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where we have suppressed the flavor and spin degrees of freedom, V” stands 
for the n body interaction and is independent of N and its strength is of order 
N!-", as explained above. In fact since the number of clusters of n quarks is of 
order N”, each term in the Hamiltonian is proportional to N 

Next one takes for the ground state wave function a product of the wave 
functions of each of the particles, namely, 


b(Fa,.-.Fv) = [[ 00) (19.26) 


where the particle wave functions are determined by a variational method. The 
expectation value of the Hamiltonian, 


<v|Hlv> =N |z [EAV +5 fancave GT 


Dlr 


+ A uianoera ake 5 (19.27) 


has to be minimized with respect to ¢(r) subjected to the constraint that, 
[etaer =1. (19.28) 


The minimization translates to, 


-5 rv] o=«, (19.29) 


where € is the Lagrange multiplier associated with the constraint, and the Hartree 
potential is, 


V= [fea (7,74) |O(r1)[? + 5 [ane Ta V° (F, Ti, F2)lolri Jlro)? + 
(19.30) 


We will now treat first the case of heavy quarks and subsequently will address, 
in a less rigorous manner, the case of light quarks. 


19.3.2 Baryons made out of heavy quarks 
A non relativistic Schrodinger equation is an adequate framework to deal with 
very heavy baryons. In this setup for short distances the quark-quark potential 
is an attractive Coulomb potential so that the Hamiltonian takes the form, 


X a g? 1 
H=N : ; 19.31 
—_ Doin. N |z; — z;| ( ) 


The system is effectively that of N bosons with a Coulomb interaction with a 
strength of + 
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In spite of the fact that the interaction potential behaves like +, we can- 
not treat this term as a perturbation since each quark interacts with N other 
quarks and hence the total quark-quark interaction of each quark is of order one. 
This situation calls for a Hartree approximation where, as explained above, the 
quark is exposed to an average effective potential. The fluctuations of the effec- 
tive potential are negligible and hence we can consider a background c-number 
potential. 

For heavy quarks where the potential is taken to be a Coulomb potential we 
find 


? 


<w|H — Ney>= N [M + z S AVE — S faery Bp eP? 


=r] 


—e f d’r|d(r)|?]. (19.32) 


The main point here is that each of the terms is proportional to N and hence 
the result of the minimization is N independent. The variation with respect to 
ġ* results in the following E equation, 


—-—- fgg fer B = ed. (19.33) 
r=" 
One can convert this integro-differential equation into a fourth-order differential 
equation 
1 Vv? 
Vv? $ + A7tg*|o|? = 0. (19.34) 
2m 0) 


For radial solutions, for instance, the ground state of this equation takes the 
form, 


1 fa? 2 1 [qa? 2 
+ “dd dd Ang’|¢|? = 0, 19.35 
2m E r | G E ià r | $) TATU ( ) 
which is derived by dividing (19.33) by ¢ and acting with V?. 
Even without solving this equation, it is clear that the mass of the baryon is 
linear with N and that the charge distribution of the baryon which implies in 
particular its size is N independent. 


19.3.3 Baryons made out of light quarks 


Up to this point we have used a non relativistic Hartree approximation which is 
valid only for heavy quarks. However, phenomenologically, one is more interested 
in baryons made out of light quarks and in scattering processes that involve 
relativistic quarks. We will show now that even for the light quark baryons, a 
Hartree-like approximation, namely that each quark moves independently of the 
others in a potential which is determined self consistently by the motion of all 
the other particles, is still justified. Moreover, it will be argued that just as for the 
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q 
Fig. 19.9. Baryon stringy configuration for N = 3. 


heavy quark baryons, also for the baryons made out of light quarks, the mass is 
linear with N, whereas the size and the shape of the baryon are N independent. 

A major difference between the case of heavy quarks versus that of light ones 
is that in the latter case one has to introduce on top of the two-body interaction 
also a three-body interaction and, in general, n-body interactions. In addition one 
has to use a relativistic analog of the Hartree approximation. In two dimensions 
one can solve the relativistic Hartree approximation. Unfortunately, the four- 
dimensional analog is not known. Let us first discuss a non relativistic Hartree 
approximation with n-body interactions and then argue about the relativistic 
analog. The Hamiltonian for the case with any n-body interaction takes the form, 


1 re | ee 1 oe eS 
H= 5) |p Para on Xo Va ToT) Fora 
a a#b a#bžc 
(19.36) 


where we have suppressed the flavor and spin degrees of freedom, V” stands 
for the n-body interaction and is independent of N. The strength of V” is of 
order N!—” since breaking the n quark line costs a factor of N~” and since the 
baryon is in a totally antisymmetric representation, each quark line carries a 
different color index. 

We now substitute this Hamiltonian into <w|H|y> and use a variational 
method as above. Since for each V” term there are N” ways to choose a set 
of n quarks, here again the expectation value of the Hamiltonian is linear in N. 

Next we have to introduce a four-dimensional relativistic Hartree approxima- 
tion. In two dimensions in the large N limit the Hartree approximation is exact. 
The generalization to four dimensions, however, is not known and hence one can 
make only the qualitative statement that even in this case the mass is linear in 
N and the size and shape are independent of N. 

The Hartree approximation of light quarks moving in an effective potential 
can be also related to a string model of the baryon. In this model, the N quarks 
are attached to a common junction as can be seen in Fig. 19.9 for the case of 
N =3.' In the large N approximation the junction can be regarded as a heavy 
object and its motion can be ignored. The interaction of the quarks with the fixed 
junction can be thought of as an interaction with an effective Hartree potential. 


1 The modern picture of the latter is that of a wrapped D brane. 
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19.3.4 Baryonic excited states 


Low-lying excitations of the baryons are described by wave functions where out 
of N single particle states, a number nz < N of states are placed in the kth 
excited state of the Hamiltonian. The corresponding mass of the excited baryon 
is M = Mọ + D NkEk Where €, is the energy of the kth excited state. 

Highly excited states have a finite fraction of single particle excited states. 
Denote by p this fraction, namely there are (1 — p)N particles in the ground 
state and pN ones in excited states which we take to be ¢; so that the baryon 
wave function is, 

(1—=p)N 


pN 
Wa Pn) = YO aE J a. (19.37) 


Inserting this ansatz into the expectation value of the Hamiltonian one gets a set 
of two coupled nonlinear equations for ġo and ¢,. This structure can obviously 
be generalized to states with higher single particle excited states. 

Another approach to studying excited states is to apply a time-dependent 
Hartree approximation. It is easy to check that starting with the Hartree ansatz 
for the wave function but now with single particle wave functions that are 
also time dependent, one finds instead of (19.33) the following time-dependent 
Schrodinger equation, 


2 1) |2 
aa -g'o fær 2E a = 10;,0(7, t). (19.38) 


This equation is solved by ¢(t,7) = e~' ¢() where ¢(7) is a solution of the time- 
independent equation. By Galilean boosting along, for instance the x direction, 
a static baryon solution, we find the solution, 


$(F,t) = G(a — vt)e"( Meet EMD) (19.39) 


which is a baryon travelling with a constant velocity. This is an additional solu- 
tion to the time-dependent equation. In fact starting with any function ¢(7, 0) 
and substituting it into (19.38) a new solution will be generated. These solutions 
will generically be excited states, but not in energy eigenstates, since they will 
not have a harmonic form. 

To generate excited baryon solutions which are in eigenstates of the energy, we 
make use of the DHN procedure discussed in Section 5.5.1 in the context of two- 
dimensional field theories. The idea is to look for solutions which are periodic in 
time and to quantize them by requiring that the action during a period will obey, 


ua 
| dt <u|H — id,|v> = 27n, (19.40) 
0 


where n is some integer number. Recall that this condition follows from the fact 
that the solutions are invariant under time translations, so from w(t) we can 
also generate a solution w(t — to) for any to and also any linear combinations of 
them, and in particular a harmonic varying solution ie dtoe 9 w(t — to). 
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Fig. 19.10. Baryon-baryon scattering. Exchange of a quark on the right, while 
on the left, such an exchange plus an exchange of a gluon. 


In analogy to the discussion in Section 5.5.1 here as well one can introduce a 
non-abelian flavor group, namely construct baryons made out of several flavors. 
In this case one introduces into the Hartree wave function a separate single 
particle wave function for each flavor. 

For very heavy quarks one can neglect the spin-dependent forces, and hence 
anticipate that the baryons are spherically symmetric. However, for less heavy 
quarks this is no longer the case. For a baryon made out of a single flavor, in the 
ground state all the spins are aligned and hence the total spin is EN . Due to the 
fact that the total spin is very large, the effect of the coupling of this large spin 
to the orbit is significant and hence the ground state will no longer be spherically 
symmetric. If one takes the large N analog of the baryon to be composed of aH 
quarks of one flavor and Xe — 1 of the other flavor, then the net spin will be 
5 since the spin-spin interaction will align the spin of the different flavors in 
an antiparallel way. Unlike the one flavor case where the spin is x, the spin 5 
will be too small to affect the spherically symmetric ground state via spin orbit 
interaction, and hence for that case it will remain symmetric. 


19.4 Scattering processes 


In Section 19.2 it was shown that in the leading order of the large N there 
is no meson—meson scattering. The same applies also for meson-glueball and 
glueball-glueball scattering. Let us now address the question of baryon—baryon 
and baryon—meson scattering. 

Baryon-baryon scattering is dominated by an interchange of one quark 
between two baryons. Whether the process involves only an interchange or also 
in addition an exchange of a gluon, as is shown in Fig. 19.10, the amplitude is of 
order N. In the case of no gluon exchange, there is a choice of the interchanging 
quark in one of the baryon, which goes like N. Once a quark in one baryon 
is chosen it can be interchanged only with a quark in the second baryon that 
carries exactly the same color index, hence there is no additional N dependence. 
Thus altogether the amplitude is order N. Note also that the diagram (19.10) 
comes with a factor of (—1). The amplitude for an interchange that is accom- 
panied with an exchange of a gluon is also of order N, which follows from the 
fact that there is a factor of N from choosing the quark in the first baryon, 
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pj 
Fig. 19.11. Annihilation of a quark coming from the baryon and anti-quark 
coming from the anti-baryon. 


another factor of N from the other baryon and a factor of + - from the quark 
gluon vertices. 

This fact that the amplitude is order N is behind why there is a smooth large 
N limit to the baryon—baryon scattering. Recall that the mass of the baryon and 
hence also the non-relativistic kinetic energy of the baryon are linear in N. Thus 
the total Hamiltonian can be written as H = NH where H is N independent. 
The eigenvectors of H and hence of the scattering process are N independent. 

Quantitatively one addresses the question of baryon—baryon scattering using a 
non relativistic time-dependent Schrodinger equation for a system of 2N quarks. 
Due to the exclusion principle the total wave function should be a product of 
two orthonormal space and spin wave functions ¢;(x,t) where i = 1,2 in the 
following way, 

N N 
Plz. tant) = XCD” [J di (ai, t) [] ¢2(@, 8) (19.41) 
P i=1 j=l 

Using again the time-dependent variational principle, we find that in the case 

where all the spins of the quarks are parallel so we can ignore them, 


? dygžġı (y, t) 


V 
10,01 (z, t)= zme (a -Phat | jz — y| 
-Paan | POD (19.42) 


and another equation where ¢, > 2. Apart from the last term this equation 
is identical to the one describing a single baryon (19.38), hence the last term 
obviously describes the interaction between the two baryons. To describe baryon- 
baryon scattering we start with inital conditions where the wave functions ¢ are 
localized at two far away regions of space, but heading for a collision. When the 
two wave functions overlap the interaction term is important and determines the 
scattering via (19.42). 

The baryon anti-baryon scattering is dominated by an annihilation of a quark 
coming from the baryon and an anti-quark from the anti-baryon. The amplitude 
of this process is of order N since choosing one quark is order N, choosing an 
anti-quark is order N and the coupling is order + (see Fig. 19.11). Again this 
is like the scaling of the kinetic term and hence there is a smooth limit. The 
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Fig. 19.12. Exchange of a quark and a gluon in meson~baryon scattering. 


variational procedure now involves a wave function composed of N quark and N 
anti-quark wave functions, namely, 


WPa PN) = LFD o%), (19.43) 
a b 


where ¢(F,) is the wave function of a single anti-quark. The minimization now 
yields a pair of coupled equations for ¢ and ¢. 

The meson-baryon scattering is described in a diagram like Fig. 19.12. The 
diagram is of order N°’ since there is a factor of + from the coupling and N 
from the number of ways to choose the quark from the baryon. Recall that the 
baryon kinetic energy is order N and that of the meson is order one. Hence the 
interaction term is negligible from the point of view of the baryon and it does 
not feel the meson but the meson motion is affected by the interaction and thus 
there is a meson baryon non-trivial scattering. Denoting again the wave function 
of a quark of the baryon as ¢(a,t) and that of the meson as é\y (£M, ym, t), the 
trial many body wave function reads, 


Wlas- -Fu ams ym, t) = | [90 tóm (om, ymt). (19.44) 


Again we substitute this wave function into the variational principle 
fadt <y|H — ið |Y>. The solution for ¢ of the corresponding equations is iden- 
tical to the solution of the baryon and hence indeed the baryon is not affected 
by the presence of the meson. On the other hand the equation for dj, is affected 
by the presence of ¢. The equation will be that of a free meson plus two additional 
terms describing the interaction that take the form, 


Him = —9°9(2) J dz¢*(z, t)dm (z, yn, t) + [PEE Den Gene} 


lz — 2| lz — yml 


(19.45) 
Thus the interaction term and hence the whole equation is linear in ¢),. 


20 
From 2d bosonized baryons to 4d Skyrmions 


20.1 Introduction 


Low energy effective actions associated with four-dimensional QCD, and in par- 
ticular the Skyrme model have been very thoroughly studied with an emphasis 
on both formal aspects such as anomalies as well as phenomenological ones like 
the spectrum of baryons. This chapter is devoted to the Skyrme model. We first 
derive the various terms of the Skyrme action. These include the sigma term, 
the WZ term, the mass term and the Skyrme term. The first three terms we 
have encountered already in the two-dimensional analog, the bosonized QCD 
(Chapter 13) whereas the fourth one, the Skyrme term, shows up as a stabi- 
lization term only in the four-dimensional case. We then construct the classical 
soliton solution, the Skyrmion, of the corresponding equations of motion. Next 
we determine the classical mass and radius of the baryon. In a similar manner to 
the procedure taken in the two-dimensional model, we quantize the system semi- 
classically. This yields mass splitting between the nucleons and the delta particles 
and the axial coupling of the nucleons. Most of the discussion will be done for 
SU(N; = 2) but we will also discuss certain properties of the three-flavor case. 
The Skyrme model was introduced in [195], [196], [197] and [91]. 

The topic of baryons as Skyrmions was discussed and reviewed in several 
books [53], [157] and reviews [22], [186], [231]. In several sections of this chapter 
we follow the latter review. 


20.2 The Skyrme action 


In two dimensions using the bosonized version of QCD, we were able to integrate 
in the strong coupling limit the color degrees of freedom and derive the low energy 
effective action of the flavor degrees of freedom. The latter took the form of a 
WZW action for the group U (Np) of level N, for massless QCD and modified 
flavored WZW action with a mass term for massive QCD. The main point there 
was that the action derived was exact. In four dimensions the situation is quite 
different. For once we do not have a bosonized version of QCD which enables 
us (at least in the massless case) to decouple the flavor and color degrees of 
freedom and then integrate over the latter. However, due to confinement, the low 
energy degrees of freedom of four-dimensional QCD are also only flavor degrees 
of freedom and hence it is natural to use an Ny x Ny group element g(x") 
of the flavor group U(Ny;). Since we do not have a systematic way to derive 


356 From 2d bosonized baryons to 4d Skyrmions 


the corresponding action, we will now consider various terms that eventually 
construct the full Skyrme model. 


20.2.1 The Sigma term 
Recall that the group element g(a) transforms under left and right transforma- 
tions as follows, 


g(x) + Ug(x) g(x) > g(x)U. (20.1) 


As we have shown in two dimensions the sigma term is the term with the lowest 
number of derivatives. In two dimensions it takes the form, 


1 fetes 
Sod = fee [0,,g0"g~*]. (20.2) 
It is easy to see that the analog in four dimensions has the form, 
1 
S= ief Jis Tr [3 gð" g7], (20.3) 


where fr has dimensions of mass (it will be shown below that by comparison 
to experimental data, for Ny; = 3, it has to be taken to be ~ 93MeV). This 
coefficient is needed since our group element still does not carry classically any 
conformal dimension. The sigma term which is clearly the one with the lowest 
number of derivatives can also be expressed as, 


1 1 
S= if far Tr [L,L"| = If peer [R R"], (20.4) 
where, 
Lu = g Ong Ry = gug (20.5) 


It is important to note that by construction the L, obey the so-called Maurer- 
Cartan equation, 


ô Ly = Op Ly + [Li Ly] = 0. (20.6) 


and so does R,,. Note that they are both like pure gauges in a non-abelian gauge 
theory, and thus they have Fy, = 0. 

Before proceeding to the WZ term let us check the symmetries of this action 
in comparison with the known symmetries of QCD. It is easy to check that it 
is invariant under global SU(N;)z x SU(Ny)r x U(1)g transformations. It is 
further invariant under the following three discrete transformations, 

Transpose: goog zez, tet 
P: geg Io -*X, tot (20.7) 
(-1)%8?: gogt zez, tet. 


The second transformation P) is a parity transformation and the third is the 
number of bosons modulo two. To check whether these discrete symmetries 
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are also shared by QCD we first expand g(x) around unity, 


g(a) =1+> X T°r (2), (20.8) 


in terms of the Goldstone bosons m(x) and then consider N; = 3. It turns out 
that P) and (—1)*%* are not conserved separately but only the combination 
P = P(-1)**. This is demonstrated by the process Kt K~ — ntn’r. Obvi- 
ously the number of bosons modulo two is not conserved as well as the parity 
P) since the n’ are pseudo scalars. It is thus clear that the action (20.3) cannot 
describe the effective action of QCD and another term that does conserve P and 
not P) and (—1)%* separately. It is well known that the parity transformation 
P is violated by a term which is proportional to the Levi Civita tensor which in 
four dimensions reads €,,,,9¢. However, it is very easy to verify that the only term 
proportional to €pvpo, namely e”?? Tr [g 18, ggg 13, gg 10, gg !ð-g] vanishes 
due to the antisymmetric nature of €,,)¢ and the cyclicity of the trace. 


20.2.2 The WZ term 


Experienced with the two-dimensional WZ term it is clear that this situation 
naturally calls for a four-dimensional WZ term: [225], [226]. Recall that the two- 
dimensional WZ term was written as a three-dimensional integral over a three- 
dimensional ball or a three disk whose boundary is the two-dimensional space- 
time. In a similar manner we can construct a term defined on a five-dimensional 
disk D5 whose boundary is the four-dimensional space-time and has the form, 


f dž getik™ Tr [g 1O.9g digg Ogg ‘Ogg 1Əmg], (20.9) 
D5 


where now 2, j, k,l, m denote coordinates on D5 and As is a coefficient that has to 
be determined. Extending the map g(x”) from the four-dimensional space-time 
to the SU(N) group manifold into a map from D5 to the group manifold is based 
on the fact that m4(SU(N)) = 0 and mı(SU(N)) = 0. Now let us check whether 
there are any constraints on Ag. The analogous two-dimensional case tells us 
that As = Ne. We will now verify this result in two steps. First we show that 
on general topological grounds it has to be an integer and then by relating the 
action to QCD we show that this integer has to be equal to the number of colors. 
To understand the topological nature of the WZ term it is convenient to use a 
compactified Euclidean four space of a topology S1 x S? where the S! factor 
corresponds to a compactified time direction. Now the five-dimensional disk D* 
can be taken now to be S$? x D?. However as is clear from Fig. 20.1 there are in 
fact two options of choosing the disk D? namely D? and D?. Requiring that the 
independence of the physics on choice translates into, 


elSivz = eS _, are w? = f, T w? = 27 integer, (20.10) 
2 +D?) xS” x S 
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Fig. 20.1. Two options of choosing the disk D’. 


where we have used the fact that the sum of the two disks (D? + D?) is topo- 
logically equivalent to $?, that the five cycles in the group manifold SU(N) of 
the topology S? x S® can be represented by the cycles of topology $° and that 
m5(SU(N)) = Z and hence any S° in SU(N) is topologically a multiple of the 
basic $° on which w can be normalized such that f s3 w? = 27. 

We thus conclude that the coefficient As has to be an integer. As we mentioned 
above in two dimensions we have shown that this integer has to be Ne. We will 
show below when discussing the phenomenology of the Skyrme model that this 
is the case also in four dimensions. Thus we will take from here on that As = Ne. 


20.2.3 The Skyrme term 


Baryons were described in the context of the bosonized theory of two-dimensional 
QCD in terms of soliton solutions of the WZW theory in flavor space (see Chapter 
13). In a similar manner we anticipate that also in four dimensions solitons are 
intimately related to baryons. However, in Section 5.3 it was shown that accord- 
ing to Derrick’s theorem, there are no stable solitons in the space dimension 
larger that one. To recapitulate this theorem let us analyze the scaling behavior 
of the energy of a soliton solution in four dimensions. It is easy to realize that in 
D space dimensions the energy that corresponds to the action (20.3) reads, 


2 
E= [Pak Tr [L L*). (20.11) 


where a change in normalization was made. 
Under a scaling of x > Ax, g(x) > g(Ax) since as mentioned above g(x) has 
a zero scaling dimension, and the energy scales as, 


By =X E. (20.12) 


Thus for D = 3 the energy of the system can shrink to zero by large scaling and 
hence the solutions are not stable against scale transformations. To avoid this 
problem we add a term which is quartic in L, so that the total Lagrangian is, 


2 
1 
L= L + L4 = fe Tr [L L"}+ ge Tr (Ey, L’). (20.13) 
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Under scale transformation the energy scales as, 


Ey = X? Ea) +7? Eu). (20.14) 
It is easy to see that for D > 3 there is a minimum at À = 1 and with 
dE; -o Eio) = 4—D 
dà Eu) 2-D 
d?’ Ey 
De >0 2(D — 2)E,2) > 0. (20.15) 


In fact the energy is bounded from below by the topological charge. The energy 
associated with the action (20.13) takes the following form for a static configu- 
ration, 


2 1 
E= [ee \-4 Tr [L;L;] — qo Tr ([L;, zP} : (20.16) 
which can be rewritten as, 


2 2 
E= -4 | čan jer a S Ve | - 
2 ; 2/2 
-E fas Tr ( a 


T 
This is referred to as the Bogomol’ny bound. It is interesting to note that unlike 
other cases like instantons (see Section 22.1) there is no configuration that satu- 
rates the bound. The configuration that does saturates the bound has the form 
L= Pe eijk Lj Lg, however it is easy to see that it does not obey the Maurer- 
Cartan equation (20.6). 


sa'n) | = 12V2r’ef, |B]. (20.17) 


20.2.4. A mass term 


In two dimensions the mass term was shown to be a key ingredient to having 
soliton solutions of strong coupling of QC’ D2. In four dimensions this is not the 
case. Stable soliton solutions do not require a mass term. However, to incorpo- 
rate the fact that the pions are not massless, one adds a mass term to the full 
Lagrangian. The mass term has the same form as that of the two-dimensional 
theory, namely, 


Sn = I: E faam] [Ig +9 T 2}. (20.18) 


Upon substitution for g(x) in the ansatz (20.8) this term takes the form of a 
mass term for the 7 fields, 


Sme fiaz (x°)?, (20.19) 
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For Ny > 2 one can use a mass term that breaks flavor symmetry by assigning 
different masses to different flavors. One can also generalize the mass term by 
using general functions of g which in the limit of g — 1 approach g. 


20.2.5 Gauging the Skyrme action 


In Section 9.3.1 we discussed the gauging of the WZW action. In that case we 
were interested in gauging the diagonal SUp (N) € SU(N.) x SUr(N.). We 
presented there two methods for the gauging procedure: (i) Noether trial and 
error method, (ii) covariantization of the associated currents. Here in the case 
of the Skyrme action we would like to gauge the U(1) diagonal global abelian 
symmetry that corresponds to electromagnetism, as well as the full SU(N;) x 
SU(N,) global symmetry of the Skyrme action. Let us first identify the diagonal 
abelian symmetry that we want to gauge to incorporate EM gauge fields. In the 
particular case of N; = 3 the EM charge matrix of the u, d, s quarks is given by, 


2/3 
Q= —1/3 . (20.20) 
-1/3 


Thus a local transformation that corresponds to the EM gauge transformation 
is, 


g(x) > Ug(x)U-' Un~1+ie(x)[Q, g]. (20.21) 


As usual the local transformation can be a symmetry of the action only provided 
we add to the action gauge fields that transform under the EM gauge transfor- 
mation as A, > A, — taele) where e is a unit EM charge. For the sigma term 
and the Skyrme term it is obvious that gauge invariance is achieved by replac- 
ing the ordinary derivative with covariant ones, namely 0, > D, = 0, + ie0,. 
The gauging of the WZ term [ = Sw z is more subtle and as was done for the 
two-dimensional case; we use a trial and error method. First we compute the 
variation of the term under the global U(1) symmetry. We find that, 


ToT fzo 


1 
Jt = Tere "P74 Tr [—Q(RLR, Ro )] 


+ Tr[Q(L,L,L,)]} (20.22) 


where Q is defined in (20.20). The next step in gauging the WZ term is to replace 
the original term with, 


PTs e f ate. (20.23) 
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It turns out that the action after this replacement is still not gauge invariant but 
it is invariant with the following addition, 


2 ~ 
S= E faan [D gD" g] + N.T, 


> i ie i ooa 
T(g, Ay) =T(9) -e f ate, + Dare [dive °° O, Ay Ap 
x Tr [Q" (Lo — Ro) — QgQg7' Ro]. (20.24) 


In a similar manner one can gauge the full global symmetry or its subgroups. 
Since we will not need it in this chapter we refer the reader to references, for 
instance [231]. 


20.3 The baryon as a Skyrmion 


The two-dimensional solitonic baryon was analyzed at two levels, firstly the clas- 
sical configuration and then at the semi-classical level. At both levels properties 
of the baryon such as its mass and conserved charges were computed. In this 
section we present the analogous calculations for the 4d Skyrmion and then we 
compare the four- and two-dimensional results.! 


20.8.1 The classical Skyrmion 


The Skyrmion is by definition a solitonic solution of the Skyrme action. 
Soliton solutions in two dimensions were discussed in general in Section 5.3 and 
in particular the solitons of the low energy effective action of QC D» in the strong 
coupling limit in Chapter 13. In fact the classical solitonic baryons were solu- 
tions of a sine-Gordon equation that was derived from an action that included a 
sigma term and a mass term since for static configuration the WZ vanishes. The 
latter property holds also in four dimensions so the relevant action now includes 
the sigma term and the Skyrme term. In fact we will describe here the case of 
two flavors and as mentioned above the WZ term vanishes for the SU(2) group 
manifold anyhow. The equation of motion derived by computing the variation of 
the action with respect to g7!ôg is, 


2 
e 
Ə L, — 20" L, lEn, Ll] = 0. (20.25) 


T 


Obviously, an equivalent equation can be written by replacing L, > R,. Param- 
eterizing the general static configuration as, 


g(a) =e EO = cos(F(r)) + i7- F sin(F(r)). (20.26) 


1 The classical properties of the SU(2) baryonic Skyrmion were analyzed in [133], [5] and 
afterwards in many other papers. 
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For this ansatz the equation of motion reads, 


„ 2, sin(2F) e [sin(2F)sin? F F” sin(2F)2F" sin? F 
V e t H8 =0. 
r r2 f? r4 r2 r2 
(20.27) 
The boundary conditions are taken to be, 
F(r=0)=7 F(r->o)=0. (20.28) 


The mass of the classical Skyrmion is derived by substituting a solution of the 
equation of motion into (20.16) getting, 


2 2 2 sin? F sin? F in? F 
M, = an f rar jr” + aed +42 jar” + zE . (20.29) 
0 2 r r r 


Using the virial property this reduces to, 


ee dF\*  2sin? F 
M, = 4nvV2e | ada ( ) pR (20.30) 
0 


dx 2 


r 


-h 


where x r is dimensionless. The value of the integral is ~ 11.7. One can 
either use the mass of the proton combined with the mass of the delta, to deter- 
mine fy and the coefficient of the Skyrme term, or use the experimental values 
of fz and the axial coupling to be discussed shortly. 

Let us now analyze the radial profile of the soliton F(r). Asymptotically for 
r — co only the terms inside the square brackets can be neglected leading to 
a solution of the form Fr) > i a where again A can be determined by 
comparing to experimental data and is found to be A ~ 1.08. On the other limit 
around the origin it is easy to see that the equation is solved by F(r) ~ nz — ar. 
The numerical solution of F(r) that interpolates between these two boundary 
conditions is drawn in Fig. 20.2. 

In addition to the mass, we have also extracted in two dimensions from the 
classical soliton the flavor properties and baryon number. For the Skyrmion we 
should also be able to determine these properties as well as its spin. When we 
insert the classical soliton solution in the baryon density we get, 

: 7 
B? = = éit Li Li Lp = sz sin’ Fo, (20.31) 


so that the baryonic charge is, 


1 
B= anf arr? B'r) = =(F(0) — F(oo)) + 127[sin(2F(oo)) — sin(2F(0))] = 1. 
0 
(20.32) 
where we have used the boundary conditions of F(r) specified above. Using the 
distribution of the baryonic charge, one can define the rms radius of the baryon 
as follows, 


oo 1/2 
Pens = (- T drz? sin? FF’) , (20.33) 
T 0 


which is of the order of 0.48 for the B = 1. 
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Fig. 20.2. The numerical solution of F(r). 


Fig. 20.3. The Skyrmion hedgehog configuration. 


The hedgehog configuration, see Fig. 20.3, used as an ansatz for the Skyrmion, 
is by construction invariant under the operation of, 


K=J+I=(L+8)+I, (20.34) 


where L,S and J are the orbital angular momentum, the spin and the total 
angular momentum, and J is the isospin. 
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It follows from, 


[K, g(x)] = isin F |[(r x —V),7-7] + Ea il =0. (20.35) 
Hence the Skyrmion carries a charge of K = 0. It is straightforward to notice 
that it is also an invariant under the parity operator defined in (20.7), so that 
altogether it is K = 0* state. 


20.8.2 Semiclassical quantization of the soliton 


Recall that the quantization of the collective coordinates of the two-dimensional 
soliton was performed by elevating the static group element to a space-time 
dependent one in the following way, 


g(x) > g(a,t) = A(t)g(@)A“*(t) A(t) € UCN). (20.36) 


Nothing in this prescription is two dimensional and hence we now use the same 
ansatz also for the four-dimensional soliton. In two dimensions we discussed the 
general Ny case, here we start with the simplest case of Nf = 2 and then we 
discuss the Ny = 3 and comment about the general case. As discussed above for 
SU(N; = 2) there is no WZ term, thus we have to substitute (20.36) into the 
action that includes the sigma term and the Skyrme term (for simplicity we do 
not add the mass term). The collective coordinates A(t) can be parameterized 
in the following ways either, 


A(t) = a(t) + i(t) -ë (ap) =1, (20.37) 
or 
Aen ee sa Ü. (20.38) 

It is easy to verify that in terms of A(t) the L, defined in (20.5), 
Lo = A(t) (£)(AT A) (E)g(2)AT (t) Li = A(t)" igle) AT (t). (20.39) 


The result of the substitution of the L, expressed in terms of w into the 
Lagrangian is, 


1 
L=Lat xu ws (20.40) 


2 


where the constant of proportionality a“ is computed as a spatial integral over 


the chiral angle to be 53 ia . In terms of spin and isospin operators the Hamiltonian 
can be rewritten in terms of a second Casimir operator, 
1 2 l 2 


In terms of the a, variables the Lagrangian density takes the form, 


L=Lat ray)’, (20.42) 
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where is the moment of inertia given by, 


foe) +2 
F 
z Zef E E E A ; (20.43) 
3 0 iz r? 
The corresponding Hamiltonian is therefore, 
H A L= Bat : Eat : e (20.44) 
= 7,4, — é T, = EBEa taks }, . 
i 8X 7 8 daz 
where in the last step we introduced the canonical quantization namely, 
id 
[austo] = pv Tp = Bae (20.45) 


subjected to the constraint (a,,)? = 1. 
The Noether charges associated with the angular momentum and isospin 
expressed in terms of a, take the form, 
a 


a a a a 
k = 2 ao ðar ak dao Eklm al Adm 


i o o o 
Jg = 2 (a Dao ag Bax Eklm 4l i) . (20.46) 


Choosing a fermionic rather than bosonic wave function, namely, odd under 
changing A — —A, implies that the wave function of baryons of I = J = z is 
linear in a,, for instance the proton wave function is |p> = +(a; + iaz) and 
those of T = J = 3 cubic in a, like |At*t> = (ay + ia )?. It is thus obvious 
that the mass difference between the A and the nucleon is, 

3 
Fal’ 

Expectation values of flavor charges can be computed in the semi-classical 
approximation by expressing the Noether currents and charges in terms of the 
a,(t) and their corresponding momenta 7, = — an (20.46) and sandwiching 
these operators in between quantum states, like N and A. For instance the 
space components of the pig current is given by, 


Ma — My = (20.47) 


i k sin? F a 
B= iS fr Tr [A Az]. (20.48) 
We use this expression to compute the isoscalar magnetic moment, defined by, 
1 s 
Hro = JRE B, (20.49) 


of the proton as follows, 
2i ; 
(rao) = =F f arr? P <p, 1/2] Tr (rÅ-14)ļp:1/2> 


1 
5 <r? >J= o<p, 1/2| Tr (T3 Å -1A)|p,1/2>= = <r” >I=0- 


(20.50) 


In a similar manner one can compute the isovector magnetic moment. 
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Another important property of nucleons that can be extracted from the 
description of baryons as semiclassical solitons is the axial coupling ga defined 
via, 


a a TA 
<N'(p2)| Ji) |N (p1)> = <ti(p2) > loa (715 +ha(q@)qurslu(pi)>, (20.51) 


where I is the axial current and q = p2 — pı. In the chiral limit h4(q’) has a 
pion pole whose residue is —2 fr gryn namely, 


d 2 
ha (q) = = ) da (0) a —2 fr Gn NN; (20.52) 
where gryn is the pion nucleon coupling. Current conservation implies that, 
2Mnga (g) + hal) = 0. (20.53) 


In the nucleon rest frame the nonrelativistic limit q — 0, taken in a symmetric 
form qiq; > tói; g yields, 


. . ga 
lim <N'(p2)|J al N(pı)> = lim < u(p2)- [ga (0)o; 
+ha (P). ĝâ:lu(pı)> = 


; a Te 
= lim ga (0) (ði; — Gd) <N'(p2)loi z IN (p1)> 


2 TS 
= 394 (0) <N"(p2)loi -z7 |N (p1)>, (20.54) 
where we have made use of the Goldberger-Triman relation, 
InNN fr 
0) = —_—.. 20.55 
ga(0) = SE (20.55) 


In the Skyrme model we can extract the axial coupling g, (0) in the following 
way. First we compute the space integral over the axial current, 


[eerie = —54Tk [7,A—*r* A], (20.56) 


where d is the space integral over a function that depends only on the classical 
soliton configuration. We then sandwich this operator in between nucleon states 
to find, 


= ; 2 a 
lim | d°xc'?? <N'|J^; (2)|N>= $d <N'loi|N> (20.57) 


q—>0 


Equating the last expression with (20.54) it was found that the Skyrme model 
value of gą (0) = 0.61 whereas experientially it is equal to 1.33. 


20.3.3 The Skyrme model and large Ne QCD 


In Section 19.2 it was shown that the scattering amplitude or quadrilinear cou- 
pling of mesons in the large Ne limit behaves like +. Recall that in this limit we 
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take Ne — oo while keeping AvHooft = g? Ne finite. The amplitude that is pro- 
portional to g? behaves like ra By comparing this result to the quadrilinear 
coupling of the Skyrme model we are able to determine the dependence of the 
Skyrme coefficients on N,. Let us start by expanding the sigma term in terms of 


the pion fields, 


2 

Ly = z Tr [3 gð" g] ~ sont -T+ ap (z OR? n OLR. oz] +O(n°). 

. (20.58) 

The quadrilinear coupling behaves like fr If we expand the Skyrme term in a 

similar manner we find that in that case the coupling behaves like 27 T> and 
hence we conclude in agreement with (19.12) that, 

fen VN. ex am (20.59) 


VN: 


This enables us to check the Ne dependence of the classical Skyrmion mass and 
its semi-classical extension, 


fa 1 3 
Ma~ E ANE Menia ~ Of ~ 5 (20.60) 


Recall for comparison that the two-dimensional solitonic baryons were shown to 
have classical mass which is also order N}, but the semi-classical correction term 
behaves like N? and not +. 


20.4 The Skyrme model for Ne =3 


Phenomenologically we should obviously be interested in the case of Ny = 3 
rather than only two flavors. Moreover, to let the WZ term play a role we 
also have to go beyond Ny; = 2. So we have two reasons to discuss now the 
U(N; = 3) classical solitons and their semi-classical quantization. The action 
is now the sum of a sigma term (20.3), the Skyrme term (20.13) and the WZ 
term (20.9). We can further add a mass term (20.18). The latter can be used 
to introduce an explicit breaking of the flavor symmetry by assigning different 
masses to the different flavor degrees of freedom. In fact one can add additional 
flavor symmetry breaking terms which, to simplify the treatment, we would 
not do. 

We first need to choose a parametrization for the U (N; = 3) group element. 
The analog of (20.8) including the U(1) factor now reads, 


v2 a=8 V2 ya $° 
> 


roe it idle) = of ARM iii A (20.61) 
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where à? are the SU(3) Gell-Mann matrices. In terms of the pions, kaons and 
n we have, 


we ais ale at Kt 
P= T =g + ven K? J. (20.62) 
_ Mal) 2 8 


Next we have to choose an ansatz for the static classical configuration gq (2). 
Recall that in the two-dimensional case we took an embedding of the U(1) in 
U(Ny) of the form go(x) = Diag(1,1,.. M In analogy in the four- 
dimensional case we embed the SU(2) hedgehog configuration in the SU(3) 
group element as follows, 

E 0 
eE r) 0 


0 0 1 


g(x) = (20.63) 


Since the WZ term vanishes for an SU (2) group the solution for F(r) is iden- 
tical to that discussed in Section 20.3 and hence the elevation to Ny = 3 shows 
up basically only in the semi-classical quantization of the collective coordinates. 
Recall that the latter are introduced via go(x) —> A(t)go (x) AT! (t). In two dimen- 
sions we parameterized the quantum fields A(t) in terms of the Z;,i = 1,..., Ny 
variables which was adequate for the CP%/~! that the collective coordinates 
span in that case. Clearly in the present case since the go(x) € SU(2) a differ- 
ent ansatz is required. The most straightforward one is in terms of the angular 
velocities w, that generalize those of (20.38) as follows, 


. 8 
ATYA = > Ya (20.64) 


When substituting this into the Lagrangian one finds, 
1 » - 2,1» : 2 B 
Lsu(s) = La + 50 Sow + 58 dow = Nes aque (20.65) 
a=1 a=4 
Note that the WZ term which is proportional to N, and linear in the angular 
velocity wg associated with Ag that commutes with the classical ansatz [Ag, go (x)]. 
This is very reminiscent of the structure of the WZ term in two dimensions that 
is also linear in the angular velocity associated with the hypercharge with Ne as 
a coefficient. 
The quantization of the system is performed as if it is an “SU(3) rigid top” 
namely one defines the right generators, 


Olen 
Ry = —-—2® = ow, = -tay @=1,2,3 
OWa 
-8B wy a=A,..,7 (20.66) 
NcB 
a= 8, 
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and imposes the quantization condition, 
[Ra; Ro] = iabe Res (20.67) 


where fabe are the structure constants of SU (3). 
The Hamiltonian of the system takes the form, 


Hab È =| J4 5 Cə a ; (20.68) 
Again this form of the Hamiltonian is similar to the one we found in two dimen- 
sions which is also proportional to the second Casimir operator. One can now 
apply the Hamiltonian on states associated with representations of the SU(3) and 
compute the corresponding masses. Using the eigenvalues of the second Casimir 
operator of the representations 8, 10, 10, 27 which are given by 3, 6, 6, 8, 
respectively we can determine the masses of the various Skyrme hadrons. The 
full analysis of the Ny = 3 baryons is beyond the scope of this book. We refer the 
interested reader to literature. For a review of the topic see for instance [231]. 


21 


From two-dimensional solitons to 
four-dimensional magnetic monopoles 


21.1 Introduction 


Solitons play an important role in non-perturbative two-dimensional fields as 
we have seen in the first part of this book. They are intimately related to non- 
trivial topology, they are an essential ingredient in integrable models, and they 
enable the phenomenon of fermion boson duality-bosonization. When passing 
to four-dimensional field theories the topology may be even richer and thus 
we would anticipate having topological solitons as static solutions also in four- 
dimensional space-time. As we have seen in Section 5.3, Derrik’s theorem does 
not permit the existence of solitons of scalar field theory in space dimensions 
higher than one, however, they are not prohibited in theories that include higher 
spin fields, in particular in theories of scalar fields coupled to non-abelian gauge 
fields. Indeed as we will see in this section certain theories of this type that admit 
spontaneous symmetry breaking, admit soliton solutions. These configurations 
carry a conserved topological charge which guarantees their stability against 
decay to the vacuum. As it will turn out this charge is in fact a magnetic charge 
and hence these solitons are magnetic monopoles, or in the more general case 
dyons with both magnetic and electric charge. The construction of dyons from 
static solutions will be the analog process of building up breathers from two- 
dimensional solitons. 

In the next section we present the basics of the Yang-Mills Higgs theory. We 
then show the relation between magnetic monopoles and topological solitons both 
for the simplest case of SU(2) (and S'O(3)) as well as for a general non-abelian 
gauge group. The next topic is the seminal solution of ’t Hooft and Polyakov. 
Then we discuss zero modes, time-dependent solutions and dyons. In the follow- 
ing section we discuss the very important limit of BPS. We then describe the 
construction of multi-monopole solutions that was proposed by Nahm. We show 
its application to the construction of BPS monopoles of charge one and two. The 
next topic is the moduli space of monopoles. We determine the metric on this 
space for the case of widely separated monopoles. 

The topic of magnetic monopoles and dyons has been covered by several review 
papers, proceedings of meetings and books, for instance [21], [214], [67], [7], [182] 
and [193], respectively. Here in this chapter we made use of mainly the former 
two references. 
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Monopoles and dyons play an important role in M = 2 SYM. They admit a 
mathematical non-perturbative structure that can be determined exactly. Since 
we do not discuss supersymmetry in this book the monopoles and dyons of that 
theory will not be addressed in this chapter. We refer the reader to [191] and 
[192]. 


21.2 The Yang-Mills Higgs theory — basics 
Consider the Yang-Mills Higgs system described by the following Lagrangian 
density, 
1 
L= -g TEE] + Tr[D 8 D" 8] — V (8), (21.1) 


where the (non-abelian) gauge group is G, ® is in the adjoint representation of 
the group, namely, 


A, =T*A, PSTP, (21.2) 
where T° are the generators of G (see Section 3.1), the covariant derivative reads, 
D, = 0,8 + te[A,,, 8], (21.3) 

and V(®) is given by, 
V(®) = —p? Tr[®?] + \(Tr[®?])?, (21.4) 


where A is taken to be positive so that the energy is bounded from below, and 
we also take u? > 0. In general one can discuss a similar system where © is 
in any representation of G but here we consider only the case of the adjoint 
representation. 

Let us start with the simplest case where G = SU(2) and © is in the triplet 
(adjoint) representation. For such a case the vacuum solution can be put in the 
form, 


A, (x) =0. (21.5) 


In this case the vacuum expectation value of the Higgs field breaks the SU(2) 
symmetry down spontaneously to a U(1) symmetry along the a = 3 direction. 
The physical fields will be denoted as follows, 
Aj, + iA? 

V2 
which associate with the massless “photon”, pair of mesons W, W* with a mass of 
eV and charges +e and an electrically neutral scalar boson with mass my = V2p, 
respectively. 


Ay = A? W, = 


H 


p= 0, (21.6) 
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For a general group G which we take to be a simple Lie group of rank r (for 
the basic definitions see Section 3.1). In this case the expectation value of ¢ = ®o 
can be taken to lie in the Cartan subalgebra of the group G. Using the notation 
Ë for the r-dimensional vector of the elements of the Cartan subalgebra, ®o is 
characterized by a vector h such that, 


®) =h-H. (21.7) 
The generators of the unbroken subgroup are those generators of G that commute 
with ® 9. These are all the generators of the Cartan subalgebra together with 
ladder operators associated with roots orthogonal to h. If none of the ï are 
orthogonal to h the unbroken symmetry is U(1)", whereas if there are some 
roots 7 such that 7- A =0 then the unbroken symmetry is U(1)'-"" x K where 
K is of rank r’ and it has ¥ as its root diagram. 


21.3 Topological solitons and magnetic monopoles 


In Section 5.2 when discussing two dimensional solitons, we identified a topolog- 
ical conserved current and an associated topological charge. Configurations that 
carry a non-trivial value with respect to this charge cannot, due to charge conser- 
vation, decay to vacuum. These configurations were shown to be stable solutions 
of the equations of motion and to have finite energy. Thus we anticipate that 
also in four-dimensional field theories, and in particular in the Yang-Mills Higgs 
theory we discuss here, there should be solutions of the equations of motion that 
associate with non-trivial topological charges and one can determine their exis- 
tence even without solving the equations of motion. It is easy to verify that for 
G = SU(2) the following current, 

— I erp er Or br ba O°, (21.8) 

871 

where 64 = cae is conserved for any configuration whether it solves the equations 
of motion or not. It follows trivially from the total anti-symmetry of €,))¢ that 
Ə” k, = 0. The corresponding charge is, 


F 1 EAA z 
Q= [diet = gy | Crearea 


= = [Aiea neo aasa) = g | PSren ios. 
(21.9) 
This topological charge is the winding number associated with the map, 
Bo(oo): SPA’ —> ee (21.10) 


where S5P°°° is the boundary of the space at r = oo and where the coset space 


G/H is in our example G/H = SU(2)/U(1) = S2. It is thus an integer charge 
Q = n and as such it must be invariant under smooth deformations of the surface 
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of integration that do not cross any of the zeros of ®. In fact a configuration with 
Q =n must have at least |n| zeros of the Higgs field. If we distinguish between 
a + zero and a — anti-zero then the net number is precisely n. Obviously if 
we consider Higgs configurations of Q = n = 1 there must be one with minimum 
energy. This cannot be smoothly deformed to a vacuum since the winding number 
is quantized. Hence such a configuration must be a local minimum of the energy 
and therefore a static classical solution. 

The next question we want to address is what is the connection between these 
non trivial soliton solutions and magnetic monopoles? The field strength of the 
abelian gauge field A, defined in (21.6), Fuy = 0,A, — 0,A, is the outcome of, 


” 4 1 X A X 
Fy = OFS, — eÂ D, D, ®, (21.11) 
g 


when we take Ê = (0,0, 1), namely ® = y. What distinguishes Fa from an ordi- 
nary abelian field strength is that it does not obey the Biachi identity, 
4n 


~ 1 $ 
“dF = x euvpaO F”? =eky = gE (21.12) 
where g is the magnetic charge which will be shown to be equal to 47/e. Defining 
now the magnetic field B; associated with F,,, as usual as, 


1 ae 
B; = zeF”, (21.13) 
we find that, 
E: ie ae 4 4 
Wes == ky Oy L fsk a a i (21.14) 
g g e e 


We have thus realized that the non-trivial soliton configurations carry a magnetic 
charge and hence are magnetic monopoles. We can further determine the classical 
mass of the monopole since the total energy of such a solution is, 


E= [eae [Tr[E7] + Tr[(Do®)*] + Tr[B?] + Tr[(D;®)7] + V(®)]. (21.15) 


For a static configuration that does not carry electric charge, the first two terms 
are expected to vanish. Then one can show that the form of the mass has to be, 


M =+ (3) (21.16) 


where f(4-) should be of order one. 

So far we have discussed the topological charges of the group G = SU(2) case. 
Let us now address the general case. Instead of the map (21.10), the asymptotic 
Higgs field constitutes in the general case a map, 

G 
(œ): ƏM = 7 (21.17) 
where 0M is the boundary of the space which for ordinary flat Minkowski space- 
time is S2 and G/H is the coset of the unbroken symmetry group H and the 
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original group G, which in the discussion above was SU(2)/U(1) = S2. These 
maps from the boundary of space to the coset, fall into equivalent classes which 
form the homotopy group 72(G/#H). For simply connected group G, namely with 
m1(G) = 0 the classification of the maps is in fact done by 71(#) since for this 
type of G, 


12(G/H) = m, (H). (21.18) 
This follows from the following exact sequence! 
..—> T(G) > m(G/H) > m(H) > mG) >... (21.19) 


The image of a given homomorphism equals the kernel of the next one in the 
sequence. It is well known that for any semi-simple group G, 72(G) = 0 and 
hence, 


m™(G/H) S Ker[m(H) — m (G)]. (21.20) 


Now since for a simply connected group 7(G) =0 we find (21.18). Let us 
describe now several cases of physical interest: 


The ’t Hooft-Polyakov solution that will be discussed in the next section, is 
slightly different since in that case G = SO(3) which is not simply connected 
m™(SO(3)) = Z2 and hence only the even elements of 7,(H = U(1)) are in the 
kernel of the homomorphism of (21.20). This is the source of the fact that 
the quantization condition is twice the one given by Dirac (see (21.27)) even 
though in both cases H = U(1). 

For a simply connected G of rank r and with H which is the full Cartan sub- 
algebra, namely H = U(1)", the homotopy group that classifies the magnetic 
monopoles is mı (H = U(1)") = Z”. 

In the spontaneous symmetry breaking of the electro-weak theory we have 
G = SU(2) x U(1) and H = U(1) such that G/H & S’. Since 72($?) = 0 mag- 
netic monopoles are excluded in this theory. 

On the other hand a wide class of grand unified theories do admit mag- 
netic monopoles. The most prominent example is the G = SU(5) grand unified 
model with H = SU(3) x SU(2) x U(1). This is an example of the case that 
H = U(1) x K where K is a semi-simple and simply connected group. In this 
case there is only a single component of the magnetic charge that is topologi- 
cally conserved. 

Another interesting scenario is the case where the group G twice undergoes 
a spontaneous symmetry breaking namely, G— Hı C G— Ha C Hı. This is 
relevant to an evolution of the universe where at as early stage magnetic 


= 


The reader who is not familiar with the notion of an exact sequence can refer to any text 
book on topology or alternatively to the book of Coleman [66] where an elegant proof of this 
theorem is presented. 
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monopoles associated with 72(G/Hj,) are being created and then the question 
is what is their fate when the universe undergoes a second phase transition to 
Hə? This can be determined by an exact sequence similar to (21.19). 


21.4 The ’t Hooft—Polyakov magnetic monopole solution 


Equipped with knowledge based on the topological arguments of above, that 
magnetic monopoles do exist for theories associated with non-trivial 72(G/H) we 
want to proceed to the determination of explicit configurations of the non-trivial 
topological solutions. It turns out that this is a non-trivial task and only for a 
limited set of cases can it be accomplished analytically. We start with the simplest 
case where G = SU(2), or G = SO(3) as was done in the original solution of 
’t Hooft and Polyakov [123], [175]. We will see in the next section an explicit 
solution using a special limit of the theory. Without this limit one can simplify 
the procedure by searching for spherically symmetric solutions. This implies that 
the fields must be invariant under a combination of rotations and a compensating 
gauge transformation. The latter can be space independent by using the so called 
“hedgehog” gauge where rotational invariance requires that the fields be invariant 
under a combined rotation and global internal SU(2) transformation. Stating 
it differently, one looks for a configuration which is symmetric under a mixed 
angular momentum, 


> 


J=L+T, (21.21) 


where L = —if x V is the ordinary spatial part of the angular momentum and 
I are the generators of the SU(2) gauge group. With this definition of J the 
ansatz should obey, 


[Ji, ®] = 0 [Ji, Aj] = l€ijk Ák. (21.22) 


Using this gauge ’t Hooft and Polyakov suggested the following ansatz for the 
fields, 


1— u(r) 


er 


At = Ciam?” | ° = Fh(r). (21.23) 
To write down the equations that determine u(r) and h(r) one can substitute 
these expressions into the Lagrangian density (21.1) and vary with respect to 
u(r) and h(r). This is easier than the usual procedure of substituting (21.23) 
into the equations of motion derived from (21.1). The resulting equations are, 


h” + 2i + A(v? — h?)h = 0. (21.24) 
r 
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Fig. 21.1. The hedgehog configuration of the Higgs field. The orientation in 
isospace is aligned with the position vector. 


The primes denote derivatives with respect to r. Finiteness of the energy asso- 
ciated with the solution requires that, 


h(co) =v. (21.25) 
Similarly requiring that the solutions are non-singular at the origin implies that, 
u(0)=1 h(0) =0. (21.26) 


Qualitatively, the profile of the Higgs field is that of a hedgehog, as can be seen 
in Fig. 21.1. The orientation in isospace is aligned with the position vector. 

Analytic solutions of these equations will be derived in the next section using 
a special (BPS) limit. In general one has to solve these equations numerically. 
The physical picture that comes out from these calculations is that there is a 
central core of radius Reore ~ +, outside of which u(r) and |h — u|(r) decrease 
exponentially. The mass of the monopole takes the form M = “2 (4) where 
f(0) =1 and f(oo) = 1.787. 


21.5 Charge quantization 


In his seminal paper on magnetic monopoles in quantum mechanics [78] Dirac 
found out that the magnetic charge g and the electric charge e must be related 
via the famous charge quantization condition, 


eg = 27n, (21.27) 
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where n is an integer. This implies that the existence of a magnetic monopole 
explains the observed quantization of all electric charges. He proposed a solution 
of a magnetic potential of the following form, 
> eg FXK 

eA = e E E S (21.28) 
which has in addition to the singularity at the origin also a singularity extending 
from the origin out along the n direction. The quantization condition follows 
from the requirement that physical charges should not be able to detect the 
string. 

Yang-Mills Higgs models with spontaneous symmetry breaking such that 
12(G/H) #0, as we have seen above, admit magnetic monopole solutions asso- 
ciated with each element of the Cartan subalgebra of the unbroken group H. For 
large distance the corresponding magnetic fields take the form, 

eg 1 

eA; = — (1 + cos#)0;¢ +0 | =}. (21.29) 

4n (= ) 
The generalization of the quantization argument of Dirac to the non-abelian case 
is straightforward. This follows from the demand that the electrically charged 
fields of the theory are single valued if acted upon by a group element e°9. 
This quantization condition can be solved in terms of the simple roots 7; where 
i= 1,...,r where r is the rank of H, of the root system of H. From the simple 
roots one constructs a convenient basis (H;) for the elements of the Cartan 
subalgebra with the property that each element has half-integer eigenvalues when 
acting on the basis vector of any representation. This is achieved by taking, 


H= 227. (21.30) 


B= So nH; (21.31) 


This solution can be represented as an r-dimensional lattice dual to the weight 
lattice of the group (see Section 3.1). For the simple example of SO(3) the rank 
is one and thus one gets eg = 47tn twice as the condition of Dirac due, as was 
explained above, to the fact that SO(3) is not simply connected. For the group 
SU(3) which is of rank r = 2 the charge lattice is drawn in Fig. 21.2. In general 
it was shown that the charge lattice is the weight lattice of the dual gauge group. 


21.6 Zero modes, time-dependent solutions and dyons 
From the static SU(2) monopole solution discussed above we can generate obvi- 
ously (infinitely) more solutions by applying gauge transformations. This of 
course will be avoided by fixing a gauge. However even in that case there is 
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Fig. 21.2. The charge lattice of the SU(3) monopole. 


one unfixed global gauge U(1) phase. This adds up to the parameters associated 
with the translation of the monopole. Infinitesimal transformations of this set of 
four parameters generate field variations 6A; and 6® that preserve the equations 
of motion and leave the energy unchanged. These variations in general will be 
referred to as zero modes. 

Time-dependent excitations of the translational zero modes can be derived by 
substituting 7 — 7 — vt into the static solution. This has to be done together 
with ensuring the Gauss law constraint, 


D;E' = ie[®, D°S], (21.32) 


which also implies that for most choices of gauge A’ Æ 0. Substituting the solu- 
tions of the Gauss law into the expression of the energy (21.15) one can show 
that the change of energy for non-relativistic velocities is as one expects, given 
by, 


AE = 5 Mla. (21.33) 


Next we want to describe the excitation of the zero mode associated with the 
fourth parameter, that of the global gauge phase. The Noether charge associated 
with this transformation is the electric charge that corresponds to the unbroken 
U(1) gauge symmetry. In terms of the physical variables defined in (21.6) this 
takes the form, 


Qe = -ie | Pal?" DoW; — Dj; Wo) — WI Do (W7 — DiW), (21.34) 


where the U(1) covariant derivative is defined by D, W, = (0, — ieA,)W, and 
where a string gauge is used where the Higgs field direction is uniform. 
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A dyon [134] is defined to be a configuration that carries both magnetic as well 
as electric charges. To construct such a solution we start with a static solution 
in the string gauge and multiply the W field by a uniformly varying U(1) phase 
factor e’”'. In analogy to the magnetic charge found above, the electric charge 
has the form, 


Qg = [est = fesse. (21.35) 


The time-dependent configuration can be transformed into a static solution 
by a U(1) transformation of the form, 


W; > e ly, A; ~ A; Ao > Ao = Ap — 7 (21.36) 


In this static form we can transform the solution into the non-singular hedgehog 
gauge with A? and ®* given by (21.23) and, 


Aé = #*j(r) = f Ao. (21.37) 


For this case the static field equations, which are the analog of (21.24) become, 


2 , 2u2h 
hl" + <n! — 4 Nv? — Wh = 0, 
r qe 
(u? —1)u 2 2 -2 
u” ->z — eu(h — j“) = 0, 
2, 2u?j 
i" +55 - = =0, (21.38) 


where the first equation is identical to the one in (21.24), in the second there is 
a 2e?°uj? addition and the third equation is the Gauss law. 

The dependence of Qg on w can be determined by substituting the ansatz 
into (21.34) and recalling that Wọ = 0 we find, 


Qe = FE faru(r) CE Sii (21.39) 


The integral can be estimated since u(r) falls off exponentially outside a region 
of radius ~ 1/v so that, 


(21.40) 


where T is of order unity. In analogy to (21.33) one can show that the correction 
to the energy is, 


_ Uu _(e&\? QM Qr 
aR (i 2If aago n ely) 
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21.7 BPS monopoles and dyons 


A special limit of the monopole configuration occurs when one takes the limit 
of, 


2 
A390 wWa0 v= = fixed. (21.42) 
In this limit the energy of the system, 


E= [tone -B+B-B+ (Dj) + (D®)?| 


= if d@axTr[(E + snaD®) + (B + cosaD®)? + (Do®)?] 


+2 I d’z|cosaTr|B - Da] + sinaTr[E - D]. (21.43) 


The passage from the first line to the rest is of course an identity for arbitrary 
a. Next we perform an integration by parts in the last line and use the Gauss 
law D- E — ie[®, D°®] = 0 and D- B = 0 we find, 


E= / @PeTr|(£ + sina Da)? + (B + cosa Da)? + (Do8)? 


T COS aQm + sin aQrn 


E >x+tcosaQy tsinaQz, (21.44) 


where the magnetic and electric charges Qm = vQy and Op = vQr are given 
by (21.14) and (21.35) 


Om = 2 [aes r(08| On = 2 f es. (oe, (21.45) 


Recall that so far a is arbitrary. The most stringent bound is achieved when 
one takes tana = ge, for which the bound reads, 


E > 4/Q%, + 2. (21.46) 


It is easy to realize that the bound is saturated if, 
E=cosaD6 B=sinaD6 Dib =0. (21.47) 


These first-order equations are referred to as the Bogomolny Prasad Sommerfeld 
equations or BPS equations ([41] and [180]). The configurations that obey these 
equations have the minimal value of energy, 


E=,/Q2,+ , (21.48) 


for given magnetic and electric charges Qm, Qg respectively and hence are also 
solutions of the (second-order) equations of motion of the system. In particular 
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the magnetic monopole which carries no electric charge and is static and hence 
Op = 0 and Do ® = 0 (in the Ap = 0 gauge), obeys the Bogomolny equation, 


B= Dò. (21.49) 


The BPS limit seems to be unnatural and artificial since we have introduced a 
potential to give a non-trivial expectation value to the field ® and then we tuned 
the potential to zero keeping the expectation value. It turns out that in certain 
suspersymmetric models the BPS equations follow from the requirement of the 
invariance under supersymmetry. Since supersymmetry is not discussed in this 
book we refer the reader to the literature, for instance [214]. 

If we go back to the equations of motion and substitute A = 0 the equations 
take the form, 


2 2h 
hl Ba N 
f: r 
2 
-1 
u” — a Sa — euh? =0. (21.50) 
r 
The solution of this set of equations is given by, 
evr 1 
= —— h(r)= th — — 21.51 
u(r) e (r) = vcoth(evr) = (21.51) 


The fact that ® falls off as 1/r and not exponentially is due to the fact that in 
the BPS limit it has a vanishing mass and hence associates with a long range 
force. 

The BPS equations can also be solved for the case of a dyon, namely a config- 
uration that carries both a magnetic as well as an electric charge. In that case 
the solution reads, 

evr 
HS sinh(evr) 
h(r) = VO + Ce i coth(etr) — =| 
Qu er 
-Qu | 


0 coth(edr) — J 3 (21.52) 
E 


er 


21.8 Montonen Olive duality 


In two dimensions we have seen an equivalence between a soliton configuration 
and an elementary field. This was the essence of bosonization manifested for 
instance in the equivalence between the sine-Gordon theory and the Thirring 
model (see Section 6.2). Montonen and Olive [163] conjectured an analogous 
duality between the spectrum of states created from the elementary field and 
from those created by the solitons. Since the former are electrically charged 
and the latter are magnetically charged, the duality is in a sense a non-abelian 
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Table 21.1. The spectrum of the SU(2) 
YM Higgs theory in the BPS limit 


Mass QE Qu 
photon 0 0 0 
O 0 0 0 
W= ev +e 0 
Monopole Amv 0 + im 


generalization of electric-magnetic duality of the Maxwell equations. To under- 
stand this duality notice that under the following operation, 


4 
Qe~Qm eo =, (21.53) 


the entries associated with the W mesons and those of the magnetic monopoles 
in Table 21.1 are interchanged. 

It turns out that on top of the self-duality of the spectrum, there is a similar 
duality also in the low energy scattering. It is a well-known property of BPS 
states in general and in particular the magnetic monopoles that there is no net 
force between them. This follows up from an exact cancellation between the 
magnetic repulsion and the attraction due to an exchange of a Higgs scalar. The 
zero velocity limit of the scattering amplitude of two W bosons also admits a no 
force behavior. The exchange of a single photon is cancelled out by the exchange 
of a Higgs boson. 

In the non-supersymmetric YM Higgs theory the duality of the spectrum and 
the scattering amplitudes cannot be lifted to a duality of the full theory. A simple 
indication of this is the fact that the W boson carries a spin one, whereas the 
quantum state built from a spherical monopole carries spin 0. In supersymmetric 
analogs of the YM Higgs theory this difficulty may be overcome since both the W 
bosons as well as the magnetic monopoles are members of supersymmetric mul- 
tiplets that contain states with several different spins. It turns out that the YM 
theory with 16 supercharges, the so-called V = 4 SYM admits a complete invari- 
ance under the Olive Montonen duality. Since we do not discuss supersymmetry 
in the book we refer the interested reader to the review papers mentioned above, 
for instance [214]. 


21.9 Nahm construction of multimonopole solutions 


This construction [167] maps the Bogomolny equation in three variables into a 
nonlinear equation in one variable. We present the construction for the SU(2) 
case. To simplify the notations we set the coupling constant e = 1. It can be 
restored when needed. 
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The construction of an SU(2) k monopole is built from three steps: 


eR 


. We look for a quartet of Hermitian k x k matrices T),(s), where u =0,i = 
1, 2,3 which satisfy the Nahm equation, 

a + i[To, T;] + ; 
where s is an auxiliary variable that takes its value in the interval 
—v/2 < s < v/2 and where v is the vacuum expectation value of the Higgs 
field. For k = 1 since the commutators vanish we get that T; are constants. 
In fact due to the ordinary gauge invariance one can choose a gauge where 
To = 0 and hence the equation reads, 


dT; i 
+ Seijn(Tj, Te] =0. (21.55) 


The boundary condition that one should impose for the multimonople case is 
that the T;(s) have poles at the boundaries of the form, 


Ti(s) = -3 + 0(1). (21.56) 


Eijk |T}, Tk] = 0, (21.54) 


The Nahm equations implies that the L7 form a k-dimension representation 
of the SU (2) algebra, 


(LF, LF] = ieia LE. (21.57) 


io 
These representations should be irreducible, namely, must be equivalent to 
the (k — 1)/2 representation. 

The next step is to solve the construction equation for the 2k component 
vector w(s,7), 


D 


Alw(s,7) = -4 - T; 8 ci +rilk 8 oj} w(s, T) = 0. (21.58) 


We denote by wa(s, T) a completely linearly independent set of normalizable 
solutions that obey the orthonormality condition, 


v/2 
J dsw!(s,P)wy(s,7) = dap- (21.59) 
—v/2 
3. It can be proved that for the SU(2) case there are only two normalizable 
solutions w,(s,7). The space-time fields are given in terms of these as follows, 
v/2 
6% (7) = dsw? (s,7)wy(s,7), 
—v/2 
v/2 
AM (F) = | dsw! (s,7)0;wy(s, 7). (21.60) 
—v/2 


We do not bring here the the details of the proof of this construction (see for 
instance [71]) we just mention that it includes the following elements: (i) Using 
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the expressions for °? and A2? given above in (21.60) one can show that B?? and 
D;®* are identical and hence the Bogomolny equation is obeyed. (ii) Showing 
that the solutions lie in SU(2) and (iii) computing the long-range behavior and 
showing that the solutions indeed have a magnetic charge equal to k. We refer 
the interested reader to, for instance, [214] for the detailed proof. Instead we pro- 
ceed now to a demonstration of the application of the method both for k = 1 and 
k = 2. As was mentioned above for the former case the T; are constants indepen- 
dent of s. In fact these constant values of T enter the construction equation as 
(F- T) -@ namely, they are the coordinates of the center of mass of the monopole 
and thus by shifting to a frame of coordinates which is centered at the monopole 
center T = 0. The construction equation (21.58) takes the form, 


dw 


q TT ZW (21.61) 
The two normalizable solutions of this equation are, 
wals, F) = N(r)e M, (21.62) 


where M is a normalization factor and na are orthonormal constant vectors. From 
the orthonormality condition we find that, 


N (r) = 4/ sior (21.63) 


where we have made use of the first of the following integrals, 


—v/2 a 
v/2 y Po 
/ ses? ds = z [vr cosh(vr) — sinh(vr)}. (21.64) 
—v/2 r 


Using the integral we find that the Higgs field and the corresponding gauge field 
are given by, 


1 1 r- 
Puy = = € coth(vr) — 3 n- TMp, 
2 i r 
ESEE TEE A T PE (21.65) 
a ant E ISE EE 2r  2sinh(vr) 


Upon setting ný = (1,0) and né = (0,1) we retrieve the hedgehog solution of 
21.51). 


21.9.1 SU(2) two-monopole solutions 
The k = 2 solutions are characterized by a priori eight parameters out of which 
one corresponds to the U (1) phase and as for the case of k = 1 does not enter the 
Nahm data. Three parameters relate to the translation and three to the rotations 
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of the solution. Thus we end up with one non-trivial parameter. Intuitively this 
parameter should relate to the separation distance between the two centers of 
the solution. Let us see if the Nahm construction verifies this intuition and to 
what extent one can write an explicit solution for this case. The T;(s) which now 
are not constants can be decomposed into the following form, 


T;(s) = T? (8) -€ + T3(s)b. (21.66) 


Substituting this into the Nahm equation implies that the T? (s) have to obey, 


aT? (s) 1 pu Pw 
r 5 zsirT) (s) x TR (s). (21.67) 
It is easy to realize that there is a relation between the T (8), namely the fol- 
lowing matrix, 
a Pu 1 rw Pu 

Tiy = T?(s) Fis) — 38g TE (8) T2 (8), (21.68) 
is s independent. After some tedious algebra one can show that the most general 
form of T? (s) takes the form, 


m 1 
T? (s) = 5 OL Ais fils + v/2, 4, d)r; ed; h, (21.69) 


where A;; is an orthogonal matrix of constants that diagonalize T;j, f(s + 
v/2,«,d) are the Euler top functions? and the parameter d can be shown for 
widely separated monopoles to be the inter-monopole distance as the original 
intuition taught us. 


21.10 Moduli space of monopoles 


As we have seen above the monopole configurations are parameterized by certain 
moduli. One defines a space of these moduli, the moduli space. The properties 
of this space are intimately related to the low energy behavior of monopoles 
and dyons. In Section 22.3 we will describe the moduli space of YM instantons. 
Denoting the collective coordinates that parameterize a monopole configuration 


2 The Euler top function can be expressed in terms of the elliptic functions SN, (£), CN; and 
DN;.(x) as follows: 


SN (Da) 
DN,(D« 
f2(x, K, D) = DEGR 
f(a, 8, D) = -D 3705 (21.70) 
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by zr, the Lagrangian of the system is approximated by, 
1 
£ = —(total rest mass of monopoles) + 5 Irs (2)ar 2s. (21.71) 


The metric on the moduli space g,;(z) can be determined from the background 
zero models of the gauge fields as follows, 


GrlZ)= 2 | aaTh(5,A.6.4, + 6, 06,8] = 2 f aTi, And. A] (21.72) 


where a takes the values a = 1,...,4 with A4 = ®, and where, 
ð Ac! a 
6, At = Cee D'er, (21.73) 
Žr 


and where e. is defined via Ap = Z,¢€, which follows from the Gauss law, 
D,F® =0. 

In the case of a single monopole, as we have seen above, there are four zero 
modes associated with the location of the center of the monopole fem and the 
global U (1) phase so that, 


g I 
Jrs (2)žržs = M (fem)? + =å, (21.74) 
e 


where M is the mass of the monopole and J is defined via (21.39 ) Qg = Iw. 

The moduli space of BPS monopoles is hyper-Kahler. This property that 
implies that there are three almost complex structures with correspondingly 
three closed Kahler forms will be discussed in detail in Chapter 22, so we will 
not discuss it here for the BPS monopoles. 

An important part of the structure of the moduli space is encoded in its isome- 
tries, namely the symmetries that preserve the form of the metric. Naturally since 
the underlying space where the monopoles reside is an R? the isometries include 
three translations of the center of mass of the collective coordinates. The same 
applies to the spatial rotation of the monopole. It takes a monopole solution 
to another monopole solution and hence it maps one point in the moduli space 
into another one. Another type of isometries is those associated with the unbro- 
ken U(1) gauge groups. These isometries, unlike the rotational isometry pre- 
serve the complex structure. One can choose a coordinate basis where the gauge 
transformations act as translations of the angular variables £4, with the corre- 
sponding Killing vectors being K4 = a Denoting by y? the rest of the coor- 
dinates, the Lagrangian associated with the moduli space approximation can be 
written as, 


L= dou PI" $ sdan (le! + pws (YE? +y wË (y). (21.75) 


Thus the coordinates €4 are cyclic coordinates and their conjugate momenta are 
conserved. In fact the latter are the electric charges of the dyonic cores. 
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For monopoles that are separated by large distances the task of determining 
the metric of the moduli is much easier. Consider a system of N fundamental 
monopoles all well separated from each other. In such a layout only abelian inter- 
actions are relevant and there is an enhanced gauge symmetry. Instead of having 
a conserved electric charge for each unbroken U(1), there is an effective con- 
served charge for each monopole core. The moduli space is spanned in this case 
by 3N coordinates of the positions of the cores and N angles Ë, Tlie ING 
The enhance symmetry is the translation along each of the €;. The approximated 
Lagrangian then takes the form, 

1 


L= Z Myle)” EË + OË + uf (oa + wj(@at. (21.76) 


By computing the pairwise interactions between the separated dyons, one can 
determine the functions M;,; (x), gi; (x) and wi (a). We refer the reader to [214] 
for the derivation and we cite here the results, 

My = mi -Pry SSE, i=j 


4rã*-a7 
ee i j 5 ; 
Mij = Dra Eri ? 1 x J 


21.77 
21.78 
21.79 


) 
) 
) 
21.80) 


( 
( 
( 
Wij =O; Oj wiz, Ej ( 
and K = “m? m Z1 Tt can be further shown that the metric of the moduli space 
of a two monopole BPS solution can be determined exactly and it takes the 
form of a Taub-Nut metric or Atiya-Hitchin metric [19] depending whether the 
monopoles are distinct or the same. This is beyond the scope of this book and 


we refer the reader to for instance the review [214]. 


22 
Instantons of QCD 


In Chapter 5 we saw that solutions of the classical equations of motion, which are 
characterized by a topological number, play an important role in two-dimensional 
QFT. Derick’s theorem (5.36) forbids scalar field soliton solutions in higher than 
two-dimensional space-time. However, for gauge fields one can bypass the theo- 
rem, and indeed, as we have seen in Chapter 21, there are solitons in the form of 
magnetic monopoles in four-dimensional gauge theories. The topic of this chap- 
ter will be solutions of the Yang-Mills theory defined on a Euclidean space-time 
which have finite action and are topological in their nature, the instantons. We 
will start with a description of the basic properties of one instanton solution 
including the topological charge that characterizes it. We then describe the con- 
struction of multi-instanton solutions and the moduli space of instantons includ- 
ing its dimension, complex nature, singularities and symmetries. When Wick 
rotated to Minkowski space-time the instanton describes a tunneling process 
between different vacua. We will elaborate on this phenomenon in the context of 
the four-dimensional YM theory. Various properties of QCD and hadron physics 
were thought to be related to instantons. In certain cases like confinement, the 
relation to instantons is still a mystery. One case where the role of instantons 
is clear is the U(14) problem. This will be described in the last section of this 
chapter. 

The one instanton solution was derived in [32]. The basic properties of instan- 
tons were worked out by many authors including [125], [57]. The instantons of 
SU(N) gauge symmetry were derived in [218]. There are several review papers 
such as [65], [208] and [189] and books [182] and [188] that describe the basic 
instanton solutions. 


22.1 The basic properties of the instanton 


The action of the four-dimensional YM theory in Euclidean space-time can be 
rewritten in the following form, 


1 


S= ag 


1 
dtz Tr [FH F,,] = — | d*2F?"" F? 
L Ag? 


1 1 
S= aa fe E Tr [FY * Fy] + zE (Fuu F* Fuu) (F"” F* F"), (22.1) 
g 
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where as usual Fy = FETS! and * Fy = eure Fpo is the dual field strength, 
and g is the YM coupling. The first term in the second line is a topological 
invariant, or a topological charge? since, 


E faerie yee F, j= fat tO, Ky, = f do, K ie (22.2) 


where, 
1 3 
K, = dad Tr A, 0, Ac + gAeAo % (22.3) 


In fact Q is the Pontryagin index or the winding number of maps from the 
sphere at space-time infinity to the SU(2) group manifold which is also the 
three sphere, namely 93 — $3. This topological invariant is the homotopy 73($*) 
which is an integer 73($°) € Z. This can be shown as follows. Since the self-dual 
field is asymptotically a pure gauge, namely on o, A, = U0, U -1 and F, =0 
hence, 


Q= me Ez P dopenvoo Tr [A, A, Ao] 


Q= a $ donenvoo Tr [((0,U)U~*(0,U)U—! (0, U)U“"}. (22.4) 


If we take for U the following ansatz that will be shown below to correspond 
to the one instanton solution, 


U(x) = Ly On = To + iziii, (22.5) 
we found, 
—122,, 
F: fonk os m | [e ) 
1 2 T 
= 508 dQz,, |x| a = 5,2 =z f a= =l; (22.6) 


Thus we have shown that Q is indeed the winding number that measures how 
many times we wind S? when we integrate over 93. 

Let us now return to (22.1). Since it is a sum of a topological charge and a 
positive semi-definite quantity, it is clear that it is minimized when the latter 
vanishes namely, 


Fy =+*Fw. (22.7) 


The corresponding gauge fields A,, (with a + sign) will be referred to as instanton 
or self-dual gauge field and those with a — sign as anti instanton or anti self-dual 


1 In this chapter we denote the SU(N) adjoint indices with a = 1,..., N? — 1 whereas in 
Chapter 19 we used A and not a. 
? Recall in analogy the topological charge defined in two-dimensional scalar field theories (5.3). 
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gauge field. It is straightforward to show that the self-duality condition implies 
the equation of motion, 


Du Fu = 9. (22.8) 


A solution of the equation of motion is not necessary self-dual but it can be shown 
that the non-self-dual configurations are saddle points and not local minima of 
the action. 

Comparing the expression of the action (22.1) and the topological charge (22.2) 
it is clear that a (anti) self-dual configuration that carries an instanton number 
(Q = —k),Q = k has an action of, 


8n? 


One can add the topological charge as an additional term to the action. To be 
more precise one adds a 0 term, 


: 0 4 UV * . 
Sp = ‘Tee fe x Tr [FYY* Fuu] = i6k. (22.10) 


Whereas the ordinary YM action is the same for the instanton and anti-instanton, 
the 0 term obviously distinguishes between them by assigning opposite charges 
to them. We will further discuss the theta term in Section 22.5. For the self-dual 
solution up to a constant the action is equal to the topological charge which by 
definition does not depend on the metric. This exhibits the topological nature of 
the instanton. Another indication of this nature is the fact that it has vanishing 
energy-momentum tensor as follows from, 


2 1 7 
T= E Tr | Fup Fpp — zôu Fag F?” =0. (22.11) 


This clearly implies that instantons do not curve the space-time they 
reside in. 
The one instanton solution for the SU (2) can be constructed from U(x) given 
in (22.5) via, 
2 


Ae = -1 ; P : 
n(v) = Ud, UE Rey Xp (22.12) 
which yields the explicit form, 
j Marz- X)” 
A (x) = 2a (22.13) 


GETA 
where n; is the *t Hooft antisymmetric symbol defined by, 


Gin Ba 0 = a a _ sa 
Nav = Euv HVS 1,2,3 M4 = Mp = on 


Mv = Env MY =1,2,3 pa = —M, = —O)- (22.14) 
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It is easy to check that 7, and 77/,,, are self-dual and anti self-dual respectively. 
The corresponding field strength takes the form, 
p 
Fi, = 4ni i 
uv Nav (x = x) F pel? 


Obviously since n% is self-dual so is Ff,- 


(22.15) 


The one instanton solution is characterized by eight parameters, four corre- 
spond to the center of the instanton X,,, one to the size of the instanton p and 
three to three global SU(2) gauge transformations. Recall that fixing a guage 
we fix only the local gauge transformations. The space of parameters of the k 
instanton solutions will be further addressed in Section 22.3 where it will be 
shown that in general for SU(N) the dimension of the moduli space is 4kN. 

The instanton solution (22.13) falls off asymptotically as + and hence it con- 
tributes a finite amount to the integral of the topological charge (winding num- 
ber) which is of the form f A*a*dQ. The field strength falls off as 1/x* such 
that indeed the corresponding action is finite. However due to the asymptotic 
behavior it is difficult to form square integrable expressions that contain it. For 
that purpose one can use the following singular gauge transformation, 

oi (x —X)# 


U = +~—__— 22.16 
-e (22.16) 
which renders the instanton to have a + fall off as can be seen from, 
1 2@(2- XY, 
At = p 2 ) Ti (22.17) 
g (z — X} [z — X)? + p?] 


The singular instanton is obviously singular at the location of the instanton 


x, = X,. This singularity is not physical and can be removed by a gauge trans- 
formation or by puncturing the Euclidean space with the singular point being 
removed. 

Instantons of SU(N) gauge theory can be constructed by embedding SU(2) 
instantons in SU(N) for instance, 


n [0 0 
SU(N 
SU(N) f wa) (22.18) 


where the instanton is the 2 x 2 matrix on the lower right. The most general 
SU(N) one instanton configuration can be derived from (22.18) by the following 


transformation, 
; SU(N) 
SU(N) _ {jt 
An j & 2300] Ue’ SU(N 2) XU): 


(22.19) 


Operating with U € SU(N — 2) x U(1) obviously leaves the basic configuration 
invariant and thus only transformations with elements of the coset are relevant. 
This is in accordnace with the fact that for a k instanton solution the stability 
group is S(U(N — 2k) x U1)) as will be shown in Section 22.3. The dimension 
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of the coset is N? — 1 — ((N — 2)? = 4N — 5. Together with the 5 parameters 
of the location and the size we have 4N collective coordinates. Indeed in Sec- 
tion 22.3 we will see that in general the dimension of the moduli space is 
4Nk for instanton number equals k solution. To demonstrate this counting con- 
sider the case of SU (3) for which the generators are the Gell-Mann matrices 
{\"}, a=1,...,8. The first three generators Àa, a = 1,2,3 form the SU(2) 
k = 1 instanton. Ay,...,A7 form two doublets under this SU(2) so they can gen- 
erate new solutions while Ag commutes with the SU(2) and hence leaves the 
basic SU(2) solution invariant. 

One can express the instanton solution in terms of quaternionic notation. This 
will turn out to be convenient for the ADHM construction of multi-instanton 
solutions (see Section 22.2). The idea is to make use of the representations of 
the covering group SU(2), x SU(2)r of the Lorentz group of four-dimensional 
Euclidean space-time rather than the SO(4) Lorentz group itself. In particular we 
represent any four vector of SO(4) as a (2,2) representation of SU(2), x SU(2)r, 
for instance the four vector x, is denoted by £a or x°* defined as follows, 


= H aa __ -à&a 
Lad = LuOgg V| = Lpg, (22.20) 


where of, is a 2 x 2 matrix of (i¢,1) and a4, = (o%,)'. In terms of the quater- 


nionic notation the one instanton solution (22.13) for SU(2) gauge theory is 
given by, 

1 2(a — XY Sy, 

Hy = ous SE (22.21) 

g(x- X}? +p 
where Xv, which were introduced in Section 17.1, are the part of the Lorentz 
generators that do not act on the space-time coordinates but only on the internal 
degrees of freedom. Here using the SU(2), x SU(2)r notation we define them 
as follows, 


1 L 
Ly = gea —OyOn) Ep = gro — Oyõp)- (22.22) 
The self-duality property of the instanton configuration follows trivially from the 
fact that Xv is self-dual, namely, 


1 2 1 = 
Xuv = Emap E Xuv =T Sz Euap E. (22.23) 
The corresponding field strength reads, 
1 4P} yy 
Fy = Pa (22.24) 


g (2 - X)? +P)? 
As was discussed above, the instanton solution (22.21) falls off asymptotically as 


+ and hence it is difficult to form square integrable expressions that contain it. 
The solution in the singular gauge now reads, 


= 1 20° (x — XP oop 
a g ((x — X} (z — X} +) (22.25) 
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22.2 The ADHM construction of instantons 
The vacua of the YM theory is given by pure gauge configurations (which can 
be written in terms of a double index notation, 


Lea 
Aj = zU": Un, (22.26) 


where i, j,l = 1,..., N. It is straightforward to check that this gauge field obeys 
the self-duality condition. The idea of the ADHM construction? is to generalize 
this configuration also to the k instanton case by taking now the matrices U to 
be of the form Uz; where Z = 1,..., N + 2k with the orthonormality condition, 

Ut Uz; = ôi. (22.27) 
The U matrices are the basis vectors of a null space, 

AM Un = 0 = Ut; Agra, (22.28) 
where J = 1,...,k and Azza is a (N + 2k) x 2k complex valued matrix which is 
taken to be linear in the space-time coordinate x,, namely takes the form, 

Atré = aTla + oF; Laa Ate? = at’? + eee ae (22.29) 
and with A = (Azra )*. 
The ADHM k instanton solution of the form (22.26) is self-dual if one further 
requires that Azza obeys the following condition, 


aL ae: 
AN Azs = ô; (f Hry, (22.30) 


where f is an arbitrary x-dependent k x k dimensional Hermitian matrix. Since 
frs(x) is arbitrary there are three “ADHM constraints” on a, at, b and bt, 


Is | 
at Bety 
a'r brr = bip abg 

5 1 A 

ot bb, = (50'a) 58, (22.31) 
2 IJ 

It is straightforward to realize that the ADHM construction is invariant under, 
A> AAB U> AU f>BfB, (22.32) 


where A € U(N + 2k) and B € GL(k,C). Thus by construction there is a redun- 
dancy in a and b. One can choose a simple canonical form for b and a as follows, 


6 0 E à 
biy = ec» bt 47 = (0 , 83 8zi) 
Aisa åI hts pêa 
anja = (a! a'z = (âôṢ;, (a )rg). (22.33) 


where T = i + Ta. 


3 Multi-instanton solutions were presented in [220], [132] and other papers. Our discussion of 
the construction of multi-instanton is based on the paper of ADHM [20]. This approach was 
further discussed in [70]. We follow the description of the construction given in [81]. 
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In this parametrization the third ADHM constraint is automatically obeyed 
while the other two take the form, 


. B ae È, B 
a (at aa) =F ((al) âa + atal) =0, (22.34) 


where we made use of the fact that a’ must be Hermitian. In this canonical 
parametrization the matrix f reads, 


f =Â) Ga + (a), + tulaj) (22.35) 


The field strength Fy that corresponds to the ADHM k instanton configura- 
tion (22.26) can be written in the following form, 


1 1 
Puy = Oy Ay — Oy Ag + glAn, Av] = zôu (UOU) 4s z U" Aw) (U0, U) 


II 


1 1 
5 OnUT(L = UV) AU) = 73L Ut ALATA U 


II 


1 1 1 
go uA fo, A'U = U tos) fbtU = 4z Ubon fotU, (22.36) 


where we have made use of, 


PJ = UnU+T = ôT — Arta TAN (22.37) 
To get an explicit expression for A, we make use of the decomposition 
Us Gite 

Uz; = Aza = : 22.38 

i wa = (cases) oe 
From the completeness condition (22.37) U can take the form, 
in py awe nyt pavg—l 

U = Vw aaf) U = a, s@ ar (22.38) 


We next show that for the particular case of k = 1 the ADHM solution (22.26) 
is identical to (22.25). For k = 1 we have to drop the indices J, J. One can verify 
that in that case the parameters aj, can be identified with the center of the 
instanton X,,. From the ADHM constraint (22.34) we get that, 


(at) aa = 9°58, (22.40) 


and 
1 


l= eX PFA ga 


where p will naturally be the size of the instanton. 
From the relation (22.39) we deduce that, 


$ 1 (ex eps 
ved 1} (ai) a, 
INIxIN] a ( (2 — XP +p? aaa 
j (x — X)aa(a')* 


ja—X|f/@— XP +p? 


Il 


(22.42) 
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Plugging these expressions into U we finally get the singular form of the one 
instanton solution (22.25). 

In general for k # 1 one can show that the gauge configuration given in (22.36) 
indeed carries an instanton of charge k. To derive this result one makes use of 
the following relation, 


g’ Tr [Fi] = 0,0" tr, [log f]. (22.43) 


This relation can be proven by expanding the two sides of the equations using 
the explicit expression for Fy (22.36). Upon integrating (22.43) over the whole 
Euclidean space-time divided by mar and making use of the fact that asymp- 
totically f(x) — -4, we find that indeed it is equal to the instanton charge k. 


z2? 


22.3 On the moduli space of instantons 


The moduli space of instantonst M is the space of inequivalent self-dual Yang- 
Mills configurations. The notion of moduli space of solutions is an important tool 
in general and in particular for instantons. We have encountered it in the context 
of magnetic monopoles in (21.10). We will elaborate in this section about the 
basic properties of the moduli space of instantons such as its dimension, complex 
structure, metric, symmetries, and singularities. 

Consider a small fluctuation ôA, (x) around an instanton solution A, (x) which 
is also a self-dual solution of the YM equation, namely, it obeys to linear in 
õA, (2), 


D 5A, — Dy bAy = pupo DSA’, (22.44) 


where D, is the covariant derivative in the instanton background. In terms of 
the quateronic notation this equation reads, 


zipi  SAaa =0, (22.45) 


where J = o” D,. Next we would like to guarantee that the fluctuation is not a 
local gauge transformation. This can be done by requiring that the fluctuation 
be orthogonal to any gauge transformation, namely, 


J dx Tr[6A, DA] =0 — D"A, =0, (22.46) 


where we have made use of an integration by parts to derive the last expression. 
In the quaternionic notation this condition takes the form of DS Aaa =0 
which combined with (22.45) is given by, 

D 


5A; =0. (22.47) 


4 The properties of the moduli space of instantons were discussed by many authors. In partic- 
ular [155], [141] and [80]. The review about the moduli space that we are using is [81]. 
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The fluctuation that obeys this equation is referred to as a zero mode since it is 
a physical fluctuation that does not change the action. Note that this is exactly 
the equation of motion of a Weyl spinor in the background of the instanton 
A,,(x). The zero modes defined by (22.47) are the collective coordinates of the 
instantons. 

Since the YM instantons are characterized by the topological charge defined 
in (22.2) so is the corresponding moduli space. We thus discuss the moduli space 
of instantons of charge k which we denote by Mẹ. 

It can be proven that the moduli space of instantons is a manifold. In fact we 
will see below that M, has some conical singular points associated with zero size 
instantons. The coordinates on the moduli space are the collective coordinates 
that were just shown to be equivalent to the zero model (22.47). We denote by X,, 
the collective coordinates where n = 1,...,dimM,. A trivial set of coordinates 
are the space-time coordinates of the center of the instanton X, accordingly the 
moduli space is a product of the form, 


Mp = RR! x Mg. (22.48) 


The collective coordinates X, follow from the fact that the instanton solu- 
tion breaks the symmetry of the action under space-time translations. There are 
other collective coordinates that associate with symmetries of the theory that the 
instanton configuration breaks. However, not all symmetries yield non equivalent 
collective coordinates and not all the coordinates associate with broken symme- 
tries. 

From the ADHM construction it follows that the moduli space is identified 
with the variable a subject to the ADHM constraints (22.31) quotiented by the 
residual U (K) symmetry transformation (22.32) with, 


fess Gee ”) | B=C CEU(k), (22.49) 
O Clip} x;2] 


which preserve the canonical form of b (22.33) and transform a as follows, 


Aira > GC al, + Chal C. (22.50) 


Thus the dimension of the moduli space is, 
dim Mx = 4k(N + K) —4dim U(k) = 4k(N +k) — 4k? =4NK. (22.51) 


This result can be derived also by using an index theorem that counts the zero 
modes at a point in the moduli space. In fact as we will see shortly the space Mk 
is a hyper-Kahler quotient of the flat space R**('+%) by the U(k) group. The 
one instanton solution of SU(2) is indeed characterized by the four coordinates 
of its center, its size and three global SU(2) gauge transformations. 

The moduli space is a complex manifold. A complex manifold is an even- 
dimensional manifold that admits a complex structure I a linear map of the 
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tangent space to itself such that I? =0. There are always local holomorphic 
coordinates (Z', Z'),i = 1,...,n (see Section 1.1) for which, 

õi 0 ee oe 

t=( “9 ©) g=g;dZ'dZ} w= igzdZ' Adz. (22.52) 

0 —id! i J 
where g is an Hermitian metric and w is referred to as the fundamental 2 form. 
In the case that the fundamental 2 form is closed namely dw = 0 it is called the 
Kahler form and the associated manifold is a Kahler manifold. The latter is also 
characterized by the fact that the complex structure is covariantly constant and 
the Kahler metric can be derived from a Kahler potential, 


V,1=0 g} = 00K. (22.53) 


The moduli space of instanton is not only a Kahler manifold but in fact a hyper 
Kahler manifold which means that it admits three linearly independent complex 
structures, I ,¢ = 1,2,3 that satisfies the algebra 


POT) — ged 4 edenle), (22.54) 


The four-dimensional Euclidean space Rt is hyper Kahler and the three complex 
structures are, 


1) =ni, (I a)ea = izao, (22.55) 


uV 
where 7/,, is the ’t Hooft 7 symbol defined in (22.14) and the expression in the 
left-hand side is the quaterionic formulation. Now recall that by the definition 
of the zero modes (22.47), if ôn Avg is a zero mode so is also ôn Ava of for any 
constant matrix C and in particular also to ¢ and hence if ôn Aaa so is also 
(I- On A)ad = t6n Asad. Since the zero modes form a complete set there must 
exist Tr, such that, 


> 


(I- Ôm A)wé = Ôn Aaal? (22.56) 


m? 


from which it implies that I”, satisfies the algebra (22.54). 
The Kahler potential which is common to the three complex structures of the 
moduli space of instantons takes the form, 


2 

K= Si I ‘xa? TrF,, F”. (22.57) 

Using the form of I on R* given in (22.52) for instance I) associated with 
the complex coordinates on R4 iz? + zt and ia! — x?, we find that, 

(1°) g zi Alea E iðzi Agás (22.58) 


for instance for I) we get 3zi Ago = zi Agi = 0. Furthermore the derivative 
with the respect to the holomorphic and anti-holomorphic coordinates of the 
gauge fields obey the equations of zero modes namely, 


Oi: Ay = Ogi Ay GAy = Ozi Ap. (22.59) 
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It further follows that 07; 0z: A, = 0 and hence, 
73 Oz: Tr [Fi] = 0,0" Tr (5; A 0; A, — 20,,0,] Tr 6; A 67 Ay. (22.60) 
Upon integrating by parts twice we find the metric on the moduli space, 


073 0zi K = —29 fact 5; A dj Ay = Jiz- (22.61) 


Next let us now discuss the symmetries of the moduli space, in particular the 
realization of symmetries of the gauge theory which are broken by the instanton 
configuration. We start with the four-dimensional conformal group (see Section 
17). In the quaternionic formulation the basic variable of the ADHM construction 
A is transformed as follows, 


CD 
A(a;a,b) > A(2’; a,b) = A(z;aD + bB,aC +bA)(Cz+D)~* (22.62) 


g— x' = (Ax + B)(cX + D) at (Sp) =1 


In fact the term (Cx + D)~! in the right-hand side of the last equation is irrele- 
vant since the gauge field depends on U and Ut defined in (22.26) is redundant. 

We can now use transformations of (22.32) that keeps the canonical structure 
of b (22.33). Upon applying this transformation a goes into, 


a— A(aD+bB)B". (22.63) 


A particular example of transformations which belong to the conformal group 
are the translations. For this case, 


A(a; a,b) > A(ax;a + be, b), (22.64) 
from which it follows that, 


a, = a, + €u Lik] x(k] aa `> Ae. (22.65) 


It is thus clear that indeed the components ai, are proportional to the coordinates 
of the center of the instanton, 


(22.66) 


Global gauge transformations act non trivially on the ADHM variables if N < 
2k, while if N > 2k there are transformations that leave the instantons fixed. 
This is the stability group of the instanton. One can embed the k instanton 
solution in an SU(2k) subgroup of SU(N) and show that the stability group is 
S(U(N — 2k) x U(1)). 

The moduli space M,, is in fact not a smooth manifold due to certain singu- 
larities. However, these singularities do not signal any pathology of the moduli 
space and integrals over the moduli space are well defined. It can be shown that 
Mi is a cone. For the moduli space of single instanton k = 1 the apex of the 
cone is the point p = 0 where the instanton has a zero size. This structure can 
be generalized also to the k Æ 1 instantons. 
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Topological characteristics of the moduli space can be described by a topologi- 
cal field theory where the observables of the theory are the topological invariants. 
This is beyond the scope of this book and we refer the interested reader to the 
list of references for this chapter. 


22.4 Instantons and tunneling between the vacua of the 
YM theory 


The vacua of the YM theory in Minkowsi space-time are defined to be the gauge 
configurations for which the energy vanishes. Using the temporal gauge Ay = 0, 
the Hamiltonian of the theory is 
1 
H = — | @aTr[E? + B’). (22.67) 
2g? 
Thus a classical vacuum has a vanishing field strength, 


Fay =0 > Alx, t) = iU(a,t)0,U(z, t)Ż. (22.68) 


Thus the vacuum gauge configuration is that of a pure gauge. Prior to a dis- 
cussion of how to tunnel between two vacuum states, we have to classify and 
enumerate the vacua namely following (22.68) the group elements U(x). This 
translates to the equivalence classes of maps from S? to the SU(N) group man- 
ifold. This is done by the topological charge or winding number or Pontryagin 
number defined in (22.2). Since this step is very essential in the discussion of the 
tunneling let us clarify this point. Let us analyze the tunneling between a vacuum 
state A; (x, tı) at t = tı into another vacuum state A;(x,t2) at t = t2. On top of 
fixing Ao(x,t) = 0 we can use the residual gauge symmetry to set A;(x,t,) = 0. 
Next we consider a path in the space of gauge configurations that connects the 
two vacua points and has a finite energy H (in Minkowski space-time). Finite 
energy implies that for large |Z| — oo it has to be a pure gauge, 


Ay > |r| Uð, Ut, (22.69) 


Since Ap = 0, U(a,t) = U(x) is time independent. Because U(x,t,) =1 we 
obtain that for all t and |x| — œ, U = 1 and hence also A; (x, t2) —|z|00 0. The 
fact that asymptotically in |Z| all A; = 0 allows us to compactify the spacelike 
hypersurface at fixed t into $°. The following Fig. 22.1 describes the situation. 

On the boundary of hyper-cylinder the gauge fields A; vanish apart from on 
the hyper-disk at t = tọ where A; is a pure gauge. Consider now the topological 
charge which we have seen (22.2) is in fact a surface term. Since on the boundary 
F, = the contribution to the surface integral takes the form, 


Q= 


Dare EV Po f doy [A, Ap Ag] 


1 Me 
=a Dik if Bar[Ud,UtVd;U1UG,U", (22.70) 
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Fig. 22.1. Compactification of the space coordinates on S° at fixed t. 


where in the last expression the integration is over the three sphere at t = t2 
since at all other parts of the surface of the hyper-cylinder A; = 0. Thus 
the configurations in Minkowski space-time that connect a vacuum state at 
t=t, to one at t= t are classified by the winding number of the maps of 
S? (space) — S° (group) just as the maps of instanton in Euclidean space-time." 
In the latter case S° (space) is the boundary of R* whereas in the former it is a 
compactification of R? at t = t2. 

It is easy to realize that there is no way to interpolate a vacuum at t = tı of 
zero winding number with a one at t = t2 with non vanishing winding number 
with a configuration of zero energy. The latter corresponds to a pure gauge 
configuration which has F),, = 0 everywhere and hence also vanishing topological 
number. Thus the energy of the tunneling configuration as a function of time 
should look as in Fig. 22.2. 

To identify the configuration that has the largest tunneling rate we consider a 
family of gauge configurations characterized by the collective coordinates asso- 
ciated with a coordinate transformation from t to A(t) such that, 


AM (x,t) = A;(a, A(t), (22.71) 


t 


with the requirement that A(t1) = tı and A(t2) = t2. Next we compute the elec- 
tric and magnetic fields, 


E; = Fo = —0) A (a, t) = 2A: (z, A&A 
Bs LegEj = eis (8) Ax, AD) + Aj (a, M(t)(Ag(a, A) — (j © &) (22.72) 


5 The role of instantons in tunneling between different vacua was proposed in [131]. It was also 
discussed in [26], [40] and [44]. This topic is reviewed in [185] and in [209]. We follow the 
latter. 
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Fig. 22.2. The energy of the tunneling configuration as a function of time. 


and substitute them into the Lagrangian L = f d°x£ = f d s|-4 Tr [E? — B?]] 


which can be written in the following form, 
1 . 
L= =m) =- VQ), 
2 f N 
mA) = =; | dxTr >0, 
1 ; 
VA) = -5 f Pete} > 0. (22.73) 


The Lagrangian (22.73) is the Lagrangian of a particle that moves from one 
vacuum at t= tı where V(A) = m(à) = 0 to a vacuum at t= t2, where again 
V(A) = m(A) = 0. The quantum mechanical tunneling rate is proportional to 
e 2” where R is given by, 


2 
R =| dAv/2m(A)(V (A) — E) 


M1 


L o lleen (B)) G fone) 
-2/" in| ( [erer (4 ferrer) oira 


Using the triangle inequality we can relate the tunneling rate to the winding or 
instanton number as follows, 


; 87? 


Daa 
R> z d‘a Tr [E' B']| = — |k], (22.75) 
g ti g 
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where the instanton number is Q = k. Thus we see that the tunneling rate is 
bounded by, 


eTR cg at lkl, (22.76) 
and the bound is saturated for instanton configurations. To be more precise 
the most probable tunneling paths are given by a Minkowski gauge configura- 
tion with Æ = +B which when viewed as a configuration in Euclidean space 
are instantons. Conversely given an instanton AÑ (x,t) in Euclidean space one 
can construct a set of paths in Minkowski space-time AJ (x, A(t)) such that 


AMO (x,t) = AE (a, A(t) and Aj (a, t) = AF (a, A(t). 


22.5 Instantons, theta vacua and the U,4(1) anomaly 


It was shown in the previous section that the instantons connect different vacua. 
This means that the vacuum of the YM theory cannot be described by any of 
the states of zero energy and a specific topological charge, but instead has to be 
a superposition of all these states, namely, 


Ja>= Soe |k>. (22.77) 
k 


The generator of large gauge transformation that changes the winding number by 
one unit, namely, T|k> = |k + 1> has to be a symmetry generator that commutes 
with the Hamiltonian so that T|vac> = e'?|vac> for some phase y. Indeed for 
the 6 vacuum we get T|0> = >>, e!’ |k + 1> = e798 |O>. 

The energy associated with the 0 vacua given by, 


E(0) = —2K cos(@)e~*. (22.78) 


This follows from the following steps. Consider the amplitude to tunnel from a 
vacuum |i> to a vacuum |j> is given by, 


bee E oe 
<jle* i> =~ NaN (Rte SN, (22.79) 


when the instantons are sufficiently dilute and where K is the pre-exponential 
factor in the tunneling amplitude, and N+ are the number of instantons and anti- 
instantons. We introduce the parameter 0 via a representation of the Kroneker 
delta function, 


CU cae ree ae 
ÔN, Ny (i-i) = an : eh Net), (22.80) 


Upon performing the summations over N}, and N_ we get, 


27 ` 
<jle i> = f ett (i—i) e2 Kt cos(0)e ~À ; (22.81) 
0 
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which implies that the energy of the 0 vacuum is as given in (22.78). Note that 
this does not imply that the YM theory has a continuous spectrum without mass 
gap since the 0 parameter is fixed for a given theory and it cannot be changed. 
Fixing the value of 0 can be achieved by adding a 0 term to the action (22.10), 


Sym = gafe Tr Fp Ft’ > ap [vet F, F” + after [Fu Fe. 
(22.82) 
The additional 0 term is a surface term and hence does not affect the equations 
of motion, however it is not invariant under CP or T transformations.® As will be 
discussed below, with no massless quarks indeed the 0 term implies a strong CP 
violation. The most severe restriction on CP violation comes from the electric 
dipole moment of the neutron. This sets the upper bound to theta to be, 


0 < 107°. (22.83) 


The puzzle of why @ is so tiny is referred to as the strong CP problem. One 
proposal to handle this problem is the introduction of the axion, x, a pseudo 
scalar field with a coupling of the form x Tr [F u“ F””] so that the effective 6 is 
the sum of y< x > and the 0 term. As will be discussed below there is in fact 
an even simpler mechanism to resolve the strong C'P problem and that is having 
a massless u quark. This brings us to the next topic which is the incorporation 
of light quarks to the game. 

In the presence of light quarks there is a simple physical observable 
that distinguishes between the different topological vacua, the axial current. 
Recall that for Ny massless quarks the theory is classically invariant under 
global Ur (Ny) x Ur(Ny) = SU, (Ny) x SUR(Ny) x Up (1) x Ua(1) symmetry. 
The SU(N;) x Uy(1) symmetry group factors are realized in nature also quan- 
tum mechanically. The invariance under the axial SU(N;) transformations is 
broken spontaneously and there are N? — 1 Goldstone bosons. For Ny = 2 these 
are the pions. The U4 (1) axial symmetry is not conserved quantum mechanically. 
In analogy to the anomaly of the axial symmetry in two dimensions discussed 
in Section 9.1, in four dimensions as well one can show using various different 
methods that, 

ou gs = St gy eae cell (22.84) 

E 8r px i 
where Ji =) Wins i is the axial current and y; i = 1,..., Ny are the fields of 
the various flavored quarks. This resolves the so-called U4 (1) puzzle, namely the 
absence of the fourth Goldstone boson for N; = 2 or the ninth one for Ny = 3. 
Indeed for the former case one could associate the 7 pseudo-scalar meson with 
the fourth Goldstone boson, however it has a mass of 478MeV whereas a current 


6 A proposal for resolving the strong CP problem was proposed in [172]. The U4 (1) problem 
has been resolved by ’t Hooft. The mass of the 7’ was proposed by Witten [221] and by 
Veneziano [216]. Our discussion of this topic follows the review [185]. 
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algebra theorem states that it has to be lighter than /3m,. The right-hand side 
of (22.84) is proportional to the divergence of the topological current (22.2) 0, K, 
so one can define a modified conserved axial current j = jf — N;K,,. However, 
unlike the topological charge, the topological current is not gauge invariant. A 
massless pole in the correlator of K, does not necessarily correspond to a massless 
particle. One may wonder also about the fact that the right-hand side of (22.84) 
is a surface term and hence cannot have a physical significance. However, as was 
emphasized above due to instantons the surface term is relevant. Let us see this 
explicitly. We start by computing the change in the axial charge, 


AQs = Qs(t = +00) = Qst = -00) = | ataa 
= Ny fio Tr [S (x£, £) Ya 75], (22.85) 


where S(x,y) is the fermion propagator S(x,y) =<x|(i P)~'|y> that can be 
determined from the eigenfunction equation i J Y) = Aw, in the form S(x,y) = 


by (x)¥} (y) is So ; . 
ae x . Substituting this expression we get, 
ij 
AQs = Ny fio Tr > ARAO) =2N;(nu — ngr), (22.86) 
A 


where we have used the fact that Y, and 57) are orthogonal so only the ni (ng) 
left (right) zero modes contribute. 

Integrating the left-hand side of (22.84) we get the topological charge Q which 
is thus related to AQ;. The latter counts the number of left-handed zero modes 
minus the number of right-handed zero modes. This is obviously associated with 
instantons. Each instanton contributes one unit to the topological charge and 
has a left-handed zero mode, whereas an anti-instanton has a right-handed zero 
mode and Q = —1. This is the way the instantons contribute to the axial anomaly 
and hence to the resolution of the U4(1) problem. For the case of Ny = 3 this 
implies that this would be the ninth Goldstone boson, the 7’ is massive even if 
the quark masses vanish. It was shown that the mass of the 1’ is related to the 
topological susceptibility in the following form, 

2N; 2N}; 
oe 
The combination of masses on the right-hand side corresponds to the part of the 
7’ mass which is not due to the strange quark mass. 


[ee <Q(x)Q(0)>= m; + mz, — 2m. (22.87) 
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Summary, conclusions and outlook 


23.1 General 


Relativistic quantum field theory has been very successful in describing strong, 
electromagnetic and weak interactions, in the region of small couplings by per- 
turbation theory, within the framework of the standard model. 

However, the region of strong coupling, like the hadronic spectrum and various 
scattering phenomena of hadrons within QCD, is still largely unsolved. 

A large variety of methods have been used to address this question, includ- 
ing lattice gauge simulations, light-cone quantization, low energy effective 
Lagrangians like the Skyrme model and chiral Lagrangians, large N approxima- 
tion, techniques of conformal invariance, the integrable model approach, super- 
symmetric models, string theory approach, QCD sum rules, etc. In spite of this 
major effort the gap between the phenomenology and the basic theory has only 
been partially bridged, and the problem is still open. 

The goals of this book are to provide a detailed description of the tool box 
of non-perturbative techniques, to apply them on simplified systems, mainly of 
gauge dynamics in two dimensions, and to examine the lessons one can learn 
from those systems about four-dimensional QCD and hadron physics. 

The study of two-dimensional problems to improve the understanding of four- 
dimensional physical systems was found to be fruitful. This follows two directions, 
one is the utilization of non-perturbative methods on simpler setups and the 
second is extracting the physical behavior of hadrons in one space dimension. 

Obviously, physics in two dimensions is simpler than that of the real world 
since the underlying manifold is simpler and since the number of degrees of 
freedom of each field is smaller. There are some additional simplifying features 
in two-dimensional physics. In one space dimension there is no rotation symmetry 
and no angular momentum. The light-cone is disconnected and is composed of 
left moving and right moving branches. Therefore, massless particles are either 
on one branch or the other. These two properties are the basic building blocks 
of the idea of transmutation between systems of different statistics. Also, the 
ultra-violet behavior is more convergent in two dimensions, making for instance 
QCD» a superconvergent theory. 

In this summary chapter we go over several notions, concepts and methods 
with emphasis on the comparison between the two- and four-dimensional worlds 
and what one can deduce about the latter from the former. In particular we deal 
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with conformal invariance, integrability, bosonization, solitons and topological 
charges, confinement versus screening and finally the hadronic spectrum and 
scattering. 


23.2 Conformal invariance 


From the outset there is a very dramatic difference between conformal invari- 
ance in two and four dimensions. The former is characterized by an infinite- 
dimensional algebra, the Virasoro algebra, whereas the latter is associated with 
the finite-dimensional algebra of SO(4,2). This basic difference stems from the 
fact that whereas the conformal transformations in four dimensions are global, 
in two dimensions the parameters of conformal transformations are holomorphic 
functions (or anti-holomorphic), see Section 17.5 versus 2.1. Nevertheless there 
are several features of conformal invariance which are common to the two cases. 
We will now compare various aspects of conformal invariance in two and four 
dimensions: 


e The notion of a primary field and correspondingly a highest weight state is 
used both in two-dimensional conformal field theories as well as for the four- 
dimensional collinear algebra. It is expressed in the former as (17.38), 


Lo[9(0)|0>] = h[d(0)|0>] Ln [9(0)|0>] = 0, n>0 (23.1) 
and for the latter, 
Lo[®(0)|0>] = 7[&(0)|0>] L_[®(0)|0>] = 0. (23.2) 


The difference is of course the infinite set of annihilation operators Lp 
versus the single annihilation operator L— in four dimensions. 

e The COPE, the conformal operator product expansion has a compact form in 
two dimensional CFT (Section 2.12) 


O;(z, Z)O;(w, 0) ~ 5 Cize (z — w)’ T (z — w)" Oy (w, 0), 
k 


(23.3) 
where Cj; are the product coefficients, while in four dimensions it reads, 


oo 1 D =tn ) ghtsits2—sa—sp 


B(ja — jp + jn jg — ja + jn) 
1 

x f duu is tin =1) (1 — y) Ue ia tin =) Oh}? (ux), (23.4) 
0 


where the definitions of the various quantities are in Chapter 17. Again there 
is a striking difference between the simple formula in two dimensions and the 
complicated one in four dimensions. 
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e As an example let us compare the OPE of two currents. Recall from the dis- 
cussion of Chapter 3 the expression in two dimensions reads, 


ab ab Jc 
J*(z)J°(w) = = we? +i G a e + finite terms, (23.5) 


for any non-abelian group, and in particular for the abelian case the second 
term on the right-hand side is missing. For comparison the OPE of the trans- 
verse components of the electromagnetic currents given in Chapter 17 takes 
the form, 

JT (x) J? (0) ~ 


oo 6—tn )/2 : S A 1 = ; 
Ea Cn (CTA (ie Pi ee f dufu(d -uj 1 Ob ur). 
(23.6) 


e The conformal Ward identity associated with the dilatation operator in four 
dimensions (17.60), 
N 
NO lly + (97) + x:8:) <T9(#1)...6(an )>= 0, (23.7) 
7 
where J, is the canonical dimension and +(g*) is the anomalous dimension, 
seems very similar to the one in two dimensions, 


XO (z:ði + hi) <01 (21, 21)---n (2n, Zn) |O>= 0. (23.8) 
t 
In both cases one has to determine the full quantum conformal dimensions of 
the various operators. However, as was shown in Section 2.7, in certain CFT 
models, like the unitary minimal models, there are powerful tools based on 
unitarity which enable us to determine exactly the dimensions h; of all the 
primary operators and hence all the operators of the model. On the other 
hand, it is a non-trivial task to determine the anomalous dimensions in other 
models in two dimensions, and of course four-dimensional operators. In certain 
supersymmetric theories there are operators whose dimension is protected, but 
generically one has to use perturbative calculations to determine the anomalous 
dimensions of gauge theories to a given order in the coupling constant. 
Using the Ward identity one can extract the form of the two-point function 
of operators of spin s in four dimensions. It is given by, 


<$(21)¢(a2)>= Na (g) (p0 E (e2) 
(23.9) 


The corresponding two-point function in two dimensions, which depends only 
on the conformal dimension of the operator h, reads, 

C2 
(z1 — 22)? (z1 — 22)?™ ` 


(23.10) 


G2(21, 21, 22, Z2) =<O|b1 (21, Z1 )%1 (22, 22) |0> = 
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e As for higher point functions, we have seen in Section 2.9 that one can use the 
local Ward identities together with Virasoro null vectors to write down partial 
differential equations. The result for a four-point function (2.63) was later used 
to determine the four-point function of the Ising model (2.94). Two dimensional 
conformal field theories are further invariant under affine Lie algebra transfor- 
mations, and as we have shown in Section 3.6 those can be combined with 
null vectors to derive the so-called Knizhnik—Zamolodchikov equations (3.69), 
which were later used to solve for the four-point function of the SU(N) WZW 
model in Section 4.4. These types of differential equations that fully determine 
correlation functions are obviously absent in four-dimensional interacting con- 
formal field theories. 


23.3 Integrability 


Integrability was discussed in Chapter 5 in the context of two-dimensional mod- 
els and in Chapter 18 in four-dimensional gauge theories. For systems with a 
finite number of degrees of freedom, like spin chain models, there is a finite num- 
ber of conserved charges, equal of course to the number of degrees of freedom. 
For integrable field theories there is an infinite countable number of conserved 
charges. Furthermore, the scattering processes of those models always involve a 
conservation of the number of particles. 

In two dimensions we have encountered continuous integrable models like the 
sine-Gordon model as well as discretized ones like the XXX spin chain model. 
The integrable sectors of gauge dynamical systems discussed in Chapter 18 are 
based on identifying an exact map between certain properties of the systems and 
a spin chain structure. In two dimensions the spin chain models follow from a 
discretization of the space coordinate, by placing a spin variable on each site 
that can take several values and imposing periodicity. In the four-dimensional 
N = 4 super YM theory discussed in Section 18.1 the spin chain corresponds to 
a trace of field operators and in the process of high-energy scattering of Section 
18.2 it is a “chain” of reggeized gluons exchanged in the t-channel of a scattering 
process. A summary of the comparison among the basic two-dimensional spin 
chain, the “spin chains” associated with the planar M = 4 SYM, and the high- 
energy scattering in QCD, is given in Table 23.1. A powerful method to solve 
all these spin chain models is the use of the algebraic Bethe ansatz. This was 
discussed in detail for the the X X.X1/2 model in Section 5.14. The solutions of 
the energy eigenvalues needed for the high-energy scattering process was based 
on generalizing this method to the case of spin s Heisenberg model (see Section 
18.2) and for the V = 4 to the case of an SO(6) invariance. 

There is one conceptual difference between the spin chains of the two- 
dimensional models and those associated with the M = 4 SYM in four dimen- 
sions. In the former the models are non conformal, involving a scale, and hence 
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Table 23.1. Spin chain structure of the two-dimensional model and the 


four-dimensional gauge systems of N =4 SYM and of high-energy behavior 


of scattering amplitudes in QCD. 


Spin chain 


Planar 
N = 4 SYM 


High energy 
scattering in QCD 


Cyclic spin chain 
Spin at a site 


Number of sites 


Single trace operator 
Field operator 


Number of operators 


Reggeized guons in t-channel 
SL(2) spin 


Number of gluons 


Hamiltonian Anomalous dilatation HpBFKL 
operator 
N 3 2 log 
Energy eigenvalue Anomalous dimension ~ t 7 A 
g: 
g °D 


Global time 


Cyclicity constraint 


Evolution time The total rapidity log s 


Zero momentum U = 1 


also with particles and an S-matrix. The integrable sectors of four-dimensional 
gauge theories, however, are conformal invariant. 

The study of integrable models in two dimensions is quite mature, whereas the 
application of integrability to four-dimensional systems is at an infant stage. The 
concepts of multi-local charges described in Section 5.11 and of quantum groups 
discussed in Section 5.13 have been applied only slightly to gauge dynamical 
systems in four dimensions. 


23.4 Bosonization 


Bosonization is the formulation of fermionic systems in terms of bosonic variables 
and fermionization is just the opposite process. The study of bosonized physical 
systems offers several advantages: 


(1) It is usually easier to deal with commuting fields rather than anti-commuting 
ones. 

(2) In certain examples, like the Thirring model, the fermionic strong coupling 
regime turns into the weak coupling one in its bosonic version, the sine- 
Gordon model (see Section 6.2). 

(3) The non-abelian bosonization, especially in the product scheme (see Section 
6.3.4), offers a separation between colored and flavored degrees of freedom, 
which is very convenient for analyzing low lying spectrum. 

(4) Baryons composed of Nc quarks are a many-body problem in the fermion 
language, while simple solitons are in the boson language. 

(5) One loop fermionic computations involving the currents turn into tree level 
consideration in the bosonized version. The best-known example of the latter 
are the chiral (or axial) anomalies (see Section 9.1). 
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In four dimensions, spin is obviously non-trivial and one cannot constitute 
generically a bosonization equivalence. However, in certain circumstances a four- 
dimensional system can be described approximately by fields that depend only on 
the time and on one space direction. In those cases one can apply the bosonization 
technique. Examples of such scenarios are monopole induced proton decay, and 
fractional charges induced on monopoles by light fermions. In these cases the 
relevant degrees of freedom are in an s-wave and hence taken to depend only 
on the time and the radial direction. This enables one to use the corresponding 
bosonized field. There is a slight difference with two dimensions, as the radial 
coordinate goes from zero to infinity, so “half? a line. Appropriate boundary 
conditions enable us to use a reflection, so as to extend to a full line. 


23.5 Topological field configurations 


e The topological charges in any dimensions are conserved regardless of the equa- 
tions of motion of the corresponding systems. In two dimensions it is very easy 
to write down a current which is conserved without the use of the equations of 
motion. This is referred to as a topological conservation. Consider a scalar field 
@ or its non-abelian analog ¢° that transforms in the adjoint representation 
of a group, then the following currents are abelian and non-abelian conserved 
currents, 

Ju = Evo Q Ji = Ev OG". (23.11) 
Recall that for a system that admits, for instance an abelian case, also a current 
J, = O,¢ that is conserved upon the use of the equations of motion, one can 
then replace the two currents with left and right conserved currents J; = 0:¢ 
or J = 0¢ and J = ð¢, as was discussed in Chapter 1. The charge associated 
with the topological conserved current is given by, 


One J deg’ = [ġ(t, +00) — $(t, —00)] = d4 - ¢-, (23.12) 


where the space dimension is taken to be R. For a compactified space dimen- 
sion, namely an S! this charge vanishes, except for cases where the field is 
actually an angle variable, in which case the charge is 27. The latter appears 
in the case of U(1) gauge theory in two dimensions, where there is a winding 
number. 

e Obviously one cannot have such topologically conserved currents and charges in 
four dimensions. However, for theories that are invariant under a non-abelian 
group, one can construct also in four dimensions a topological current and 
charge, as for the cases of Skyrmions, magnetic monopoles and instantons. For 
the Skyrmions the topological current is given by, 


a jel po 
Jikyre J sp [Ly Lp Lo]. (23.13) 
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Table 23.2. Topological classical field configurations in two and four dimensions 


classical field dim. map topological current 

soliton two 1 Hoo 

baryon two St g! &’ Trig d,g] 

Skyrmion four Ss? S? i Tr [Ly Ly Le] 

monopole four Sass => So iH = Envpe eB” Âr OF 6 a7 ee 
instanton four S? — SÈ — Tr|A,0, Ac + ZA, Ap Ao] 


The topological charges, for compact spaces, are the winding numbers of the 
corresponding topological configurations. For a compact one space dimension, 
we have the map of S! — S! related to the homotopy group mı (S1). In two 
space dimensions, the windings are associated with the map S2 — S$ / g as 
for the magnetic monopoles. For three space dimensions, it is S? — S? for 
the Skyrmions at Ny = 2, and the non-abelian instantons for the gauge group 
SU (2). The topological data of the various models is summarized in Table 23.2. 
According to Derrick’s theorem (see Section 5.3), for a theory of a scalar field 
with an ordinary kinetic term with two derivatives, and any local potential at 
D > 2, the only non singular time-independent solutions of finite energy are the 
vacua. However, as we have seen in Chapters 20, 21 and 22, there are solitons 
in the form of Skyrmions and monopoles and instantons. Those configurations 
bypass Derrick’s theorem by introducing higher derivative terms or including 
non-abelian gauge fields. 

As was emphasised in Chapter 20, the extraction of the baryonic properties in 
the Skyrme model is very similar to the one for the baryons in the bosonized 
theory in two dimensions. Unlike the latter which is exact in the strong cou- 
pling limit, one cannot derive the former starting from the underlying theory. 
Another major difference between the two models is of course the existence of 
angular momentum only in the four-dimensional case. 

A non-trivial task associated with topological configurations is the construc- 
tion of configurations that carry multipole topological charge, for instance a 
multi-baryon state both of the bosonized QCD, as well as of the Skyrme 
model, a multi-monopole solution and a multi-instanton solution. For the 
two-dimensional baryons (as discussed in Section 13.6) the construction is a 
straightforward generalization of the configuration of baryon number one. For 
the multi-monopole solutions we presented Nahm’s construction, and for the 
multi-instantons the ADHM construction. These constructions, which are in 
fact related, are much more complicated than that for the two-dimensional 
muti-baryons. 


Depends on the type of the soliton. See Section 5.3. 
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e A very important phenomenon that occurs in both two and four dimensions 
is the strong-weak duality, and the duality between a soliton and an elemen- 
tary field. In two dimensions we have encountered this duality in the relation 
between the Thirring model and the sine-Gordon model, where the coupling 
of the latter £ is related to that of the former g as (6.27), 

8? 1 


4n 14 


(23.14) 


This also relates the elementary fermion field of the Thirring model with the 
soliton of the sine-Gordon model. In particular for g = 0 corresponding to 
B? = 47, the Thirring model describes a free Dirac fermion, while the soliton 
of the corresponding sine-Gordon theory is the same fermion in its bosonization 
disguise. An analog in four dimensions is the Olive-Montonen duality discussed 
in Section 21.8, which relates the electric charge e with the magnetic one 

47 


em = 5 where the former is carried by the elementary states W~ and the 
latter by the magnetic monopoles. 


23.6 Confinement versus screening 


Naive intuition tells us that dynamical quarks in the fundamental representa- 
tion can screen external sources in the fundamental representation, dynamical 
adjoint quarks can screen adjoint sources, but that dynamical adjoint cannot 
screen fundamentals. The picture that emerged from our two dimensional calcu- 
lations (Chapter 14) showed that this was not the case. We found that massless 
adjoint quarks could screen an external source in the fundamental representa- 
tion. Moreover we have seen that any massless dynamical field will necessarily 
be in the screening phase. The argument for that was that in all cases we have 
considered we have found that the string tension is proportional to the mass of 
the dynamical quarks, 


o ~ mg, (23.15) 


where m is the mass of the quark and g is the gauge coupling, and hence for the 
massless case it vanishes. This was shown in Chapter 14 based on performing a 
chiral rotation that enabled us to eliminate the external sources and computing 
the string tension as the difference between the Hamiltonian of the system with 
the external sources and the one without them namely (14.12), 


o =<ĦH> — <H>. (23.16) 


It seems as though the situation in two dimensions is very different from that in 
four dimensions. From the onset there is a dramatic difference between two and 
four dimensions relating to the concept of confining theory. In two dimensions 
both the Coulomb abelian potential and the non-abelian one are linear with 
the separation distance L, whereas obviously in four dimensions the Coulomb 
potential between two particles behaves as 1/L. The confining potential is linear 
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with L in both two and four dimensions. However, that does not explain the 
difference between two and four dimensions, it merely means that in two dimen- 
sions the coulomb and confining potentials behave in the same manner.? The 
determination of the string tension in two dimensions cannot be repeated in four 
dimensions. The reason is that in the latter case the anomaly is not linear in the 
gauge field and thus one cannot use the chiral rotation to eliminate the external 
quark anti-quark pair. That does not imply that the situation in four dimensions 
differs from the two-dimensional one, it just means that one has to use different 
methods to compute the string tension in four dimensions. 

What are the four-dimensional systems that might resemble the two- 
dimensional case of dynamical adjoint matter and external fundamental quarks? 
A system with external quarks in the fundamental representation in the context 
of pure YM theory seems a possible analog since the dynamical fields, the gluons, 
are in the adjoint representation, though they are vector fields and not fermions. 
An alternative is the M = 1 SYM where in addition to the gluons there are also 
gluinos which are Majorana fermions in the adjoint representation. Both these 
cases should correspond to the massless adjoint case in two dimensions. The lat- 
ter admits a screening behavior where as the four-dimensional models seem to be 
in the confining phase. This statement is supported by several different types of 
calculations in particular for the non supersymmetric case this behavior is found 
in lattice simulations. 

At this point we cannot provide a satisfactory intuitive explanation why the 
behavior in two and four dimensions is so different. There is also no simple 
picture of how the massless adjoint dynamical quarks in two dimensions are able 
to screen external charges in the fundamental representation. 

It is worth mentioning that there is ample evidence that four-dimensional 
hadronic physics is well described by a string theory. This is based for instance 
on realizing that mesons and baryons in nature admit Regge trajectory behavior 
which is an indication of a stringy nature. Any string theory is by definition a 
two-dimensional theory and hence a very basic relation between four-dimensional 
hadron physics and two-dimensional physics. 

In addition to the ordinary string tension which relates to the potential 
between a quark and anti-quark in the fundamental representation, one defines 
the k string that connects a set of k quarks with a set of k anti-quarks. This 
object has been examined in four-dimensional YM as well as four-dimensional 
N = 1 SYM. These two cases seem to be the analog of the two-dimensional QCD 
theory with adjoint quarks and with external quarks in a representation that is 
characterized by k boxes in the Young tableau description. In Chapter 14 we have 
derived an expression for the string tension as a function of the representation 
of the external and dynamical quarks and in particular for dynamical adjoint 


2 Note that the linear potential in two dimensions is already there at lowest order, while 
obviously in four dimensions it is a highly non-perturbative effect. 
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fermions and external quarks in the k representation. If there is any correspon- 
dence between the four-dimensional adjoint matter field and the two-dimensional 
adjoint quarks it must be with massive adjoint quarks since for the massless case, 
as was mentioned above, the two-dimensional string tension vanishes whereas the 
four-dimensional one does not. Thus one may consider a correspondence for a 
softly broken M = 1 case where the gluinos are massive. 

In two dimensions for the pure YM case we found that the string tension 
behaves like o ~ g?k2., whereas a Wilson line calculation yields o ~ g?C3(R) 
where C;(R) is the second Casimir operator in the R representation of the 
external quarks. For the QCD, case of general k external charges and adjoint 
dynamical quarks, one can derive from (14.49) that, 

of! ~ sin? @ (23.17) 
whereas in four dimensions it is believed that for general k, the string tension 
either follows a Casimir law or a sinusoidal rule as follows, 


cas k(Ne wa k) sin : nk 23.18 
Tk D op ~ sin ; (23.18) 


It is an open problem which of these holds. 

As expected all these expressions are invariant under k — N — k which cor- 
responds for antisymmetric representations to replacing a quark with an anti- 
quark. 


23.7 Hadronic phenomenology of two dimensions versus 
four dimensions 


QC'Də was addressed first in the fermionic formulation. In his seminal work ’t 
Hooft deduced the mesonic spectrum in the large Nc limit as is described in 
Chapter 10. We further presented three additional approaches to the hadronic 
spectra in two dimensions, the currentization method for massless quarks for the 
entire plane of Nc and Nf, the DLCQ approach to extract the mesonic spectrum 
for the case of fundamental as well as adjoint quarks and finally the bosonized 
formulation in the strong coupling limit to determine the baryonic spectrum. As 
for the four-dimensional hadronic spectrum we described the use of the large Nc 
planar limit and the analysis of the baryonic world using the Skyrme model. It 
is worth mentioning again that whereas in the four-dimensional case the Skyrme 
approach is only an approximated model derived by an “educational guess”, in 
two dimensions the action in the strong coupling regime is exact. 


23.7.1 Mesons 


As was just mentioned the two-dimensional mesonic spectrum was extracted 
using the large Nc approximation in the fermionic formulation for Nr = 1 
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(t Hooft model), the currentization for massless quarks and the DLCQ approach 
for both cases of quarks in the fundamental and the adjoint representation. For 
the particular region of Nc >> Nt and m = 0 the fermionic large N. and the 
currentization treatments yielded identical results. In fact this result is achieved 
also using the DLCQ method for adjoint fermions upon a truncation to a single 
parton and replacing g? with 2g? (see (12.42)). For massive fundamental quarks 
the DLCQ results match very nicely those of lattice simulations and the large 
N. calculations as can be seen from Figs (12.1) and (12.2). 

In all these methods the corresponding equations do not admit exact ana- 
lytic solutions for the whole range of parameters and thus one has to resort to 
numerical solutions. However, in certain domains one can determine the analytic 
behavior of the wavefunctions and masses. 

The spectrum of mesons in two dimensions is characterized by the dependence 
of the meson masses Mmes on the gauge coupling g, the number of colors Ne, 
the number of flavors Np, the quark mass mq and the excitation number n. In 
four-dimensional QCD the meson spectra depend on the same parameters apart 
from the fact that Agcp, the QCD scale, is replacing the two-dimensional gauge 
coupling and of course some additional quantum numbers. The following lines 
summarize the properties of the spectrum 


e The highly excited states n >> 1, are characterized by, 


2 
Mmes 


~ ng Nen. (23.19) 


This seems to fit the behaviors of mesons in nature. This behavior is referred 
to as a Regge trajectory and it follows easily from a bosonic string model of 
the mesons. Following this analogy, the role of the string tension in a two- 
dimensional model is played by g?N.. This seems to be in contradiction with 
the statement that the string tension is proportional to m,g, as seen in the 
discussion of screening versus confinement. 
It is very difficult to derive the Regge trajectory behavior from direct cal- 
culations in four-dimensional QCD. 
¢ The opposite limit of low-lying states and in particular the ground state can 
be deduced in the limit of large quark masses m, >> g and small quark masses 
g > mų. For the ground state in the former limit we find, 
M? 


mes 


X Mg, + Mg, (23.20) 


where m,, are the masses of the quark and anti-quark. In the opposite limit of 


Mg Kg 
nm Jg N: 
(Moves)? = 3 yf PB tom mə). (23.21) 


For the special case of massless quarks we find a massless meson. This is very 


reminiscent of the four-dimensional picture for the massless pions. For small 
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masses this is similar to the pseudo-Goldstone boson relation where, 


2 <y> 
TENT 


(mı + mə). (23.22) 


Note that in two dimensions the massless mesons decouple. 

e The ’t Hooft model cannot be used to explore the dependence on Np the number 
of flavors. This can be done from the ’t Hooft-like equations derived in Chapter 
11. It was found that for the first massive state there is a linear dependence of 
the meson mass squared on Nf 


Mines ~ Ne. (23.23) 


We are not aware of a similar behavior of the mesons in four dimensions. 

¢ The ’t Hooft model (Chapter 10) provides the solution of the meson spectrum 
in the planar limit in two dimensions. The planar, namely large N. limit, in 
four dimensions is too complicated to be similarly solved. As we have seen in 
Chapter 19 one can extract the scaling in N. dependence of certain hadronic 
properties like the mass the size and scattering amplitude but the full determi- 
nation of the hadronic spectrum and scattering is still an unresolved mystery. 

e Tremendous progress has been made in the understanding of the supersym- 
metric theory of N = 4 partly by demonstrating that certain sectors of it can 
be described by integrable spin chain models (Section 18.1). 

e As was demonstrated in Chapter 12 the DLCQ method has been found very 
effective to address the spectrum of mesons of two-dimensional QCD. This 
raises the question of whether one can use the DLCQ method to handle the 
spectrum of four-dimensional QCD. This task is clearly much more difficult. 
On route to the extraction of the hadronic spectrum of QCD; an easier system 
has been analyzed. It is that of the collinear QCD (see Chapter 17) where in the 
Hamiltonian of the system one drops off all interaction terms that depend on 
the transverse momenta. In this effective two-dimensional setup the transverse 
degrees of freedom of the gluon are retained in the form of two scalar fields. 
This system which was not described in the book has been solved in [14] where 
a complete bound and continuum spectrum was extracted as well as the Fock 
space wavefunctions. 


23.7.2 Baryons 


In Chapter 13 we have described the spectrum of baryons in multiflavor two- 
dimensional QCD in the strong coupling limit = — 0. The four-dimensional 
baryonic spectrum was discussed in the large Ne limit in Chapter 19 and using 
the Skyrme model approach in Chapter 20. We would like now to compare these 
spectra and to investigate the possibility of predicting four-dimensional baryonic 
properties from the simpler two-dimensional model. In the former case the mass 
is a function of the QCD scale Agcp, the number of colors Ne and the number 
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Table 23.3. Scaling of baryon masses with N. in two and four 


dimensions 
two dimensions four dimensions 
Classical baryon mass Ne Ne 
Quantum correction N? No} 


of flavors Nr and in the latter it is a function of ee, Ne and Nr. Thus it seems 
that the dimensionful gauge coupling in two dimensions is the analog of Agcp 
in four dimensions. 


e In two dimensions the mass of the baryon was found to be, 


B= Amy)? + mVY (=) le. -wi|, (23.24) 


where the classical mass m is given by 


1 

Ac] 1¥4q 

cv Ne 

m= [Nien (a) | F (23.25) 
TT 

N? 


with A, = WONCET- Due to the fact that in two dimensions there is no spin, 
the structure of the spectrum with respect to the flavor group is obviously 
different in two and four dimensions. For instance the lowest allowed state for 
N. = Ny =3 is in two dimensions the totally symmetric representation 10, 


whereas it is the mixed representation 8 in four dimensions. 

e Let us discuss now the scaling with Ne in the large N. limit. The classical 
term behaves like N., while the quantum correction like 1. This classical result 
is in accordance with four dimensions, derived when the large N expansion is 
applied to the baryonic system (see Chapter 19), that the baryon mass is linear 
in N, and with the Skyrmion result (see Chapter 20). However, whereas in two 
dimensions the quantum correction behaves like N°, namely suppressed by a 


factor of = compared to the classical term, in four dimensions it behaves like 

1 7 
Ne 
e In terms of the dependence on the number of flavors, it is interesting to note 


that both in two dimensions and in four dimensions, the contribution to the 
mass due to the quantum fluctuations has a term proportional to the second 
Casimir operator associated with the representation of the baryonic state under 
the SU(N,) flavor group (compare (23.24) with (20.68)). 

e Another property of the baryonic spectrum that can be compared between the 
two- and four-dimensional cases is the flavor content of the various states. In 
Chapter 13 we have computed the wu, dd and 8s content for the A+ and A++ 
states. Recall that in the two-dimensional model for Ne = Ng = 3 we do not 
have a state in the 8 representation but only in the 10 so strictly speaking there 


namely a suppression of nT This is summarized in Table 23.3. 
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Table 23.4. Flavor content of two-dimensional and four-dimensional baryons 


two dimensions four dimensions 
state value state value 

(uu) At 4 p 

7 + 1 11 
(dd) A 3 p 30 
= + 1 i 7 
(38) A 6 p 30 
= ++ 1 7 
(Ss) A 6 A z4 
(Ss) Q7 + 


is no exact analog of the proton. Instead we take the charge = +1A* as the 
two-dimensional analog of the proton. In the Skyrme model one can compute 
in a similar manner the flavor content of the four-dimensional baryons. The 
two- and four-dimensional states compare as is summarized in Table 23.4. 


23.8 Outlook 


We can imagine future developments associated with the topics covered in the 
book in three different directions: Further progress in the application of the 
methods discussed in the book to unravel the mysteries of gauge dynamics in 
nature; applications of the methods in other domains of physics not related to 
four-dimensional gauge theories; and improving our understanding of the strong 
interaction and hadron physics due to other non-perturbative techniques that 
are not discussed in the book. Let us now briefly fantasize on hypothetical devel- 
opments in those three avenues. 


23.8.1 Further progress in the application of the methods 
discussed in the book 


e A lesson that follows from the book is that the exploration of physical systems 
on one space dimension is both simpler to handle and sheds light on the real 
world so there are plenty of other unresolved questions that could be explored 
first in two dimensions. This includes exploration of the full standard model 
and the physics beyond the standard model including supersymmetry and its 
dynamical breaking, large extra dimensions, compositeness etc. 

e There has been tremendous development in recent years in applying meth- 
ods of integrable models and in particular of spin chains, like the thermal 
Bethe ansatz, to N = 4 SYM theory, namely, in the context of supersymmetric 
conformal gauge theory. We have no doubt that there will be further develop- 
ment in computing the anomalous dimensions of gauge invariant operators and 
correlators. 
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Moreover, one can identify in a similar manner to M = 4 SYM theory spin 
chain structures in gauge theories which are confining and with less or even 
no supersymmetries. In that case the spin chain Hamiltonian would not corre- 
spond to the dilatation operator but rather be associated with the excitation 
energies of hadrons. 

It is plausible that the full role of magnetic monopoles and of instantons has 
not yet been revealed. They have already had several reincarnations and there 
may be more. For instance there was recently a proposal to describe baryons 
as instantons which are solitons of a five-dimensional flavor gauge theory in 
curved five dimensions. 


23.8.2 Applications to other domains 


A very important application of two-dimensional conformal symmetry has been 
to superstring theories. A great part of the developments in superstring theories 
is attributed to the infinite-dimensional conformal symmetry algebra. In fact 
it went in both directions and certain progress in understanding the structure 
of conformal invariance has emerged from the research of string theories. A 
similar symbiotic evolution took place with regard to the affine Lie algebras. 
String theories and in particular the string theory on AdS; x S have recently 
been analyzed using the tools of integrable models like mapping to spin chains, 
using the Bethe ansatz equations, identifying a set of infinitely many conserved 
charges and using structure of Yangian symmetry. 

Spin chain models have been suggested to describe systems of “real” spins in 
condensed matter physics. As was discussed in this book the application of 
the corresponding tools to field theory systems has been quite fruitful. The 
opposite direction will presumably also take place and the use of properties 
of integrability that were understood in field theories will shed new light on 
certain condensed matter systems. 

The application of conformal invariance to condensed matter systems at crit- 
icality has a long history. There has been recently an intensive effort to fur- 
ther develop the understanding of systems like various superconductors, the 
fractional Hall effect and other systems using modern conformal symmetry 
techniques. 


23.8.3 Developments in gauge dynamics due to other methods 


An extremely important framework for analyzing gauge theories has been 
supersymmetry. Regardless if it is realized in nature or not, it is evident that 
there are more tools to handle supersymmetric gauge theories and hence they 
are much better understood than non supersymmetric ones. One can gain 
novel insight about non supersymmetric theories by introducing supersymme- 
try breaking terms to well understood supersymmetric models. For instance 
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one can start with the Seiberg Witten solution of M = 2 [192] where the struc- 
ture of vacua is known and extract confinement behavior in M = 1 and non 
supersymmetric theories. 

e A breakthrough in the understanding of gauge theories in the strong coupling 
regime took place with the discovery by Maldacena of the AdS/CFT holo- 
graphic duality [158]. The strongly coupled M = 4 in the large N and large 
’t Hooft parameter À is mapped into a weakly curved supergravity background. 
Thousands of research papers that followed develop this map in many different 
directions and in particular also in relation to the pure YM theory and QCD 
in four dimensions. There is very little doubt that further exploration of the 
duality will shed new light on QCD and on hadron physics. 

e String theory has been born as a possible theory of hadron physics. It then 
underwent a phase transition into a candidate for the theory of quantum grav- 
ity and even a unifying theory for everything. In recent years, mainly due to 
the AdS/CFT duality there is a renaissance of the idea that hadrons at low 
energies should be described as strings. This presumably combined with the 
duality seems to be a useful tool that will improve our understanding of gauge 
dynamics. 

e The computations of scattering amplitudes in gauge theories has been boosted 
in recent years due to various developments including the use of techniques 
based on twistors, on a novel T-duality in the context of the Ads/CFT duality 
and on a conjectured duality between Wilson lines and scattering amplitudes. 
One does not need a wild imagination to foresee further progress in the industry 
of computing scattering amplitudes. 


To summarize, non-perturbative methods have always been very important tools 
in exploring the physical world. We have no doubt that they will continue to be a 
very essential ingredient in future developments of science in general and physics 
in particular. 
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